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Preface 


This book is designed to supplement standard texts. primarily to assist 
students of engineering and science in acquiring a more thorough knowledge and 
proficiency in analytical and applied mechanics. It is based on the authors” 
conviction that numerous solved problems constitute one of the best means for 
clarifying and fixing in mind basic principles. While this book will not mesh 
precisely with any one text, the authors feel that it can be a very valuable adjunct 
to all. 


The previous editions of this book have been very favorably received. This 
edition incorporates the U.S. Customary units and SI units, as did the third and 
fourth editions. The units based in the problems are roughly 50 percent U.S. 
Customary and 50 percent SI: however, the units are not mixed in any one 
problem. The authors attempt to use the best mathematical tools now available to 
students at the sophomore level. Thus the vector approach is applied in those 
chapters where its techniques provide an elegance and simplicity in theory and 
problems. On the other hand, we have not hesitated to use scalar methods 
elsewhere, since they provide entirely adequate solutions to most of the problems. 
Chapter | is a complete review of the minimum number of vector definitions and 
operations necessary for the entire book, and applications of this introductory 
chapter are made throughout the book. Some computer solutions are given, but 
most problems can be readily solved using other means. 


Chapter topics correspond to material usually covered in standard introduc- 
tory mechanics courses. Each chapter begins with statements of pertinent 
definitions, principles, and theorems. The text material is followed by graded sets 
of solved and supplementary problems. The solved problems serve to illustrate 
and amplify the theory, present methods of analysis, provide practical examples, 
and bring into sharp focus those fine points that enable the student to apply the 
basic principles correctly and confidently. Numerous proofs of theorems and 
derivations of formulas are included among the solved problems. The many 
supplementary problems serve as a complete review of the material covered in 
each chapter. 


In the first edition the authors gratefully acknowledged their indebtedness to 
Paul B. Eaton and J. Warren Gillon. In the second edition the authors received 
helpful suggestions and criticism from Charles L. Best and John W. McNabb. 
Also in that edition Larry Freed and Paul Gary checked the solutions to the 
problems. In the third edition James Schwar assisted us in preparing the computer 
solutions in Appendix C. For the fourth edition we extend thanks again to James 
Schwar and to Michael Regan, Jr., for their help with the Appendix C computer 
solutions. For this fifth edition the authors thank William Best for checking the 
solutions to the new problems and reviewing the added new material. For typing 
the manuscripts of the third and fourth editions we are indebted to Elizabeth 
Bullock. 


E. W. NELSON 
C. L. Best 
W. G. McLean 
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Chapter 1 


Vectors 


1.1) DEFINITIONS 


Scalar quantities possess only magnitude, ¢.g.. time, volume, energy. mass, density. work. Scalars 
are added by ordinary algebraic methods, e.g..2s+7s=9s: 14kg—5 kg=9 kg. 

Vector quantities possess both magnitude and direction,* e.g.. force, displacement, velocity, 
impulse. A vector is represented by an arrow at the given inclination. The head of the arrow 
indicates the sense, and the length represents the magnitude of the vector. The symbol for a vector is 
shown in print in boldface type. such as P. The magnitude is represented by |P or P. 

A free vector may be moved anywhere in space provided it maintains the same direction and 
magnitude. 

A sliding vector may be applied at any point along its line of action. By the principle of 
transmissibility the external effects of a sliding vector remain the same. 

A bound or fixed vector must remain at the same point of application. 

A unit vector is a vector one unit in length. 

The negative of a vector P is the vector —P that has the same magnitude and inclination but ts of 
the opposite sense. 

The resultant of a system of vectors is the least number of vectors that will replace the given 
system. 


1.1 ADDITION OF TWO VECTORS 


(a) The parallelogram law states that the resultant R of two vectors P and Q is the diagonal of the 
parallclogram for which P and Q are adjacent sides. All three vectors P,Q. and R are concurrent as shown 
in Fig. 1-1(a). P and Q are also called the components of R. 





(a) 


Fig. 1-1 


(b) If the sides of the parallelogram in Fig. I-l(a) are perpendicular. the vectors P and Q are said to be 
rectangular components of the vector R. The rectangular components are illustrated in Fig. 1-1(b). The 
magnitude of the rectangular components is given by 


Q=Rcos@ 
and P = R cos (90° - 6)=Rsin@ 


* Direction is understood ta include both the inclination (angle) that the line of action makes with a given reference line and 
the sense of the vector along the line of actian. 
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(c) Triangle law. Place the tail end of either vector at the head end of the other. The resultant is drawn from 
the tail end of the first vector to the head end of the other. The triangle law follows from the parallelogram 
law because opposite sides of the paralleloram are free vectors as shown in Fig. 1-2. 





(d) Vector addition is commutative: i.e.. P+Q=Q+ P. 


13 SUBTRACTION OF A VECTOR 
Subtraction of a vector is accomplished by adding the negative of the vector; i-e., 
P-Q=P+(-Q) 
~(P+Q)=-P-Q 


Note also that 


14 ZERO VECTOR 


A zero vector is obtained when a vector is subtracted from itself; i.c., P -P=0. This is also 
called a null vector. 


15 COMPOSITION OF VECTORS 


Composition of vectors ts the process of determining the resultant of a system of vectors. A 
vector polygon is drawn placing the tail end of each vector in turn at the head end of the preceding 
vector as shown in Fig. 1-3. The resultant is drawn from the tail end of the first vector to the head 
end (terminus) of the last vector. As will be shown later, not all vector systems reduce to a single 
vector. Since the order in which the vectors are drawn is immaterial, it can be seen that for three 
given vectors P, Q, and S, 


R=P+Q+S8=(P+Q)+S 
=P+(Q+S8)=(P+S8)+Q 


The above equation may be extended to any number of vectors. 


1.6 MULTIPLICATION OF VECTORS BY SCALARS 


(a) The product of vector P and scalar m ts a vector mP whose magnitude is |7m| times as great as the 
magnitude of P and that is similarly or oppositely directed to P, depending on whether 7m is positive or 
negative. 
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Fig. 1-3 


(b) Other operations with scalars mm and 7 are 
(m +n)P=mP+nP 
m(P + Q)=mP+mQ 
m(nP) = n(@mP) = (mn)P 


1.7 ORTHOGONAL TRIAD OF UNIT VECTORS 


An orthogonal triad of unit vectors i, j, and k is formed by drawing unit vectors along the x, y, 
and z axes respectively. A right-handed set of axes is shown in Fig. 1—4. 
A vector P ts written as 


P= Pi+ P.j+ Pk 
where P,i, P,j, and P,k are the vector components of P along the x, y, and z axes respectively as 


shown in Fig. 1-5. 
Note that P, = P cos 6,, P, = P cos 6,, and P. = P cos 6,. 





Fig. 1-4 Fig. 1-5 
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18 POSITION VECTOR 
The position vector r of a point (x, ¥, Zz) in space is written 


r=xit+ yj+ ck 





Fig. 1-7 


1.9 DOT OR SCALAR PRODUCT 


The dot or scalar product of two vectors P and Q. written P+ Q. is a scalar quantity and is 
defined as the product of the magnitudes of the two vectors and the cosine of their included angle @ 
(see Fig. 1-7). Thus 

P-Q=PQcos@ 
The following laws hold for dot products. where #7 is a scalar: 
P-Q=Q-P 
P-(Q+S)=P-Q+P:S 
(P+Q):(S+T)=P-(S8+7T)+Q-(S+T)=P-S+P-T+Q-8+0°T 
m(P-Q)=("P):-Q=P- (mQ) 
Since i, j, and k are orthogonal. 
i-j=i-k=j-k=(1)(1) cos 90° =0 
bi=jrjok+k=(1)U)cos0°= 

Also, if P= P.i+ Pgt Pk and Q = Q,i+ Q,j- Q-k then 

P-Q=P.Q, + P.Q, + P.Q- 
P-P=P*= P.— Pi+ P? 
The magnitudes of the vector components of P along the rectangular axcs can be written 
P.=P-i P.=P-j P.=P-k 
since, for example, 
P-i=(Pi+ Pj+P.k)-i=P,+0-0=P, 
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Similarly, the magnitude of the vector component of P along any line L can be written P-e,, 
where e; is the unit vector along the line L. (Some authors use u as unit vector.) Figure 1-8 shows a 
plane through the tail end A of vector P and a plane through the head B, both planes being 
perpendicular to line L. The planes intersect line £ at points C and D. The vector CD is the 
component of P along L, and its magnitude equals P+ e, = Pe, cos @. 

Applications of these principles can be found in Problems 1.15 and 1.16. 





Fig. 1-8 


1.10 THE CROSS OR VECTOR PRODUCT 


The cross or vector product of two vectors P and Q, written P x Q, is a vector R whose 
magnitude is the product of the magnitudes of the two vectors and the sine of their included angle. 
The vector R = P X Q is normal to the plane of P and Q and points in the direction of advance of a 
right-handed screw when turned in the direction from P to Q through the smaller included angle @. 
Thus if e is the unit vector that gives the direction of R= P X Q, the cross product can be written 


R=PXQ=(POsin@)e 0<6=<180° 


Figure 1-9 indicates that P X Q = —Q x P (not commutative). 





Fig. 1-9 
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The following laws hold for cross products, where #7 is a scalar: 
Px(Q+S)=PxXQ+PxS 


(P+ Q)x(S+T)=Px(S+T)+Qx(S+T) 
=PxS+PxT+QxS8+QxT 


m(P XQ) = (mP) X Q=P x (mQ) 


Since i, j, and k are orthogonal, 
ixi=jxXjokxk=0 


ixj=k jXk=i kxi=j 


Also, if P= P,i+ Pj+ P.k and Q=Q,i+ QO,j+ Q.k then 
ij 

PX Q= (P.O. ~ P.O,)i+ (P.O, ~ P.O.) + (P.O, ~ PQJK=| PP, 

Qo. OQ 


One 


For proof of this cross-product determination see Problem 1.12. 


1.11 VECTOR CALCULUS 


(a) Differentiation of a vector P that varies with respect to a scalar quantity such as time ¢ is performed as 


follows. 
Let P = P(z); that is, P ts a function of time « A change AP in P as time changes from 7 to (7 + Az) is 


AP = P(r + Sz) — P(r) 


aP AP P(t + At) — P(t) 
-=lim —=lm- — = = 
dt ar oun AME Art At 


Then 
If P(t) = Bi+ Pjt+ Pk. where P,. P.. and P, are functions of time ¢, we have 


(P+ AP)i+(P, + AP )j+ (P. + AP JK PA Pj - Pk 
a NE EAE Sta le ts ed 


dP = |i 
di ~ Mek Az 
i AP.i+ AP,j+ SPk dP. 2 dP, dP. : 
=lm— oe See = oe pon 
aha M dt’ deo” dt 
The following operations are valid: 
d dP dQ 
~ (Pp PAS 
We ae 
d dP dQ 
(P-Q)=— -Q+P-° 
dt dt dt 
d dP dQ 
—(PxXxQ)=—-xQ+Px 
dt! Q) dt Q dt 
iP od 
=e ip where ws is a scalar function of ¢ 


d 
ee a a 
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(b) Integration of a vector P that varies with respect to a scalar quantity such as time ¢ is performed as follows. 
Let P = P(t); that is, P is a function of time «. Then 


" fy 
P(t) de | (Pit P.jt+ PK) de 
wu fo 


zy ay 1 
=i Pat +i Par +k| P. dt 
1g ty tu 


1.12 DIMENSIONS AND UNITS 


In the study of mechanics, the characteristics of a body and its motion can be described in terms 
of a set of fundamental quantities called dimensions. In the United States, engineers have been 
accustomed to a gravitational system using the dimensions of force, length, and time. Most countries 
throughout the world use an-absolute system in which the selected dimensions are mass, length, and 
time. There is a growing trend to use this second system in the United States. 

Both systems derive from Newton’s second law of motion, which is often written as 


R= Ma 


where R is the resultant of all forces acting on a particle, a is the acceleration of the particle, and M 
is the constant of proportionality called the mass. 


U.S. Customary System 


In this engineering system, the unit of length is the foot (ft), the unit of time is the second (s), 
and the unit of force is the pound (lb). A mass M falling freely near the earth’s surface is pulled 
toward the earth’s centre by a force W with an acceleration of gravity g. The force W is the weight 
measured in pounds and the acceleration g is in ft/s’. Hence Newton's second law becomes, in scalar 
form, 


W=Mg 


The value of the acceleration of gravity g varies with the observer's location on the surface of the 
earth. In this book the value of 32.2 ft/s? will be used. An object that weighs 1 Ib at or near the 
earth’s surface will have a free-fall acceleration g of 32.2 ft/s’. The above equation yields 


Ww 1 Ib 1 lbs? 1 
g 32.2 ft/s 32.2 ft 32.2 


In solving statics problems, the mass is not mentioned. It is important to realize that the mass in 


slugs is a constant for a given body. On the surface of the moon, this same given mass will have 
acting on it a force of gravity approximately one-sixth of that on the earth. 


The International System (SI) 


In the International System (SI),* the unit of mass is the kilogram (kg), the unit of length is the 
meter (m), and the unit of time is the second (s). The unit of force is the newton (N) and is defined 


*SI is the acronym for Systéme International d’Unités (modernized international metric system). 
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as the force that will accelerate a mass of one kilogram one meter per second squared (m/s*). Thus 
1 N=(i kg)(1 m/s’) =1 kg- m/s?=1 kg-m-s~? 


A mass of | kg falling freely near the surface of the earth has an acceleration of gravity g that 
varies from place to place. In this book we shall assume an average value of 9.80 m/s’. Thus the 
force of gravity acting on a I-kg mass becomes 


W = Mg = (1 kg)(9.80 m/s?) = 9.80 kg « m/s? = 9.80 N 


Of course, problems in statics involve forces; but, in a problem, a mass given in kilograms is not 
a force. The gravitational force acting on the mass must be used. In all work involving mass, the 
student must remember to multiply the mass in kilograms by 9.80 m/s? to obtain the gravitational 
force in newtons. A 5-kg mass has a gravitational force of 5 X 9.8 = 49 N acting on it. 

The student should further note that, in SI, the millimeter (mm) is the standard linear dimension 
unit for engineering drawings. Therefore, all engineering drawing dimensions must be in millimeters 
(1mm=10°* m). Further, a space should be left between the number and unit symbol; e.g., 
2.85 mm, not 2.85mm. When using five or more figures, space them in groups of three starting at the 
decimal point as 12 832.325. Do not use commas in SI. A number with four figures can be written 
without the space unless it is in a column of quantities involving five or more figures. 

Tables of SI units. SI prefixes, and conversion factors for the modern metric system (SI) are 
included in Appendix A. In this text about 50 percent of the problems are in U.S. Customary units 
and 50 percent in SI units. 


Solved Problems 


1.1. Ina plane, add 120-Ib force at 30° and a —100-Ib force at 90° using the parallelogram method. 
Refer to Fig. {-10(a@). 


SOLUTION 


Draw a sketch of the problem, not necessarily to scale. The negative sign indicates that the 100-Ib 
force acts along the 90° line downward toward the origin. This is equivalent to a positive 100-Ib force 
along the 270° line, according to the principle of transmissibility. 

As in Fig. t-10(6), place the tail ends of the two vectors at a common point and draw the vectors to 
a suitable scale. Complete the parallelogram. The resulting R measures to the chosen scale 111 Ib. By 
protractor, it is at an angle with the x axis of @, = 339°. 


100 Ib 
120 tb 





{a) (b) 
Fig. 1-10 


head 
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1,2. 


1.3. 


Consider the triangle, one side of which is the y axis, in Fig. 1-10(6). The sides of this triangle are R, 
100, and 200. The angle between the 100 and 120 sides is 60°. Applying the Law of Cosines, 


R? = 120° + 100° — 2(120)(100) cos60° - R=111 1b 
Now applying the Law of Sines, 


120. 10 
sina sin60 





a = 69° 


The angle of 60° added to 270° yields the measured angle of 339°. 


Use the triangle law for Problem 1.1. See Fig. 1-11. 
SOLUTION 


It is immaterial which vector is chosen first. Take the 120-Ib force. To the head of this vector attach 
the tail end of the 100-Ib force. Draw the resultant from the tail end of the 120-Ib force to the head end 
of the 100-lb force. When measured to the chosen scale and the direction determined, the results are the 
same as in Problem 1.1. 





Fig. 1-11 Fig. 1-12 


The resultant of two forces in a plane is 400 N at 120°. One of the forces is 200 N at 20°. 
Determine the missing force. See Fig. 1-12. 


SOLUTION 


Select a point through which to draw the resultant and the given force to a convenient scale. 
Draw the line connecting the head ends of the given force and the resultant. Place a head on the 
end of this line near the resultant. This line represents the missing force. When measured to scale, the 
desired force is 477.N with @, = 144° 
This result is also obtained analytically by the laws of trigonometry. The angle between R and the 200-N 
force is 100°, and hence, by the Law of Cosines, the unknown force F is 


F* = 400? + 200° — 2(400)(200) cos 100° =F =477N 
Call the angle between F and the 200-N force a. Then, by the Law of Sines, 
477 400 


sin100 sing 








a=55.7 6, = 144° 


In a plane, subtract 130 N, 60° from 280 N, 320°. See Fig. 1-13. 
SOLUTION 


To the 280-N, 320° force add the negative of the 130-N, 60° force, obtaining a resultant force of 
330 N, 297°. All angles are measured with respect to the x axis. 


10 
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“Qe 


& =330N 


Fig. 1-13 


Determine the resultant of the following coplanar system of forces: 26 lb, 10°; 39 Ib, 114°; 
63 Ib, 183°; 57 Ib, 261°. See Fig. 1-14. 


SOLUTION 


Applying the polygon method, place the tail of each vector in turn at the head of the preceding 
vector. See Fig. 1-14(a). 

The resultant vector is the force drawn from the tail of the first vector to the head of the last vector. 

Measured to scale, R = 65 Ib with 6, = 197°. 

This problem can also be solved analytically using the idea of rectangular components. Resolve 
each force in Fig, 1-14(b) into x and y rectangular components. Since all the x components are collinear, 
they can be added algebraically, as can the y components. Now, if the x components and y components 
are added, the two sums form the x and y components of the resultant. Thus 


R, = 26 cos 10° + 39 cos 114° + 63 cos 183° + 57 cos 261° = —62.1 
R, = 26 sin 10° + 39 sin 114° + 63 sin 183° + 57 sin 261° = —19.5 


R=V(-62.1)'+(-19.5 R=65lb 6 7 
R 


—19.5 


6, =17° = 180° + 17° =197° 
621 ,=1P @=18 Tr 7 


tan 6, = 


Net 


39 Ib 


26 Ib 
10° 








(a) 





57 Ib 
(b) 
Fig. 1-14 
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1.6. 


1.7. 


1.8. 


In Fig. 1-15 the rectangular component of the force F is 10 Ib in the direction of OH. The 
force F acts at 60° to the positive x axis. What is the magnitude of the force? 


SOLUTION 
The component of F in the direction of OH is F cos @. Hence, F cos 15° = 10 or F = 10.35 lb 





Fig. 1-15 Fig. 1-16 


An 80-kg person is standing on a board inclined 20° with the horizontal. What is the 
gravitational component (a) normal to the board and (b) parallel to the board? See Fig. 1-16. 


SOLUTION 


(a) The normal component is at an angle of 20° with the gravitational force vector, which has a 
magnitude of 80 (9.8) = 784 N. To scale, the normal component measures 740 N. By trigonometry, 
the normal component is 784 cos 20° = 737 N. 


(6) To scale, the parallel component is 270 N. By trigonometry, it is 784 cos 70° = 268 N. 


A force P of 235 N acts at an angle of 60° with the horizontal on a block resting on a 22° 
inclined plane. Determine algebraically (a) the horizontal and vertical components of P and 
(b) the components of P perpendicular to and along the plane. Refer to Fig. 1-17(a). 


SOLUTION 


(a) The horizontal component F, acts to the left and is equal to 235 cos 60° =118N. The vertical 
component P, acts up and is equal to 235 sin 60° = 204 N as shown in Fig. 1-17(b). 


(6) The component F, parallel to the plane = 235 cos (60° — 22°) = 185N acting up the plane. The 
component P, normal to the plane = 235 sin 38° = 145 N as shown in Fig. 1-17(c). 


236. N 





(a) (b) (c) 
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1.9. 


ost 


& i110. 


Mathcad 


1.11. 
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The three forces shown in Fig. 1-18 produce a resultant force of 20 lb acting upward along the 
y axis. Determine the magnitudes of F and P. 


SOLUTION 


For the resultant to be a force of 20 Ib upward along the ¥ axis. R, = 0 and R, = 20 Ib. As the sum 
of the x components must be equal to the x component of the resultant R, = ? cos 30° — 90 cos 40° = 0, 
from which P = 79.6 lb. Similarly, R, = P sin 30° + 90 sin 40° — F = 20 and F = 77.7 Ib. 


¥ 
$0 Ib 
P 

yi 

ae 
Pres am 
x 
ye 
Y 
Zz 
F 

Fig. 1-18 Fig. 1-29 


Refer to Fig. 1-19. The x, y, and z edges of a rectangular parallelepiped are 4, 3, and 2m 
respectively. If the diagonal OP drawn from the origin represents a 50-N force, determine the 
x, y, and z components of the force. Express the force as a vector in terms of the unit vectors 
i, j, and k. 


SOLUTION 
Let 6,, 6,, 6. represent respectively the angles between the diagonal OP and the x, y, z axcs. Then 
P. =P cos 0, P.=P cos @, P.=P cos @. 
Length of OP = V4? + 3° + 2? = 5.38 m. Hence, 


3 res 
5.38 5.38 





4 
cos 0, = $38 cos @, = 


Since each component in the sketch is in the positive direction of the axis along which it acts. 
P. =S0cos 0, = 37.2N P.=50cos 0, =27.9N P. =SO0cos 6. = 18.6 N 
The vector P = Pit Pj - Pk = 37.21 + 27.95 + 18.6K N. 


Determine the x, y, and z components of a 100-N force passing from the origin through point 
(2, ~4, 1). Express the vector in terms of the unit vectors i, j, and k. 


SOLUTION 
The direction cosines of the force line are 
2 -4 
cos 0, = - = ().437 cos 0. = = = —0.873 cos 6. = 0.28] 


V2 
Hence P, = 43.7N, P. = -87.3N. P. = 21.8 N; and the vector P = 43.71 — 87.3) + 21.8K N. 
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1.12. Show that the cross product of two vectors P and Q can be written as 


ij ok 
PXQ=|P RB P. 
QQ % Q. 


SOLUTION 
Write the given vectors in component form and expand the cross product to obtain 
PX Q=(PRi+ Pj+ Pk) x (Qi + Q,j + Q-k) 
= (P.Q.Xi+(P.QJX J+ (PQ)XK 

+ (PQQ X EF (P.Q)XI + (P.O. X k 

+ (P.Q,)K Xi+ (P.Q,)k Xj+ (P.Q.)k Xk 
But ixi=jxj=kxk=0; andiXj=k and j Xi= —k, etc. Hence 

PXQ=(P.QIK — (P.Q)§~ (PQDK + (P,Q. )i + (P-Q05 — (P-Q,)i 
These terms can be grouped as 
PX Q=(P.Q, — P,Q.) + (PQ: — P.O + (P.O, ~ P.O,)k 


or in determinant form as 


i jk 
PXQ=([P PP. 
Qo. a Q: 


Be careful to observe that the scalar components of the first vector P in the cross product are 
written in the middle row of the determinant. 


1.13. A force F = 2.63i + 4.28j — 5.92k N acts through the origin. What is the magnitude of this 
force and what angles does it make with the x, y, and z axes? 





SOLUTION 
F = V(2.63)" + (4.28) + (—5.92)? = 7.75 N 
cos 6, = + = 6, = 70.2° 
cos 8, = + 6, = 56.3° 
cos 8. = — - 6. = 139.8° 


1.14, Find the dot product of P = 4.82i — 2.33j + 5.47k N and Q = —2.81i — 6.09j + 1.12k m. 
SOLUTION 
P-Q=P.0, + P.O, + P.O, =(4.82)(—2.81) + (—2.33)(—6.09) + (5.47)(1.12) = 6.72N-m 


ad 1.15. Determine the unit vector e, for a line L that originates at point (2,3,0) and passes through 
point (—2, 4,6). Next determine the projection of the vector P = 2i+ 3j —k along the line L. 


SOLUTION 
The line L changes from +2 to —2 in the x direction, or a change of —4. The change in the y 


direction is 4-3 = +1. The change in the z direction is 6 =0 = +6. The unit vector is 


4 1 6 
= = =i + —j+——k = —0.549 + 0.137j + 0.823k 
V(-4h + (417 +46" V53" 53 








e, 
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The projection of P is thus 


P +e, = 2(—0.549) + 3(0.137) — 1(0.823) = —1.41 


Determine the projection of the force P = 10i— 8j+14klb on the directed line L which 
originates at point (2, —5, 3) and passes through point (5, 2, —4). 


SOLUTION 


The unit vector along Z is 
52 . 2-(-5),  -4-3 
= 7 5 sit j+ k 
V(5 — 2 + [2 -(—5)f + (4-3) V107 V107 








ce, 


= 0.2901 + 0.677] — 0.677k 
The projection of P on LZ is 
P-e, = (10i— 8] + 14k) - (0.291 + 0.677) — 0.677k) 
= 2.90 — 5.42 — 9.48 = —12.0 Ib 


The minus sign indicates that the projection is directed opposite to the direction of L. 


Find the cross product of P = 2.85i + 4.67j — 8.09k ft and Q = 28.3i + 44.6j + 53.3k Ib. 


SOLUTION 
ijk i j k 
PxQ=/|P P. P| =] 2.85 4.67 —8.09 
QO, Q, Q: 28.3 446 53.3 


= i[(4.67)(53.3) — (44.6)(—8.09)] — j[(2.85)(53.3) — (28.3)(—8.09)] 
+ k[(2.85)(44.6) — (28.3)(4.67)] 
= i(249 + 361) — j(152 + 229) + k(127 — 132) = 610i — 381j — Sk Ib-ft 


Determine the time derivative of the position vector r = xi + 6y’j — 3zk, where i, j, k are fixed 
vectors. 


SOLUTION 
The time derivative is 
dr dx dy dz 
—=—j+12y—j-3—k 
dt dt at at 
Determine the time integral from time ¢, = 1s to time f, =3 s of the velocity vector 
v=Pit 2j—-Kk ft/s 
where i, j, and k are fixed vectors. 
SOLUTION 
3 3 3 3 
i (Fi+ 25-1) r= i] Patil 2r dt — kf dt = 8.671 + 8.00j — 2.00k 
1 1 1 1 
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1.20. 


1.21. 


1.22. 


1.23. 


1.24, 


1.25. 


1.26. 


1.27, 


1.29. 


1.30. 


131. 


1.31. 


1.32. 


1.33. 


1,34, 


1.35. 


Supplementary Problems 


Determine the resultant of the coplanar forces 100 N, 0° and 200 N, 90°. Ans. 224N, @, = 64° 
Determine the resultant of the coplanar forces 32 N, 20° and 64.N, 190°. Ans. 33.0 N. @, = 180° 
Find the resultant of the coplanar forces 80 N, —30° and 60 N, 60°. Ans. l1O0N, @, =6.87° 


Find the resultant of the concurrent coplanar forces 120 N, 78° and 70N, 293°. 
Ans. 74.7N, 0, = 45.2° 


The resultant of two coplanar forces is 18 0z at 30°. If one of the forces is 280z at 0°, determine the 
other. Ans. 15.3 oz, 144° 


The resultant of two coplanar forces is 36 N at 45°. If one of the forces is 24 N at 0°, find the other force. 
Ans. 25.5N, 87° 


The resultant of two coplanar forces is SON at 143°. One of the forces is 120N at 238°. Determine the 
missing force. Ans. 134N, @, =79.6° 


The resultant of two forces, one in the positive x direction and the other in the positive y direction, is 
100 1b at 50° counterclockwise from the positive x-direction. What are the two forces? 
Ans. R, = 64.3 Ib, R, = 76.6 1b 


A force of 120N has a rectangular component of 84N acting along a line making an angle of 20° 
counterclockwise from the positive x axis. What angle does the 120-N force make with the positive x 
axis? 

Ans. 65.6° 


Determine the resultant of the coplanar forces: 6 0z, 38°; 12 oz, 73°; 18 0z, 67°: 24.02, 131°. 
Ans. 50.002, 0, =91° 


Determine the resultant of the coplanar forces: 20 Ib, 0°: 20 Ib. 30°; 20 Ib, 60°: 20 Ib, 90°; 20 Ib, 120°; 20 Ib, 
150°. Ans. 77.2\b, 8, = 75° 


Determine the single force that will replace the following coplanar forces. 120 N, 30°; 200 N, 110°; 340 N. 
180°, 170 N, 240°; 80 N, 300°. Ans. 351 N, 175° 


Determine the single force that will replace the following coplanar forces: 120 N, 30°: 200 N, 110°: 340 N, 
180°; 170 N, 240°; 80 N, 300°. Ans. 351 N, 175° 


Find the single force to replace the following coplanar forces: 150 N, 78°: 320 N, 143°; 485 N, 249°: 98 N, 
305°; 251 N, 84°. Ans. 321N, 171° 


A sled is being pulled by a force of 25 lb exerted in a rope inclined 30° with the horizontal. What is the 
effective component of the force pulling the sled? What is the component tending to lift the sled 
vertically? Ans. P,,=21.71b, P, = 12.5 Ib 


Determine the resultant of the following coplanar forces: 15 N, 30°; 55 N, 80°: 90N, 210°: and 130N. 
260°. Ans. 136N, @, = 235° 


A car is traveling at a constant speed in a tunnel, up a 1-percent grade. If the car and passenger weigh 
3100 Ib, what tractive force must the engine supply to just overcome the component of the gravitational 
force on the car along the bottom of the tunnel? Ans. 31 1b 
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1.36. 


1.37, 


1.39. 


1.41. 


1.42. 


1.43. 
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A telephone pole is supported by a guy wire that exerts a pull of 200Ib on the top of the pole. if the 
angle between the wire and the pole is 50°, what are the horizontal and vertical components of the pull 
on the pole? Ans. P, = 153 1b, P, = 129 Ib 


A boat is being towed through a canal by a horizontal cable that makes an angle of 10° with the shore. If 
the pull on the cable is 200 N, find the force tending to move the boat alr the canal. 
Ans. 197N 


Express in terms of the unit vectors i, j, and k the force of 200 N that starts at the point (2,5, —3) and 
passes through the point (-3, 2.1). Ans. F = —141li— 84.9) + 113KN 


Determine the resultant of the three forces F, =2.0i+ 3.3j —2.6klb, F, = —i+5.2j-2.9k lb, and 
F, = 8.3i — 6.65 + 5.8k Ib, which are concurrent at the point (2.2, —5). 
Ans. R= 9.3i + 1.95 + 0.3k Ib at (2,2, —5) 


The pulley shown in Fig. 1-20 is free to ride on the supporting guide wire. If the pulley supports a 160-Ib 
weight, what is the tension in the wire? Ans. T =2341b 





Fig. 1-21 


Two cables support a 500-Ib weight as shown in Fig. 1-21. Determine the tension in each cable. 
Ans. Ty, = 433 tb, Ty = 250 Ib 


What honzontal force P is required to hold the 10-lb weight W in the position shown in Fig. 1-22? 
Ans. P= 3.25 1b 





20N 


Fig. 1-22 Fig. 1-23 


A charged particle is at rest under the action of three other charged particles. The forces exerted by two 
of the particles are shown in Fig. 1-23. Determine the magnitude and direction of the third force. 
Ans. F=14.7N, @ = 76.8° 
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1.44, 


1.45. 


1.46, 


1.47, 


1.48. 


1.49. 


1.50. 


LS1. 


1.52, 


1.53. 


1.54, 


1.55, 


Determine the resultant of the coplanar forces 200 N. 0° and 400 N, 90°. 
Ans. Since each force in Problem 1.20 has been multiplied by the scalar 2, the magnitude of the 
resultant in this problem should be double that of Problem 1.20. The angle should be the same. 


What vector must be added to the vector F = 30N, 60° to yield the zero vector? 
Ans. 30N, @, = 240° 


At time ¢ = 2s, a point moving on a curve has coordinates (3, —5, 2). At time ¢ = 3s, the coordinates of 
the point are (1. —2.0). What is the change in the position vector? Ans. Ar = —2i+ 3j- 2k 


Determine the dot product of P = 4i + 2j —k and Q = —3i + 6j — 2k. Ans. +2 


Find the dot product of P = 2.12i + 8.15j — 4.28k N and Q = 6.291 — 8.93j — 10.5k m. 
Ans. —14.5N-m 


Determine the cross product of the vectors in Problem 1.47. Ans. PX Q=2i+ 11j + 30k 


Determine the cross product of P = 2.12i + 8.15j — 4.28k and Q = 2.291 — 8.93] — 10.5k. 
Ans. —1241+ 12.5§ —37.6k 


Determine the derivative with respect to time of P = xi + 2yi — z7k. 


dP dx dy dz 
Ane. ae? a? as 
TS ap od oe 


If P = 21 + 3¢°j — rk and Q = ti+ Cj +k, show that 


d 
—(P-Q)=41+8F 
dt 


Check the result by using 
dP dQ d 
ears +Pp-—~-=—(P- 
dt oor dt a‘ 2) 


In the preceding problem show that 


d Dye 3 
a (PX Q) = (154 + 37°)i — (88° + 225 - 37° 
Check the result by using 
a dQ 


d 
a SOOPER ae ee) 


Determine the dot product for the following vectors: 


P Q Ans. 
(a) 3i-—2j+ 8k i — 2j — 3k —23 
(b) 0.861 + 0.29§-0.37k  1.291-8.26)+ 4.0k —2.77 
(c) ai+ bj—ck di-—ej+ fk ad — be — cf 


Determine the cross products for the following vectors: 
P Q Ans. 
(a) 3i- 2j+ 8k —i-2j - 3k 22) + j-— 8k 
(6) 0.861 + 0.29§-0.37k 1.291 — 8.26) + 4.0k —1.90i — 3.92j — 7.48k 
(c) ait bj-ck di-—ej+ fk (bf — ec)i — (af + cd)j — (ae + bd)k 
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1.56. 


1.57. 


1.58. 


1.59. 


1.60. 


VECTORS (CHAP. 1 


Determine the component of the vector Q = 10i — 20j — 20k along a line drawn from point (2,3, —2) 
through the point (1, 0,5). Ans. —11.72 


Determine the component of the vector P = 1.52i — 2.63j + 0.83k on the line that originates at the point 
(2,3, -2) and passes through the point (1,0, 5). Ans. P, = +1.59 


Given the vectors P =i + P,j — 3k and Q = 4i + 3j, determine the value of P, so that the cross product of 
the two vectors will be 91 — 12). Ans. P,=0.75 


Given the vectors P = i— 3) + P.k and Q = 4i —k, determine the value of P, so that the dot product of 
the two vectors will be 14. Ans. P.=—10 


Express the vectors shown in Fig. 1-24 in i, j, and k notation. 
Ans. (a) P= —223i + 306j — 129k: (b) Q = +751 + 5S0j — 43.3k; (c) S = +1441 + 1295 + 52.4k 





(a) : ) (c) 
Fig. 1-24 


Chapter 2 


Operations with Forces 


2.1 THE MOMENT OF A FORCE 


The moment M of a force F with respect to a point O is the cross product M =r X F. where r is 
the position vector relative to point O of any point P on the action line of force F. Physically. M 
represents the tendency of the force F to rotate the body (on which it acts) about an axis that passes 
through O and is perpendicular to the plane containing the force F and the position vector r. 





Fig. 2-1 


If a set of x, y, and z axes is drawn through O as shown in Fig. 2-1. 
r=xityjtzk F=Rithj+kk M=Mit+tMj+ Mk 


and, by definition, 


1 sj &k 
M=rXF=|]x vo 2z 
BOF OF. 


Expanding the determinant, 
M = i(F-y — F.z) + jz — Fox) + k(x - yy) 
Comparing this expression for M with the one listed above. it can be seen that 
M, = Fey — F,z M,=F.2 - Fx M.=F.x-Fyv 
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The scalar quantities M,, M,, and M- are the magnitudes of the respective moments of the force 
F about the x. y, and z axes through O. See Problems 2.3 and 2.4. 
Note that M, can be obtained by the dot product of the moment M and the unit vector i along 
the x axis. Thus, 
M -i=(Mi+ Mj + M.k)-1= M1) + M,(0) + M0) = M, 


Similarly, the magnitude of the moment of F about any axis L through O is the scalar component 
of M on L. It can be obtained by the dot product of M and unit vector e, along the line L. Thus, 


M, =M °e; 


2.2 A COUPLE 


A couple consists of two forces equal in magnitude and parallel, but oppositely directed. 


2.3 THE MOMENT OF A COUPLE 


The moment C of a couple with respect to any point O is the sum of the moments with respect to 
O of the two forces that constitute the couple. 
The moment C of the couple shown in Fig. 2-2 is 


C= Mo =r, X F +m X(-F) =(r,- 1) X F=aXF 





Fig. 2-2 


Thus C is a vector perpendicular to the plane containing the two forces (a is in the same plane). 
By definition of the cross product, the magnitude of C is .a x F| = aF sin @ Since d, the perpendicular 
distance between the two forces of the couple, is equal to a sin @, the magnitude of C is C = Fa. 

Couples obey the laws of vectors. Any couple C can be written C = C,i+ C,j + C.k, where C,, 
C,, and C, are the magnitudes of the components. 

Note that point O is any point: hence, the moment of a couple is independent of the choice of 
point O. 
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2.4 REPLACING A SINGLE FORCE 


A single force F acting at point P may be replaced by (a) an equal and similarly directed force 
acting through any point O and (b) a couple C=rF. where r is the vector from O to P. See 
Problems 2.11 and 2.12. 


2.55 COPLANAR FORCE SYSTEMS 


Coplanar force systems occur in many problems of mechanics. The tollowing scalar treatment ts 
useful in dealing with these two-dimensional problems. 


1, The moment M, of a force about a point O in a plane containing the force is the scalar moment of the force 
about an axis through the point and perpendicular to the plane. As such, the moment is the product of (a) 
the force and (b) the perpendiculat distance from the point to the line of action of the force. It is customary 
to assign a positive sign to the moment if the force tends to turn in a counterclockwise direction about the 
point. Sce Problem 2.1. 


2. Varignon’s theerem states that the moment of a force about any point is equal to the algebraic sum of the 
moments of the components of the force about that point. See Problem 2.2. 

3. The moment of a couple will not be changed if (@) the couple is rotated or translated in its plane, (b) the 
couple is transferred to a parallel planc, or (c) the size of its forces is changed, provided the moment arm is 
also altered to keep the magnitude of the moment the same. 


4. A couple and a single force in the same plane or parallel planes may be combined into one force of the 
same magnitude and sense as the given force and parallel to it. See Problem 2.9. 


5. Conversely, a single force as indicated above may be replaced by (a) an equal and similarly directed force 
acting through any point and (b) a couple lying in the same plane as the single force and the chosen point. 
See Problem 2.11. 


2.6 NOTES 


In some of the solved problems vector equations are used, but in other problems the equivalent 
scalar equations are used. In figures, vectors are identified by their magnitudes when the directions 
are obvious. 

Also note that in the U.S. Customary System the units for moments are pound-feet (lb-ft). In SI 
the units for moments are newton-meters (N - m). 


Solved Problems 


2.1. Determine the moment of the 20-lb force about the point O. Sec Fig. 2-3. 
SOLUTION 
Drop the perpendicular OD from O to the action line of the 20-Ib force. Its length to scale is 4.33 ft. 


The moment of the force about O (actually about an axis through O perpendicular to the xv plane) is 
therefore —(20 X 4.33) = —86.6 lb-ft. 
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20 sin 60° = 17.32 Ib 
J 
20 Ib 


5 60° 








x 
20 cos 60° = 10 Ib 





17.32 Ib 


20 Ib 
oe C7 | ! 
Sy / 10 1b 
~ / ij ya 
see > D 
Fig. 2-3 Fig. 2-4 


The minus sign is used because the direction of rotation viewed from the positive end of the z axis 
(not shown) is clockwise. 


Solve Problem 2.1 using Varignon’s theorem. See Fig. 2-4. 
SOLUTION 


In using this theorem the 20-Ib force is replaced with its rectangular components parallel to the x 
and y aces and acting at anv convenient point along the line of action. 

If the point B is chosen on the x axis, then it should be apparent that the x component has no 
moment about O. The moment of the 20-Ib force about O is then only the moment of the y component 
about O, or —(17.32 5) = —86.6 lb-ft. 

If the point A on the y axis is chosen, then the » component has no moment about O. The moment 
of the 20-Ib force about O is then only the moment of the x component about O, or —(10 x 8.66) = 
— 86.6 Ib-ft. 


A 100-N force is directed along the line drawn from the point whose x, y, z coordinates are 
(2,0, 4) m to the point whose coordinates are (5,1, 1) m. What are the moments of this force 
about the x, y. and z axes? 


SOLUTION 
In Fig. 2-5. assumc the scale is such that the 100-N force is measured by the diagonal of the 


parallelepiped whose sides are parallel to the axes. The sides represent to the same scale the components 
of the force. 
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The x side is 5 2=3m long; the y side is 1 -O0=1m long, and the z side is 1—4=—3 m long. 
This means that the component F, is directed toward the back or negative direction of the z axis, 


length of x side 3 3 
FE. = ————. * 100 N = — =} 100 = —= x 100 = 68.7 N 
length of diagonal V3? +1743? V19 
1 os 
Similarly, f "ge 100 = 22.9N F, aa 100 = —68.7N 


To find the moment of the 100-N force about the x axis, determine the moments of its components 
about the x axis. By inspection the only component that has such a moment is F,. Therefore M, for the 
100-N force is the moment of F, about the x axis and equals —22.9 x 4 = —91.6N-m. The minus sign 
indicates that the rotation of F, is clockwise about the x axis when viewed from the positive end of the x 
axis. 

In finding the moment about the y axis, note that F, is parallel to the y axis and has no moment 
about it. Now, however, both F, and F, must be considered. It is better to determine the sign of the 
moment by inspection rather than by writing signs for the component and its arm. Accordingly, 
M, = +(68.7 X 2) + (68.7 x 4) = +412 N-m. 

By similar reasoning using F, only (since F, is parallel to the z axis and F, intersects it), 
M, = +(22.9 X 2) = +45.8N-m. 

Be sure to affix signs for moments and to understand the significance thereof. 


2.4. Repeat Problem 2.3 using the cross-product definition of moment. 
SOLUTION 


From Problem 2.3, F = 68.71 + 22.9j — 68.7k. 
The vector r is the position vector of any point on the action line of F with respect to the origin. If 
we use point (2, 0, 4), r= 2i + Oj + 4k. Then 


i j k 
M=rxF=] 2 0 4 
68.7 22.9 —68.7 
= i[0 — 4(22.9)] — j[2(—68.7) — 4(68.7)] + k[2(22.9) — 0] 
= —91.65 + 412) + 45.8kKN-m 
Next, using point (5,1, 1) on the action line of F, r=Si+j+k. Then 
i j k 
M=| 5 1 1 
68.7 22.9 —68.7 
= i{—1(68.7) — 22.9(1)] — j{5(—68.7) — 1(68.7)] + k[5(22.9) — 68.7(1)] 
= —91.61+ 412) + 45.8k N-m 


The scalar moments about the x, y, and z axes are the coefficients of the unit vectors, i, j, and k. 


2.5. Determine the moment of the force F = 2i + 3j —k Ib acting through the point (3,1, 1) with 
respect to the line passing from (2,5, —2) through (3, —1, 1). The coordinates are in feet. 


SOLUTION 


The moment arm r may be found by using the vector from either point on the line to the point on 
the force. From (2, 5, —2) the vector r =i — 4j + 3k. The moment M about the chosen point is 


M=rxF=|1 -4 3] =—Si+7j+11k 
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ae e, B= 2+ (oI = SY + + Yk) _i- 6) + 3k 
(1) + (-6)" + BY V46 


Hence the moment of F about the line is 





i-6j+3k —5—42+33 -14 
V46 V46 Va6 





M, =M-e, =(—Si+ 7j + 11k): 2.06 lb-ft 


If the moment arm is chosen from the point (3, —1, |), the arm is r= 2j. The moment M is 


ij k 
M=rcxF=|0 2. 0|=-2i-4k 
2 234 


Hence the moment of M about the fine is 


i-6j+3k ~2-12 -14 
V46 V46——-V'46 





M -e, = (—2i + Oj — 4k)- 2.06 lb-ft 


2.6 Determine the moment of a force P whose rectangular components are P, = 22 N, P= 23.N, 
P.=7WN and acting at a point (1,~1, —2). Take the moment about a line from the origin 
through point (3, - 1,0). Coordinates are in meters. 


SOLUTION 
P = 22) + 23j+ 7k N 





The moment arm, r= (1 — O)i + (-1 — O)j + (~2 - O)k =i-j- 2km 





i jk 
M=cxF=| 1 -1 -2] =301-51j+45kKN-m 
2 23 7 


2.7. A couple of moment +60 Ib-ft acts in the plane of the paper. Indicate this couple with (a) 
10-Ib forces and (b) 30-Ib forces. 


SOLUTION 


{n (a) the moment arm must be 6 ft, while in (b) it is 2 ft 
The direction of rotation must be counterclockwise. The parallel forces may be drawn at any angle, 
as shown in Fig. 2-6. 


(a) (0) 





Fig. 2-6 


Fig. 2-7 


2.8. Combine couple C,= +20N-m with couple C,=—50N-m, both in the same plane. 
See Fig. 2-7. 
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SOLUTION 


To combine graphically, show both couples with forces of the same magnitude. say 10 N. and drawn 
in such a way that two of the forces, one from each couple, are collinear but oppositely directed. 

It is evident that the collinear forces cancel, leaving two 10-N forces with an arm of 3m. The 
resultant couple is —30 N -m, a result which can also be obtained by algebraic addition. 


2.9. Replace a couple of moment —100 N- m and a vertical force of 50 N, acting at the origin, by 
a single force. Where does the single force act? 


SOLUTION 


In Fig. 2-8 the couple is represented by two equal and opposite forces of 50 N at a perpendicular 
distance of 2m. One force of the couple is aligned with the given 50-N force at the origin. These two 
forces cancel Jeaving the single, upward force of 50 N acting 2m to the left of the origin. 


30N 30 N 


2m 


5s0N 


Fig. 2-8 


2.10. Combine a force of 30 N, 60° with a +50 N-m couple in the same plane. See Fig. 2-9. 
SOLUTION 


A couple as such cannot be reduced to a simpler tystem, but it can be combined with another force. 

Draw the given couple with 30-N forces and in such a way that one of its forces is collinear with the 
given single 30-N force but oppositely directed. 

By inspection the collinear forces cancel, leaving only a single force of 30 N parallel to and in the 
dame direction as the original force but at a distance 1.67 m from it. 





C, = —55 N-m 


Fig. 2-9 Fig, 2-10 
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As shown in Fig. 2-10, a couple C, of 20 N- m acts in the xy plane, a couple C, of 40 N-m 
acts in the yz plane, and a couple C; of —55.N-m acts in the xz plane. Determine the 
resultant couple. 


SOLUTION 


The couple C, is positive and acting in the xy plane. When viewed from the positive end of the z 
axis, it tends to turn in a counterclockwise direction about the z axis. By the right-hand rule, it is 
represented by a vector along the z axis drawn toward the positive end. Using this type of reasoning, all 
three couples are drawn in the figure. Adding vectorially, 





C=VC+ Ct C= V(20" + (by + (557 =70.9N-m 


2 


Cc 


3 


C Cc 
cos @, =—= = +0564 cos f, = CT OTTT 008 6. = e = +0,282 


These are the direction cosines of the couple C. The couple acts in a plane perpendicular to this 
vector. 
The couple C may be written in vector notation, 


C= +401 — 55j + 20k N-m 


from which the value of C is derived as above. 


A 2-in-diameter pipe is subjected to a force of 25 lb applied vertically downward to the 
horizontal rod at an arm of 14 in. Replace the 25-lb force with (1) a force at the end of the 
pipe which causes bending and (2) a couple that twists the shaft, placing it in torsion. What 
are the moments of the force and the couple? See Fig. 2-11(a). 





{a} 


Fig. 2-11 


SOLUTION 


Place two vertical 25-lb forces oppositely directed through the center of the pipe as shown in 
Fig. 2-11(b). The three forces are still equivalent to the original force. 

The upward force combines with the original to form a couple C = 25 x 14 = 350 Ib-in. This couple 
tends to twist the pipe counterclockwise when viewed from the right. 

The other 25-Ib force down on the pipe causes a bending moment M = —25 x 20 = -500 lb-in about 
the z axis. 


ot 
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2.13. 


2.14, 


Solve Problem 2.12 by determining the moment of the 25-Ib force about the point O. 
SOLUTION 


The position vector of the point of application of the 25-lb force with respect to the origin is 
r= 201+ 14k. The force F = —25j. Thus the moment of the 25-Ib force with respect to the origin is 


ij ik 
M=rxF=|20 0 14] =i[0 - 14(—25)] — j{0 — 0] + k[20(—25) — 0] = 350i — 500k Ib-in 
0-25 0 


This agrees with the results of Problem 2.12. 


The crane in Fig. 2-12 is on level ground, The x axis is through the contact points of the 
rearmost wheels with the ground, the y axis is parallel to the front-to-back centerline, and the 
Z axis is vertical as shown. The bed (platform) of the crane is 3 ft above the ground. For 
practical purposes the pivot point of the bottom of the boom can be considered in the bed of 
the crane and 6 ft from the center of the cab. The center of the cab is on the centerline 15 ft 
forward (to the left) of the rearmost axle. The 50-ft boom makes an angle of 60° with the bed 
of the crane in a vertical plane, and the cab and boom are swiveled 45° horizontally from the 
fore and aft centerline of the truck bed. The distance between the contact points of the rear 
wheels is considered to be 8 ft. Determine the turning moment of the 4000-Ib load about the x 
axis. 


4000 tb 





SOLUTION 


Relative to the origin O of the axes, the coordinates of the cab center are (—4, —15, +3). The 
coordinates of the bottom of the boom are (—4 + 6sin 45°, —15 + 6 cos 45°, +3) or (+0.24, -10.8, +3). 
The coordinates of the top of the boom are (+0.24 + 50 cos 60° sin 45°, —10.8 + 50 cos 60° cos 45°, 
+3 + 50 sin 60°) or (417.9, +6.91, +46.3). 
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2.17. 


2.18. 


2.19. 


2.20. 


2.21, 
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The moment of the 4000-lb weight about O is 


ij k 
M=rxF=|17.9 691 463 
0 0  -4000 


The scalar coefficient of the i term is the moment about the x axis. Hence M, = - 27,600 lb-ft. Thus 
the moment is clockwise about the x axis when viewed from the front. 


Supplementary Problems 


In each case find the moment of the force F about the origin. Use Varignon’s theorem. 


Magnitude of Angle of F with | Coordinates of point of 
F horizontal application of F Answer 








30° (5. —4) ft +119 Ib-ft 
140° (—3, 4) ft +72.9 lb-ft 
337° (8, —2) ft —19.3 lb-ft 

45° (6, 1) in +28.3 oz-in 

90° (0, —20) m 0 

60° (4,2) m +236N-m 





In Problem 2.15 use the cross-product definition of moment (M =r x F) to determine the moment. Each 
answer will be accompanied by the unit vector k. 


A 50-N force is directed along the line drawn from the point whose x, y, 2 coordinates are (8, 2,3) m to 
the point whose coordinates are (2, —6,5)m. What are the scalar moments of the force about the x. y. 
and z axes? Ans. M,=+137N-m,. M, = -167N-m, M, = -255N-m 


Given the force P = 32.41 — 29.3] + 9.9k Ib acting at the origin. Find the moment about a line through the 
points (0, ~1,3) and (3, 1, 1). Coordinates are in feet. Ans. M = ~88.2 \b-ft 


A force acts at the origin. The rectangular components of the force are P, =68.7N, P, =22.9N, 
P = —68.7N. Determine the moment of the force P about a line through the points (1,0, —1) and 
(4, 4. -1). Coordinates are in meters. Ans. M=-13.7N-m 


Combine C, = +20 lb-ft, C, = —80 lb-ft, and C, = —18 lb-ft, all acting in the same plane 
Ans. C = —78 lb-ft acting in the same or parallel plane 


Replace a vertical force of 2701b acting down at the origin by a vertical force of 270 1b acting at 
x = ~Sin and a couple. Ans. C = —13501b-in 
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2.22. Determine the resultant vector of the three couples +16 N-m, —45 N-m. +120 N - m acting respectively 
in the xy, vz. and xz planes. 
Ans. C= +129N-m. cos 6, = —0.349, cos 6, = 0-931, cos 6. = 0.124 


2.23. Add the couple C = 30i — 20j + 35k N- m to the resultant couple in Problem 2.22. 
Ans. C=—15i+ LO0Oj+5IkN-m 


2.24. The 24-lb forces applied at the corners A and B of the parallelepiped shown in Fig. 2-13 act along AE 
and &F respectively. Show that the given couple may be replaced by a set of vertical forces consisting of 
a l6-Ib force up at point C and a 16-Ib force down at point D. 


80N 


Mlb 4 





24 lb 
B F 20-N 


Fig. 2-13 Fig. 2-14 


2.25, Replace the set of three parallel vertical forces, shown in Fig. 2-14. by a single force. What is the 
magnitude, sense, and location of the single force? Ans. 80N, vertically up, 0.75 m left of A 


2.26. A horizontal bar & m long is acted upon by a downward vertical 12-N force at the right end as shown in 
Fig. 2-15. Show that this is equivalent to a 12-N vertical force acting down at the left end and a clockwise 
couple of 96 N +m. 


20N 


300 
12.N oe 


8m 





Fig. 2-15 Fig. 2-16 


2.27, A wrench in the horizontal position is locked around a pipe at its left end. A vertical force of 20N is 
going to be applied at the right end at an effective arm of 300 mm. Show that this will be equivalent to a 
vertical downward force of 20 N acting through the pipe center ad a clockwise couple of 6 N - m. Refer 
to Fig. 2-16. 
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manead 2.28. Reduce the system of forces in the belts shown in Fig. 2-17 to a single force at O and a couple. Forces 
are either vertical or horizontal. Ans. 78.3 lb, 0, = 296.5°, C =0 


20 Ib 


10) N 400 N 200 N 


600 N 





Fig. 2-17 Fig. 2-18 


2.29. Reduce the system of forces acting on the beam shown in Fig, 2-18 into a force at A and a couple. 
; Ans. R=100N up at A, C=6000N-m 
ost 
Mathead §=2.30. Referring to Fig. 2-19, reduce the system of forces and couples to the simplest system using point A. 
Ans. R, = +48.1 Ib, R, = —3.9 lb, C = +36.2 lb-ft 





Fig. 2-19 Fig. 2-20 


2.31. Determine the moments of the two forces about the x, y, and z axes shown in Fig. 2-20. 
Ans. M = 488i+ 732k N -m or M, = +488N-m, M, =0, M, = +732N-m 


Chapter 3 


Resultants of Coplanar Force Systems 


3.1 COPLANAR FORCES 


Coplanar forces lie in one plane. A concurrent system consists of forces that intersect at a point 
called the concurrence. A parallel system consists of forces that intersect at infinity. A nonconcur- 
rent, nonparallel system consists of forces that are not all concurrent and not all parallel. 

Vector equations may be applied to the above systems to determine resultants, but the following 
derived scalar equations will be more useful for a given system. 


3.2. CONCURRENT SYSTEM 
The resultant R may be (a) a single force through the concurrence or (b) zero. Algebraically, 


ro\(Sa)+(SR) and tan, = 24 


where % Ff, 2 F,= algebraic sums of the x and y components, respectively, of the forces of the 
system 
6, = angle that the resultant R makes with the x axis. 


3.3. PARALLEL SYSTEM 


The resultant may be (a) a single force R parallel to the system, (6) a couple in the plane of the 
system or in a parallel plane, or (c) zero. Algebraically, 


R=SF and Ra=>Mo 


where > F = algebraic sum of the forces of the system 
O = any moment center in the plane 
a@ = perpendicular distance from the moment center O to the resultant R 
Ra= moment of R with respect to O 
> Mo = algebraic sum of the moments of the forces of the system with respect to O 


If X= F is not zero, apply the equation Ra = X Mj to determine a and hence the action line of R. 
If & F =0, the resultant couple, if there is one, has a magnitude X Mo. 


3.4 NONCONCURRENT, NONPARALLEL SYSTEM 


The resultant may be (a) a single force R, (6) a couple in the plane of the system or in a parallel 
plane, or (c) zero. Algebraically, 


R= (S r) +(3 5) and tan 0, - 27 


where *% F,, 2 F = algebraic sums of x and y components, respectively, of forces of system 
@, = angle that the resultant R makes with x axis 





To determine the action line of the resultant force, employ the equation 


Ra= >. Mo 
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where O = any moment center in the plane 
a@= perpendicular distance from moment center O to the resultant R 
Ra= moment of R with respect to O 
> Mo = algebraic sum of the moments of the forces of the system with respect to O 


Note that even if R =0, a couple may exist with magnitude equal to } Mo. 


3.5 RESULTANTS OF DISTRIBUTED FORCE SYSTEMS 


A distributed force system is one in which forces cannot be represented by individual force 
vectors acting at specific points in space; they must be represented by an infinite number of vectors, 
each of which is a function of the point at which it acts. Consider the coplanar (parallel) distributed 
force system shown in Fig, 3-1. In the U.S. Customary System the units for f(x) would be, for 
example, lb/ft. In the International System, the units might be N/m. The resultant R of the force 
system and its location can be found by integration. Thus 


B B 
R=] f(x)dx and = Rd = [ xf (x) dx 
A A 


Problems 3.13 through 3.15 are specific examples. 


fx) 


eet 


Fig. 3-1 


Solved Problems 


w= 3.1. Determine the resultant of the concurrent force system shown in Fig. 3-2. 





Ow 
ow 
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SOLUTION 


Find the x and y components of each of the four given forces. Add the x components algebraically 
to determine > F,. Find & F, for the y components. A tabular form may present the information more 
clearly. 


+0.866 +0.500 +75.0 


— 0.866 +0.500 + 100.0 
—0.500 —0.866 —69.2 
+0.707 ~—0.707 —127.3 








DF = +440, 5 = -21.5, and R=V(S FY +(COFY = V(44.09 + (25) = 49.0 Ib. 








DR -21.5 
tan 6, === = —0.489 
ane Sk +440 A 
from which @, = 360° — 26° = 334° 


3.2. Determine the resultant of the force system shown in Fig. 3.3. Note that the slope of the 
action line of each force is indicated in the figure. 


SOLUTION 





DA =-46.1, 5 F = -23.0, and R = V(—46.1) + (—23.0)? = 51.6N, with @, = 207°. 


3.3. Find the resultant of the coplanar, concurrent force system of Fig. 3-4. 


SOLUTION 
> F = 70-100 cos 30° — 125 sin 10° = —38.3 Ib 


> F. = 125 cos 10° — 100 sin 30° = 73.1 Ib 


r=4/(Sk) +(Sa) = VOR = 22.5 1b 


tan 6, == =——— =-1.91 6, =62° 
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from which 6 = 180° — 62° = 118° to the nearest degree. The resultant is shown as a dashed vector in 
Fig. 3-4. 


y 
125 Ib ' 


20N 





40N 


Fig. 3-4 Fig. 3-5 


Determine the resultant of the parallel system of Fig. 3-5. 
SOLUTION 
In Fig. 3-5 the action lines of the forces are vertical as shown. 
R=-20+30+5-40=-25N __(i.e., down) 


To determine the action line of this 25-N force, choose any moment center O. Since the moment of 
a force about a point on its own action line is zero, it is advisable but not necessary to choose O on one 
of the given forces. Let O be on the 30-N force. 


SY Mo = +(20 X 6) + (30 X 0) + (5 X 8) — (40 X 13) = —360 N- m 


Then the moment of R must equal —360N - m. This means that R, which is down (—), must be placed to 
the right of O because only then will its moment be clockwise (—). 
Apply Ra => Mo to obtain 


360 N-m 
ee Ta i 
a 5 N 14.4m to the right of O 


Note the determination of @ without regard to the signs of R or X M, but by using reasoning. 


Determine the resultant of the parallel force system in Fig. 3.6. 
SOLUTION 


R = —100 + 200 — 200 + 400 — 300 = 0. This means that the resultant is not a single force. Next find 
> Mo. Choose O, as shown. on the 100-lb force. 


S Mo = +(100 x 0) + (200 x 2) — (200 x 5) + (400 x 9) — (300 x 11) = —300 Ib-ft 


The resultant is therefore a couple C = —300 lb-ft, which can be represented in the plane of the 
paper in accordance with the laws governing couples. 


400 Ib Shc 
200 Ib Z 
oe ot. 3" + - 4 | a. z 
100 Ib nik 
200 Ib aon ik 


Fig. 3-6 Fig. 3-7 
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Determine the resultant of the horizontal force system acting on the bar shown in Fig. 3-7. 





3.6. 
SOLUTION 
R=) Ff, = +20+20—40=0. This means that the resultant is not a single force, but it may be a 
couple. 
SS Mo = —(20 X 3) + (20 x 3) =0 
Hence in this system the resultant force is zero and the resultant couple is also zero. 
3.7. The three parallel forces and one couple act as shown on the cantilever beam of Fig. 3-8. 

What is the resultant of the three forces and the couple? 

SOLUTION 

R= >; F =500- 400 — 200= -100N 
>) Mo =2 x 500 — 4 x 400 — 6 x 200 + 1500 = —300N-m 
—300 
Ra=)2,Mo @=——=3 
a S oO a “100 m 
For the resultant, which is downward, to yield a negative moment the resultant must be to the right of 
point O. The resultant and its location is shown as a dashed vector in Fig. 3-8. 
400 N 
200 N 
[00 N 
~ 3m >! 1500 Nem 
Fig. 3-8 
3.8. Determine the resultant of the coplanar, nonconcurrent force system shown in Fig. 3-9. 


SOLUTION 
>) F =50— 100cos 45° = —20.7 Ib 


> F.=50 — 100 sin 45° = —20.7 Ib 
2 i ! 2, oO 
R= V(-20.7) + (—20.7) =29.31b  @=tan p74 6, 
; R 
SS Mo = 5X 50-4 x 50 = 50 Ib-ft 
Ra=>,Mo=50 @=50/29.3=1.71 ft 
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100 Ib 
Fig. 3-9 


R is directed downward to the left, and hence must be above the origin to produce a positive (+) 
moment. 


Determine the resultant of the nonconcurrent, nonparallel system shown in Fig. 3-10(a). 
Assume that the coordinates are in meters. 











y 
B, : 
Ay R=194N 
2. (8, 5) 
(0,3) [Os 
1,1 4.70 m ¢ 
a1) Cz aa 86 
es een é — 
ee D. 
a ee 
D, 
(b) 
Fig. 3-10 
SOLUTION 


For convenience the forces are lettered A, B, C, D. The simplest method of attack is to use a 
tabular form listing x and y components for each force and also the moment of each component about 
some moment center—for this example O. The forces are now replaced with their components at the 
same points in the action lines as indicated in Fig. 3-10(b). It may be convenient at times to use 
components at a different point in the action line than that which is given, e.g., force C acting at 45° has 
an action line that passes through the origin O. The moment about OQ is easily seen to be zero in this 
case. However, the components used in this example will be shown acting horizontally and vertically 
through the given points of application. 
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3.10. 


The following table is useful in compiling the necessary information. Be sure to place the proper 
sign before each component and to determine the moment signs by inspection. 


Moment of F, Moment of F, 
Force cos @, F, F. about O about O My 
A 0 +1 0 0 0 0 


—103.9 +999.5 
+70.7 






Sa 8 


DR=+138N SR=+1936N 3 Mo=+910N-m 





R= (Sr) +(S ) = VCFTRE) HI93.6¥ = 194 @,=tan 


To find the moment arm of the resultant, divide 910 by 194 to obtain 4.69 m. 

Since R acts upward and slightly to the right, it must be placed as shown because > M, is positive: 
i.e., R must have a counterclockwise moment. 

Another method to locate the action line of the resultant is to determine its intercept with, say, the 
x axis. If the components of the resultant are drawn through the intercept on the x axis, the x component 
would have no moment about O. The moment would be determined solely by the y component and 
would be equal to the product of the y component and the x distance to the intercept (x coordinate of 
the intercept). 
=Mo_ 910 


=—— = 4:90 
SF 1936 am 





x= 


Draw the resultant as shown with the intercept +4.70m to the right because > F is positive and 
= Mo is positive. 


Determine the resultant of the force system shown in Fig. 3-11(a). Assume that the 
coordinates are in feet. 





¥, (26, 26) 2 \ 
(-B,20)] a \ 
Nee a0 Ib | (38, 15 | 
r00 18! Le. 1201b 75° 
(30, 19) 325 Ib 
Oo 1650 In fe we 


(a) we oJ : 


313 


(b) 
Fig. 3-11 
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SOLUTION 
The summation of components can be written directly as an alternative to the tabular form of 

Prob. 3-9: SF = 100.cos 60° + 80 cos 45° + 150 cos 75° = 145.4 Ib 
> F = —100 sin 60° + 80 sin 45° — 120 - 150 sin 75° = —294.9 Ib 


ge ee eee 294.9 
R= V(145.47 + (-294.9) =3281b @=tan ' fea 63.7° 





Summing the moments of the components about O: 


SM, = —(20)100 cos 60° + (5)100 sin 60° — (10)80 cos 45° 
+ (10)80 sin 45° — (25)120 — (15) 150 cas 78° — (35)150 sin 75° = ~9220 Ib-ft 


To determine the x intercept of the resultant, use 


(SA\e-DM f= 313K 


To determine the y intercept of the resultant, use 


(> F)v=S My #=63.4t 


The resultant is shown in Fig. 3-11(>). 


3.11. Determine the resultant of the four forces tangent to the circle of radius 3ft shown in 
Fig. 3-12(a@). What will be its location with respect to the center of the circle? 


150 1b 


50 tb 





(a) () 
Fig. 3-12 


SOLUTION 


Note that the horizontal and vertical components of the 100-Ib force are both —70.7 1b. Hence 
> FA, = + 150 — 70.7 = +79.3 Ib, i.e., to the right: and & F. = +50 — 80 — 70.7 = — 100.7 Ib, ie.. down. The 
resultant R = V(= AY + (OEY = 128 lb. 

The moment of R with respect to O is R <a, and this equals the sum of the moments of all the 
given forces about O. Hence 128a = +50 x 3 — 150 X 3 + 80 X 3 — 100 X 3 = —360. The resultant is shown, 
in Fig. 3-12(6), at a distance of 2.81 ft from the center O of the circle, causing a negative moment. 





3.12. Find the resultant of the force system acting on the thin gusset plate of Fig. 3-13. Locate the 
resultant by giving the x intercept. 


SOLUTION 
SF = 150 cos 45° + 200 — 225 cos 30° = 111.2 Ib 
DSR= 150 sin 45° — 225 sin 30° + 200= 193.61 19, R, 
R= VGTL2F $193.6) = 223 1b @ = tan || = 60" Je 
SM. = (3)200 — (15)150 cos 45° + (12)150 sin 45° ~ (6)200 + 900 + (6)225 cos 30° — (3)225 sin 30° 


= 813 lb-ft 
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200 Ib 





225 Ib » 
rt— 9" et Ge 


Fig. 3-13 
To locate the resultant by its x intercept, use 
(> Be =) Mo X= eae 
3.13. In Fig. 3-14, the load of 20 lb/ft is uniformly distributed over the beam of length 6 ft. 


Determine R and d. 
SOLUTION 


6 fy 236 
r=| 20 dx = 120 Ib ra=| x(20) dx = 360 Ib-ft d=— =3ft 
0 0 


f@ 





d —_—., 


6 ft 
Fig. 3-14 
3.14. In Fig. 3-15, the load is triangular in shape. The height of the diagram at distance x from the 
point O is by proportion equal to (x/9)30 N/m. Determine R and d. 
SOLUTION 


Y x ote 810 
R= g 3) dx=135N Rd= +] 5 G0)| dx=810N-m d=—== 
0 oO 


Zaae= 
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fix) fix) 
fix) = 3x!? 
Qa x 
=| Las 
x 
d 
i 
Fig. 3-16 


3.15. In Fig. 3-16, the load varies as a parabola, Determine R and d. 


SOLUTION 


f f f 
R - | 3x!" dx = 2°] =2P° Rd =| x(3x'")dx =H" d= 
oO oO 


a 


655: 
62 


2r? 





= 0.61 


Supplementary Problems 


3.16. Two forces of 200 N and 300 N pull in a horizontal plane on a vertical post. If the angle between them is 
85°, what is their resultant? What angle does it make with the 200-N force? Solve both graphically and 
algebraically. Ans. R=375N, 6 =53° 

In Problems 3.17 through 3.20, find the resultant of each concurrent force system. The angle that each force 

makes with the x axis (measured counterclockwise) is given. Forces are in pounds. 

3.17. Force 85 126 65 223 

6, 38° 142° 169° 295° Ans. R=59.8lb, 6, = 268° 
3.18. Force 22 13) 19 8 

@ 135° 220° 270° 358° Ans. R=21.3 lb, 6, = 214° 
3.19. Force 1250 1830 855 2300 

a, 62° 125° 340° 196° Ans. = R=25201b, 6, = 138° 
3.20. Force 285 860 673 495 241 

6, 270° 180° 45° 330° 100° Ans. R=181 Ib, 6, = 89° 

3.21. The 100-lb resultant of four forces together with three of those four forces is shown in Fig. 3-17. 
Determine the fourth force. Ans. F=203 Ib, @, = 49° 


120 N 


709 ' 
65N 





R=60N 





Fig. 3-18 
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4.22. Three coplanar forces of 80 N each pull on a small ring (diameter negligible). Assuming that their lines 
of action make equal angles with each other (120°), determine the resultant. This system is said to be in 
equilibrium. Ans. R=0 


3.23. The resultant of three forces is 60 N as shown in Fig. 3-18. Two of the three forces are also shown as 
120 N and 65 N. Determine the third force. Ans. 169N. @, = 246° 


3.24. Three wires exert the tensions indicated on the cyebolt in Fig. 3-19. Assuming a concurrent system, 
determine the force in a single wire that will replace the three wires. Ans. T=70.8N, 0, = 343° 


3.25. Determine the resultant of the three forces originating at point (3, —3) and passing through the points 
indicated: 126 N through (8, 6), 183 N through (2, —5), 269 N through (—6, 3). 
Ans. R=263N, 0, = 159° through (3, —3) 


3.26. Determine the values of P and Q in Fig. 3-20 so that the resultant of the three coplanar forces is 100 Ib 
at 20° to the x axis. Ans. P=2401b; Q = 161 lb 


45% 


200 Ib 
Fig. 3-20 


Find the resultant in each of Problems 3.27 through 3.29. The forces are horizontal and expressed in pounds. 
The y distances to the action lines are expressed in feet. 


3.27. Force +50 +20 —10 
y +3 -5 +6 Ans. R=-—60 Ib, ¥ = —0.167 ft 


3.28. Force +800 -—300 +1000 —600 
y 6-5 -4 0 Ans. R=+900Ib, ¥=—8.11 ft 


3.29, Force +160 -—220 +480 -180 +160 
y +3 -7 -3 +10 0 Ans. C= +20 Ib-ft 


3.30. See Fig. 3-21. Find the resultant of the three loads shown acting on the beam. 
Ans. R =38T down, distance from left support = 8.37 ft 


20N 


25 N 





50 N 
Fig. 3-21 Fig. 3-22 
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3.32. 


3.33. 


3.34. 
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Determine the resultant of the four forces shown in Fig. 3-22. The side of each small square is 1 m. 
Ans. R=+4+35N,X¥=2.99m 


Six weights of 30, 20. 40, 25, 10, and 35 Ib hang in one plane from a horizontal support at distances 2, 3, 
5.7. 10, and 12 ft, respectively, from a wall. What single force would replace these six? 
Ans. R= ~—160 1b, 6.34 ft from wall 


Three forces act on the beam, two of which are shown in Fig. 3-23 together with the resultant of all 
three. What is the third force? Ans. F =20T down, x = 10 ft from left support 


I 
| 
10T : 20T 





Fig. 3-23 


Determine the resultant of the coplanar parallel system shown in Fig, 3-24. 
Ans. 30 1b to left, 2 ft above bottom 


Determine the resultant of the coplanar parallel system shown in Fig. 3-25. 
Ans. R=100N down, 55mm up along plane from A 


40N 


30N 40mm 





Fig. 3-25 


In Problems 3.36 through 3.38, determine the resultant of the nonconcurrent, nonparallel systems of forces. F is 
in newtons, and the coordinates are in meters. 


3.36. 


3.37. 


F 20 30 50 10 
@ 45° 120° 190° 270° 


Coordinates of point of application (1,3) (4.-5) (5,2) (—2.—-4) 
Ans. R=54.7N, 0, = 157°, x intercept = 3.52 m 


F530 100 200 90 

6 90° — 150° 30° 45° 
Coordinates of point of application (2,2) (4.6) (3,-2) (7,2) 
Ans. R=303N, 6, = 60.3°, x intercept = 6.77 m 
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3.38. F 2 4 5 8 
6, 45° = 290° 183° 347° 


Coordinates of point of application (0,5) (4.3) (9,-4) (2, —-6) 
Ans. R=7A2N, @, = 322°, x intercept = 1.20m 


3.39. Determine completely the resultant of the five forces shown in Fig. 3-26. The forces are in ounces, and 
the squares are | in by | in Ans. C = —268 oz-in 


2600 Ib 
2000 Ib 1500 Ib 


100 
“si. 56 


too 





BO ~ 
“a Hd 


a 


Fig. 3-26 Fig. 3-27 


3.40. Determine completely the resultant of the four forces shown in Fig. 3-27. Each force makes a 15° angle 
with the vertical, except the 2000-Ib force. which is vertical. 
Ans. R = 6830 lb down. horizontal distance from hinge = 16.8 ft 


3.41. A thin steel plate is subjected to the three forces shown in Fig. 3-28. What single force would have an 


equivalent effect on the plate? 
Ans. R=18.7N, @, = 285°, bottom intercept = 4.23 m to left of O 


3.42. Determine the resultant of the forces acting on the bell crank shown in Fig. 3-29. 
Ans, R=247 1b, @, = 259°, horizontal intercept = —6.3 in from O 


3.43. Determine the resultant of the three forces acting on the pulley shown in Fig, 3-30. 
Ans. R=742N, @, = 357°, R cuts vertical diameter 2.27 m above O 


560 N 





+ 8m —~ 19N 
E 
1 24N 
18N 180 N 
Fig. 3-28 Fig. 3-29 Fig. 3-30 


3.44. Solve for the resultant of the six loads on the truss shown in Fig. 3-31. The loads are given in kips (K) 
(1 kip = 1000 Ib). Three loads are vertical. The wind loads are perpendicular to the side. The truss is 


symmetrical. 
Ans. R=10.7k, 8, = 281°, R cuts lower member of truss +15.3 ft from left support 
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40 N 20N 27N 





Fig. 3-32 


The resultant of four vertical forces is a couple of 300 N -m counterclockwise. Three of the four forces 
are shown in Fig. 3-32. Determine the fourth. Ans. 33N up at 4.46m to right of O 


Determine M, P, and Q in Fig. 3-33 so that the resultant of the coplanar nonconcurrent force system is 
Zero. 
Ans. M =293 lb-ft, P = 76.7 Ib, Q = 227 Ib 





250 Ib 
Fig. 3-33 


Determine the resultant of the forces shown in Fig. 3-34. The coordinates are in feet. 
Ans. 73.4|b, 6, = 107°, x intercept = 8.38 ft to left of O 


75 Ib 
40 lb 40 200 Ib/ft 
ogc {5,4} 
(2, 2} 
88 fb 
60 2 A B 
{-2,-2) (4, ~2) M 
70 
all 9 i ~a 9 ie 
160 Ib 
Fig. 3-34 Fig. 3-35 


What is the maximum value of the moment M such that the beam in Fig. 3-35 does not leave the support 
at A? 
Ans. M = 13,500 lb-ft 


Determine the resultant of the force system shown in Fig. 3-36. Coordinates arc in millimeters. 
Ans. R= 24.7i1+ 12.9) N, x intercept is 24.5 mm 


CHAP. 3] RESULTANTS OF COPLANAR FORCE SYSTEMS 45 





FP, 
40 N P, = kx? | 
500 Ib/ft 
0 4. 
25 50 
Fig. 3-36 Fig. 3-37 


ret «= s350. =A 50-ft airplane wing is subjected to a test load that varies parabolically from 0 to 500 ]b/ft. Refer to 
Fig. 3-37 and determine k, the resultant load and its location. Ans. R=16,7001b, x = 30 ft, k = 70.7 


3.51. Do Prob. 3.50 if the test load is the first 90° of a sinusoidal cycle that varies from zero to 500 Ib/ft in 
50 ft. Hint: P, = k sin (x/100). 
Ans. k =500, R = 15,900 Ib, x = 31.9 ft 


Chapter 4 





Resultants of Noncoplanar Force Systems 


4.1 NONCOPLANAR FORCE SYSTEMS 


Noncoplanar force systems are categorized as follows. A concurrent system consists of forces 
that intersect at a point called the concurrence. A parallel system consists of forces that intersect at 
infinity. The most general system is called nonconcurrent, nonparallel (or skew), and, as the name 
implies, the forces are not all concurrent and not all parallel. 


4.22 RESULTANTS OF A NONCOPLANAR FORCE SYSTEM 


The resultant of a noncoplanar force system is a force R and a couple C, where R= > F, the 
vector sum of all forces of the system, and C = > M, the vector sum of the moments (relative to a 
selected base point) of all the forces of the system. The value of R is independent of the choice of 
the base point. but the value of C depends on the base point. For any force system it is possible to 
select a unique base point so that the vector C representing the couple is parallel to R. This special 
combinaiton is called a wrench or screw. 

The vector equations in the preceding paragraph may be applied directly to noncoplanar systems 
to determine the resultant, or the following derived scalar equations may be used. 


4.3 CONCURRENT SYSTEM 


The resultant R may be (a) a single force through the concurrence or (b) zero. Algebraically, 
= 2 2 
ne (Za) +(Za) +(24) 


F F. 
7 cos 6, = = cos 6, = = 





with direction cosines 


M 
a) 








cos 0, = 


where > F,,> F.. = F. = algebraic sums of the x, y, and z components, respectively, of the forces of 
the system 
6,. 0,, 6. = angles that the resultant R makes with the x, y, and z axes, respectively. 


4.4 PARALLEL SYSTEM 


The resultant may be (a) a single force R parallel to the system, (6) a couple, or (c) zero. 
Assume the y axis is parallel to the system. Then, algebraically, 


R=>F Rx=M, R7=>M, 


where > F = algebraic sum of the forces of the system 
X¥ = perpendicular distance from the yz plane to the resultant 


46 
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Z = perpendicular distance from the xy plane to the resultant 
> M,, = M, = algebraic sums of the moments of the forces of the system about the x and z 
axes, respectively. 


If > F = 0, the resultant couple C, if there is one, will be determined by the following equation: 


Ca (Sm) +(S™.) with tn =50 





where ¢ = angle that the vector representing the resultant couple makes with the x axis. 


4.5 NONCONCURRENT, NONPARALLEL SYSTEM 


As already indicated, the resultant is a force and a couple where the couple varies with the 
choice of a base point. In the following discussion a set of x, y, and z axes is placed with their origin 
at the base point. 

Replace each force of the given system by the following setup: (1) an equal parallel force but 
acting through any chosen origin and (2) a couple acting in the plane containing the given force and 
the origin. 

The magnitude of the resultant R of the concurrent system at the origin is given by the equation 


2 2 2 
r= (Se) +(Ze) +(Ze) 
with direction cosines 


EA Be F 


cos 6, = a cos 6, = os cos 6. = Sie 


where the above quantities have the same meaning as listed in Section 4.3. 
The magnitude of the resultant couple C is given by 


c= (em) (2m) (Bm) 


2 


with direction cosines 
M, > M. 


a cos - =e 


x 





cos ¢, = cos dy = 
where 3 M,, > M,, = M. = algebraic sums of the moments of the forces of the system about the x, 
y, and z axes respectively 
dx, d,, &; = angles which the vector representing the couple C makes with the x, ¥, 
and z axes respectively. 


Solved Problems 


In the following problems equivalent scalar equations are used when more convenient than the vector 
equations. Similarly, in the diagrams the forces are indicated by their magnitudes if the directions are clearly 
indicated. 
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vst 


matheat = 4,1. Forces of 20, 15, 30, and 50 tb are concurrent at the origin and are directed through the points 
whose coordinates are (2, 1, 6), (4, —2, 5), (—3, —2, 1), and (5, 1, —2), respectively. Determine the 
resultant of the system. 


SOLUTION 





The denominator in each case is determined by taking the square root of the sum of the squares of 
x, y, and z intervals of differences. For the 30-lb force this is V(—3)° + (—2)° + y= V 14. 

F, is the product of F and cos @,. Watch signs. It is advisable to write signs before inserting any 
values. 

> FR. = +6.26 + 8.96 — 24.1 + 45.6 = +36.7. Similarly, & R = —8.30 and > F. = +19.7. Then 


(> R) + (> BR) + iS rE) = 42.5 Ib 

















Fo +36.7 
cos 6, = == = +0.864 6, = 30.2° 
42.5 
SF -8.30 e 
0, = =—— = -0.192 6, = 79.0° 
OS eR ADS oe 
SF +197 
= = +0, = ad 
cos 0, R 45 0.463 0. = 62.4 


The negative value of cos @, signifies that the resultant has a negative component in the y direction. 
This is illustrated in Fig. 4-1. 


¥ 





A 
(6.25, 4) {7.41 





a «R= 42.5 Ib 
Fig. 4-1 Fig. 4-2 


2 
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4.2. 


43. 


Three forces of +20 N, —10 N, and +30 N are shown in Fig. 4-2. The y axis is chosen parallel 
to the action lines of the forces. These lines pierce the xz plane at the points whose x and z 
coordinates in meters are respectively (2, 3), (4,2), and (7,4). Locate the resultant. 


SOLUTION 
R=> F=+20-10+30=+40N 
To determine the x coordinate of the resultant G.e., of the point where the action line of the 
resultant pierces the xz plane), use the projected system in the xy plane as shown in Fig. 4-3. Apply the 
equation Rx = > M,: 
>) M, = > Mo = +(20 X 2) — (10 x 4) + (30 X 7) 
= +210N-m 


30. N 
20N 


10N 
2m 





Fig. 4-3 Fig. 4-4 


The x coordinate must be such that a force of +40N (acting up) will have a positive or 
counterclockwise moment. Therefore RK must be to the right of O. 
210 


+—~ = +5.25 
40 a 


{I 


xX 


Be sure to determine the sign by inspection as indicated in the previous paragraph, and not by 
combining the signs of the moment and the force. 
Figure 4-4 shows the projection of the system into the yz plane. 


S) M, = > Mo = —(30 x 4) — (20 X 3) + (10 X 2) = -160N-m 


The z coordinate must be such that a force of 40N (acting up) will have a negative or clockwise 
moment of 160 N- m. Therefore R must be to the left of O. In this case the z coordinate is positive when 
it is to the left of O (refer to the space diagram). 


160 
zZ=+-—=+4,00m 
. 40 


The problem may now be summarized by saying that the resultant is a 40-N force acting up. Its 
action line is parallel to the y axis and pierces the xz plane at the point whose x, z coordinates are 
(+5.25, +4.00) m. This is shown in Fig. 4-2. 


Find the resultant of the system of forces shown in Fig. 4-5. The coordinates are in meters. 
SOLUTION 
R= > F=+100+50-150=0 


This indicates that the resultant is not a single force. It may, however, be a couple. 
Next find & M, and & M, as in the preceding problem. 


>, M, = —(100 x 2) + (50 x 2) + (150 x3) = +350 N-m 
>, M, = +(100 x 2) + (50 x 4) — (150 x 8) = -800N-m 


Since > F =0, & M, and > M, represent couples in the yz and xy planes respectively. These are 
shown in Fig. 4-6. 


50 


vit 


Mathcad 
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Fig. 4-5 


The two vectors representing the couples are shown combined into a resultant couple C with 
magnitude 


7 


Cz el (S m,) +(Sat) = 874N-m 


The vector C in the xz plane makes an angle @, with the z axis as shown in figure, where 0, = 0,. 

According to the convention about couples, the resultant couple acts in a plane perpendicular to 
the vector C representing it. In the figure this could be in a plane containing the y axis with trace 7T in 
the xz plane. 


This trace makes an angle with the x axis of 


M, 350 
6, =tan' : Fi; =tan ' 300 = 23.6° 





Determine the resultant of the nonconcurrent, nonparallel system of forces shown in Fig. 4-7. 


(2,0,4) 





Fig. 4-7 


SOLUTION 


In working this example, replace each force by an equal force parallel to it through the origin and a 
couple. The forces at the origin are resolved into x, y, z components using direction cosines. Thus the 
40-lb force has direction cosines that are determined by the differences in the coordinates of the two 
given points on its line of action. 

The x difference is 0-2 = —2; the y difference is 2—0= +2; the z difference is 2~4=—2. The 
cosine of the angle the 40-Ib force makes with the x axis is 

-2 —2 





cos 0, = 


Similarly, cos 0, = +2/V12 and cos 6. = —2/V12. 
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The results are most conveniently set down in tabular form 








MR=495 SF =4328 SR =-37.4 


From the above table determine the resultant of this system of transferred forces concurrent at the 
origin. 


k= V(s«) +(-) + (> r) + (Se) = = V(+9.57 + (432.8) + (—37.4)° = 50.8 lb 


SAR +95 DF DE 
2 187 @, ===" = +0.645 = = -().7 
R 508 8 cos A, R 0.645 cos 0. R 37 


The resultant of the transferred forces is shown graphically in Fig. 4-8. 








cos 6, = 


R= 508 th 


82.8 Ib 


$.6 Ib 


Fig. 4-8 


The foregoing did not use the couple associated with each transferred force. Determine the 
moments of each of the three forces about the three axes to esgablish the magnitude and direction of 
these couples. Referring to Fig. 4-7, consider the 40-lb force acting at the point (2,0,4). Its moment 
about the x axis is the algebraic sum of the moments of its three components about the x axis. However. 
its only component possessing a moment about the x axis is the y component. The moment of the 40-Ib 
force about the x axis is therefore —(23.1 * 4) = —92.4 lb-ft. In finding the moment about the y axis (i.e.. 
M.,), consider the moments of both the x and z components. The moment of the x component about the 
y axis is —(23.1 X 4) = —92.4 lb-ft. The moment of the z component about the y axis is +(23.1 x 2) = 
+46.2 lb-ft. Therefore M, is equal to —92.4 + 46.2 = —46.2 lb-ft. The moment of the 40-lb force about 
the z axis is the same as the moment of its y component about the z axis. Hence M, = +(23.1 X 2) = 
+46.2 lb-ft. 

A tabular solution is given for the moments of the forces. 








SM, =-159.8 SS M,=+35.6 >) M,=+29.6 
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The magnitude of the resultant couple is 


| ; oe 7 Fae i 3 aes 3 2 
C= yiz mM.) +(Sa4.) 4 (SM) =¥(- 159.8) + (35.6) + (429.6) = 166 Ib-fe 


with direction cosines 

M, —159.8 MM, > M. 
zs = 166 = —0.963 cos db, = x = +0.214 cos d. = 22 = +0.178 
The vector C is shown in Fig. 4-9. The resultant couple acts in a plnae perpendicular to the vector C. 
The resultant of the system is the combination of the force R and the couple C. 








cos }, = 





4.5. Find the general force-couple resultant of the noncoplanar, nonconcurrent force system 
consisting of a 150-Ib force along the line from (2.0.0) through (0.0.1), a 90-lb force along 
the line from (0,—2, —1) through (—1,0. —1). and a 160]b-ft couple lying in the xv plane. 
Distances are in feet. Rather the moments to the origin. 


SOLUTION 


Express each force in i, j, k nolation and tind the moment of each force relative to the origin. 
0- 2)i+ (0O—-0)j ~ (1 —O)K 
F, = 150! Es M 134+ 67.1 k Ib 
V(-2) +(0) +(1) 
—1)i+ (2)) — (Dk 
Rouge Owe 
V(~ Ly + (2) + (0) 
Then R =F, ~ F; = -174i + 80.5j + 67.1k lb 
Next determine C, and C,. 








= — 40.251 + 80.5j Ib 


ijk 
C, =", xF,= 2 0 O | =—134j lb-ft 
-134 0 67.1 
i jok 
C.=rxXF,=| 0 -2  -1| =80.5i+ 40.25j—80.5k lb-ft 


—40.25 80.5 9 0 
The given couple in the xv plane can be written as C, = 160k lb-ft. The total resultant couple is 
C=C, +C, + C, = 80.5: — 93.85 + 79.5k lb-ft 


Supplementary Problems 


Determine the resultants in Problems 4.6 through 4.9, which involve concurrent systems of forces. The forces 
are in pounds and the coordinates of the points on the lines of action are in feet. All forces in each problem are 
concurrent at the origin. (Negative answers involve negative components.) 
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4.6. F 100 200 500 300 
Coordinates (1.1.1) (2.3.1) (—2,-3.4) (-1,1,—2) 
Ans. R= 286lb. 6, = —60°, 6, = 78°. 6. = 33° 


4.7, F 3 4 8 
Coordinates (2.2.3) (5.1.-2) (—3.-4.5) (2,1.-4) (5.2.3) 
Ans. R = 13.3 lb, 6, = 33°, 6, = 70°, 6. = 66° 


a 
hm 


4.8. F 1000 1500 1800 
Coordinates (—5.2.1) (6,—-3.-2) (-2.-1,~-1) 
Ans. R=1780|b, @, = —52°. 0, = —55°, 8. = —57° 


4.9. F 40 80 30 20 
Coordinates (6.5.4) (l,—-3.-2) (8, 10,-7) (10, —9, 10) 
Ans. R =80.1 1b, 0, = 49°, 6, = 67°, 6. = —51° 


4.10. Determinc the resultant of the threc forccs shown in Fig. 4-10. Note that their lines of action lie in the 
three coordinate planes and pass through the origin. 
Ans. R=19.7|lb. 6, = 43°, 6, = 56°, 6. = 66° 





Fig. 4-10 


In each of Problems 4.11 through 4.14, find the resultant and the coordinates of the intersection of its line of 
action with the xz plane. The given forces are in newtons and parallel to the y axis, and the coordinates of the 
intersection of each action line with the +z plane are in meters. 


4.11. F 100 150 200 300 
(xz) (3, -2) (1,6) (2-3) (-1,-) 
Ans. R=TS5ON, x =0.733 m, Z = —0.267 m 


4.12. F —25 18 —12 —30 36 
(x.c) (1,2) (2,-1) (0,0) (-6,-2) (,2) 
Ans. R=-13N.x = —23.0m, 7 = —4.92m 


4.13. F 3 ~4 2 - 
(xz) (2.5) (1, -5) (3.3) (-4, -4) 
Ans. R= —4N.x = —7.00m,z = —15.3m 


mn 


4.14, F +10 +20 —30 
(wz) (1) (2,-5) (3, -4 
Ans. C, = —-30N-m, C.=—-4O0ON-m 


4.15. Five weights of 20, 15, 12. 6, and IGIb rest on a table with the coordinates (0.5, 15°), (1.5, 90°), 
(0.8, 185°), (0.7, 262°). and (1.2. 340°), respectively, where the first number in parentheses represcnts the 
radial distance in feet from the center of the table and the angle is measured counterclockwise from a 
reference radius as the table is viewed from above. Determine the resultant weight. 
Ans. R=63\b down, r =0.3, 6 =56° 
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4.16. Find the resultant of the system shown in Fig. 4-11. The forces are in pounds and the distances in feet. 
Ans. R= 40.3 tb, cos 0, = +0.594, cos 6, = +0.673, cos 6, = —0.428 at origin, C = 251 lb-ft, cos d, = 
—0.660, cos &, = +0.633, cos &. = +0.396 





4.17. In Problem 4.4 find the couple C by determining the sum of the moments of the three forces about the 
origin using vector cross products. The reader should be aware that in finding the moment of a force 
about a moment center, the position vector r may be drawn from the moment center to any point on the 
action line of the force. The reader should prove this by using more than one point on the action line of 
onc of the forces. 


4.18. Determine the resultant of the three forces shown in Fig. 4-12. Coordinates are in meters. Use the origin 


as the base point. 
Aas. R= 35301 + 267) + 1200kK N through the origin, and C = —3200i + 4810j —534kN-m 


(10, 6, -6} 






400 N parallel toy axis 


200 N 





Fig. 4-12 Fig. 4-13 


yl+ 


maneaa 4.19, Replace the three forces shown in Fig. 4-13 by a resultant force R through O and a couple. 
Ans. R= 200i — 400j - 500k N 
or R =671N with cos 6, = 0.298, cos @, = —0.597, cos 6. = —0.745 
C = 1500j - 2400k N-m 
or C = 2830 N - m with cos d, = 0, cos 4, = 0.530, cos 6, = --0.848 


4.20. Given the two forces F, = 20i— 10j + 60k Ib acting at (0,—1, +1) and F, = 30i + 20j — 40k lb acting at 
(—1,—-1, —1), and a couple of moment —&80 lb-ft in the xy plane, determine the resultant force-couple 


system. Coordinates are in feet. 
Ans. R=50i+ 10j + 20k Ib, C = 10i — 50} — 50k Ib-ft 
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4.21. Replace the three forces shown in Fig. 4-14 by a resultant force at A and a couple. 
Ans. R= 80i — 100} — 50K Ib, C = 100i + 1005 — 200k lb-ft 


it 





Fig. 4-14 


4.22. Repeat Prob. 4.21 with the resultant force acting at B rather than A. 
Ans. R= 80i — 100j — 50k Ib, C = 1008 lb-ft 


Chapter 5 


Equilibrium of Coplanar Force Systems 


5.1 EQUILIBRIUM OF A COPLANAR FORCE SYSTEM 


Equilibrium of a coplanar force system occurs if the resultant is neither a force R nor a couple C. 
The necessary and sufficient conditions that R and C be zero vectors are 


R=>F=0 and C=>M=0 


where > F= vector sum of all forces of the system 
> M= vector sum of the moments (relative to any point) of all the forces of the system. 


The two vector equations above may be applied directly, or the following derived scalar 
equations may be used for the three types of coplanar force systems. 


5.22 TWO-FORCE MEMBERS 


A two-force member is in equilibrium under the effect of two resultant forces, one at each end, 
which are equal in magnitude but opposite in sense. Each resultant force acts along the member. 
Thus the force effect of a two-force member that ts in contact with any other body must act in the 
direction of the two-force member. Any member on which the resultant force at each end does not 
act in the direction of (along) the number is called a three-force member. 


§.3 CONCURRENT SYSTEM 


Any of the following sets of equations ensures equilibrium of a concurrent system: te., the 
resultant is zero. Assume concurrency at origin. 


Equations of Equilibrium Remarks 


A (1) SF =0 > F, = algebraic sum of the x components of the forces of 
the system. 





(2) TE =0 > F, = algebraic sum of the y components of the forces of 
the system. 


(1) SR =0 > M, = algebraic sum of the moments of the forces of the 
(2) = M,=0 system about A, which may be chosen any place in 
the plane except on the y axis 


(1) 3 M,=0 > M, and > M, = algebraic sums of the moments of the forces of the 

(2) 3M, =0 system about A and B. which may be chosen any 
place in the plane provided A, B, and the origin do 
not lie on the same straight line 





{f only three nonparallel forces act in a plane on a body in equilibrium, these three forces must be 
concurrent. 


5.4 PARALLEL SYSTEM 


Any of the following sets of equations ensures equilibrium of a parallel system: 1.¢., the resultant 
is neither a force nor a couple. 


56 
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> F = algebraic sum of the forces of the system parallel to the action 
lines of the forces 
> M, = algebraic sum of the moments of the forces of the system about 
any point A in the plane 


(1) © M,=0] SM, and & Mz = algebraic sums of the moments of the forces of the system about 
A and B, which may be chosen any place in the plane provided 
the line joining A and B is not parallel to the forces of the 
system. 





5.55 NONCONCURRENT, NONPARALLEL SYSTEM 


Any of the following sets of equations ensures equilibrium of a nonconcurrent, nonparallel 
system; i.e., the resultant is neither a force nor a couple. 


Equations Remarks 


A |Q) XF=0 > F, = algebraic sum of x components of the forces 
(2) =F, =0 > F, = algebraic sum of y components of the forces 


(3) > M,=0 > M, = algebraic sum of the moments of the forces of the system 
about any point A in the plane 


(1) SR=0 > F, = algebraic sum of x components of the forces 

(2) 3 M, =0 > M, and > M, = algebraic sums of the moments of the forces of the system 

(3) = M, =0 about any two points A and B in the plane, provided that 
the line joining A and B is not perpendicular to the x-axis 


(1) >M,=0! 3 M,, = M,, and > M: = algebraic sums of the moments of the forces of the system 
(2) = M, =0 about any three points A, 8, and C in the plane, provided 
(3) 3 M, =0 that A, 8B, and C do not lie on the same straight line 





5.6 REMARKS—FREE-BODY DIAGRAMS 
In the solution of the problems, the following comments may be of assistance. 


1. Draw free-body diagrams. The force system being analyzed will be holding a body or system of bodies in 
equilibrium. A free-body diagram is a sketch of the body (bodies) showing all external forces acting on the 
body (bodies). These include (a) all active forces, such as applied loads and gravity forces, and (6) all 
reactive forces. The latter forces are supplied by the ground, walls, pins, rollers, cables, or other means. A 
roller or knife-edge support means that the reaction there is shown perpendicular to the member. A pin 
connection means the reaction can be at any angle—it is represented by a force at an unknown angle or by 
using components of the pin reaction, ¢.g., A, and A, in a plane. 


2. Note further that if the angle the reaction makes is known, the sense is then assumed along the reaction 
line. A positive sign in the result indicates that proper sense was assumed. A negative sign indicates the 
reactive force has the opposite sense to that assumed. 
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It may not be necessary to use all three equations of a set to obtain a solution. The proper choice of a 
moment center, for example, may yield an equation containing only one unknown. 


The x and y axes in the above equations need not necessarily be chosen horizontally and vertically, 
respectively. Actually, if a system is in equilibrium, the algebraic sum of the scalar components of the 
system along any axis must be zero. 

In the diagrams, a force is identified by its magnitude if the direction and sense are readily apparent. 


The force in a spring is equal to the product of its spring constant k and its deformation from the unstressed 
position. In U.S. Customary units, & is in tb/in; thus F = [k(lb/in)][x(in)] = &x(Ib). In SI Units, & is in N/m 
or N/mm: thus F = [A(N/m)][x(m)] = &x(N). 


Solved Problems 


Figure 5-1(a) shows a 25-lb lamp supported by two cables AB and AC. Find the tension in 
each cable. 





(a) 


Fig. 5-1 


SOLUTION 


A free-body diagram of the knot at A is shown in Fig. 5-1(b) with the 25-Ib force (weight of lamp) 
acting vertically down and the tensions in AC and AB. 
Using Set A of the equations for a concurrent system, we have 


. 6 4 
DR =0= +Tre rae ~ Tan as (1) 
saat 2 2 
SR=0= Tag Tap nee” (2) 


There are two equations in two unknowns. The problem is therefore statically determinate; i.e., it 
can be solved. 
From equation (1), Tac = V2 Tay = 0.94275. Substuting into (2), 
0.942T, 


+ Tap 25 =0 


2 2 
“V40 Vv20 
from which 7, = 33.6 lb and Ty = 0.94274, = 31.7 Ib. 

The solution could be obtained by using Sets B or C for a concurrent system. By choosing a 
moment center On one of the unknown forces, an equation is obtained that yields one unknown. 
Suppose, for example. point B is chosen as a moment center. Then 


2 6 
M, =0=-25% 44+ Tye X Fe K 44 Ty XH X2 °o Tac = 31.7 Ib 
> B AC V40 AC V40 r AC 
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The moment of the force 7, is equal to the moment of its components taken about point B. Another 
Moment center, say at C, will vield an equation involving only the unknown 7,. 


5.2. Determine the horizontal force P necessary to push the 100-Ib roller in Fig. 5-2(@) over the 
2-in obstruction. The roller ts smooth. 


ioe 100 Ib 
16" 
/ \ 


(a) 





(b) 


Fig. 5-2 


SOLUTION 


The free-body diagram is shown in Fig. 5-2(b). At the instant the roller starts to pass over the 
obstruction the reaction at the floor goes to zero. The reaction moves to N at the corner of the 
obstruction, and is normal to the surface of the roller. The angle @ = sin ' (14/16) = 61°. The equations 
of equilibrium are 


SA =Nsin6l 100-0 N=114.3 1b 


Si=P-Neos6l?=0  P=55.41b 


5.3. A boom 20m long supports a load of 1200 kg as shown in Fig. 5-3(a). The cable BC ts 
horizontal and 10 m long. Solve for the forces in the cable and the boom. 






| 
| é 
a! 
wl Fi,” 1200 x 9.8= 11160 N 
1200 kg =] / 
| / 
ft I 
Le | 
ae om, = 
(a) (b) 


Fig. 5-3 


60 EQUILIBRIUM OF COPLANAR FORCE SYSTEMS (CHAP. 5 


SOLUTION 


Both the cable and the boom are examples of two-force members. Thus the force F, in the cable is 
along the cable and the force F, in the boom is along the boom. By inspection, the arrows are placed as 
shown in Fig. 5-3(b). indicating tension in the cable and compression in the boom. 


eee ae 17.3 
AB = V(209 — (10)? =17.3m ~~ cos @= Snr 7 0.866 


By taking moments about A, only one unknown enters into the equation. 


> M,=0= +(4 x AB) — (11 760 x 10) 0 = F,(17.3) — 117 600 F, = 6800 N 


Summing forces vertically, © Ff, =0 = —11 760+ Kcos 8, 0 = —11 760 + 0.866%, A= 13 600N, 


5.4, Solve for the forces in members AB and BC under the actions of the horizontal and vertical 
1000-Ib forces shown in Fig. 5-4(a). AB is at an angle @ and BC is at an angle B with the 


horizontal. 


B 
1000 Ib 1000 Ib 
(BC) 








(AB) 


1000 Ib 





1000 tb 
(b) 


Fig. 5-4 


SOLUTION 


Draw the free-body diagram in Fig. 5-4(b), assuming that (AB) and (BC) are compressive forces. 
The equations of equilibrium are 


> FE =0 = (AB) cos @ — (BC) cos B + 1000 Q) 
> & =0=(AB)sin @ + (BC) sin B — 1000 (2) 
cos @= 9/15 = § cos B = 12/15 = 2 sin @ = 5 sin B = 2 


Substitution yields 
s(AB) — (BC) + 1000 = 0 
2(AB) + 2(BC) — 1000 =0 
Thus, (AB) = 200 Ib compression 


(BC) = 1400 tb compression 


vit 


Mathead 


ost 


Mathcad 
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5.5. 


5.6. 


In Fig. 5-5(a) the bar AB weighs 10 lb/ft and is supported by a cable AC and a pin at B. 
Determine the reaction at 8 and the tension in the cable. 





(i) 120 Ib 


Fig. 5-5 


SOLUTION 


The tension in the cable is along the cable (two-force member). The boom AB is not a two-force 
member, since forces act at three points. In the free-body diagram of Fig. 5-5(b) the force at B is shown 
with unknown magnitude and direction. Because there are three non-parallel forces acting on the boom, 
these three forces must be concurrent at a point, in this case the point D. From trigonometry @ = 30°. 
The equilibrium equations yield 


F. = T cos 30°~— R cos 30° =0 


FL = T sin 30° + R sin 30° — 120 =0 
From which T = R = 120 tb. 


A and B, weighing 40 lb and 30 Ib, respectively, rest on smooth planes as shown in Fig. 5-6. 
They are connected by a weightless cord passing over a frictionless pulley. Determine the 
angle @ and the tension in the cord for equilibrium. 


T T B 
A 
SE Bs 


40 Ib 30 Ib 





(a) (6) 


Fig. 5-6 Fig. 5-7 


SOLUTION 


Draw free-body diagrams of Fig. 5-7(a) and (b). 

There are three unknowns in Fig. 5-7(b): T, Ng. and @. Since only two equations are available, the 
system seems statically indeterminate as it stands. However, Fig. 5-7(a) contains only two unknowns 
including T which also occurs in Fig. 5-7(b), thereby making the system determinate when T has been 
found. 
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Summing forces parallel to the 30° plane, the equation of equilibrium obtained is 
dD F=0=+7-40sin30° or = T=20Ib 


Returning to Fig. 5-7(b) and summing forces parallel to the plane, we have 
T 2 
F,y=0=+T — 30sin@ in@=—=- = 41.8° 
> i sin sin O33 6 
5.7. A uniform slender beam of mass M has its center of gravity as shown in Fig. 5-8(a). The 
corner on which it rests is a knife-edge; hence the reaction NW is perpendicular to the beam. 
The vertical wall on the left is smooth. What is the value of the angle @ for equilibrium? 





(a) (b) 
Fig. 5-8 


SOLUTION 


The free-body diagram is shown in Fig. 5-8(b). 
Summing moments about O, 
a 1 
= =+ a 
S Mo =0 N 9 Mati! cos 6) 
Summing forces vertically, 
Mg 


=0=N — M; N= 
SE 0 cos @ 2 or and 





Substitute N = Mg/cos @ into the first equation to obtain 
Mga Mglcos 0 © _ 32a 
cat 8 5 =0 or cos@= 7 


5.8. A beam considered weightless is loaded with concentrated loads as shown in Fig. 5-9(a). 
Determine the reactions at A and B. 


125N 200N 340N 180N 
125N 200N 340N 180N 





Fig. 5-9 
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5.9. 


SOLUTION 


To find beam reactions R, and Rg shown in Fig. 5-9(b), it is advisable to take moments about A 
and then about B. In this way each equation yields only one unknown. Each reaction is thus found 
independently of the other. Then the summation of the forces should equal zero, providing an excellent 
check. Many readers may prefer to determine one reaction by a moment equation and then determine 
the other by the sum of the forces. This is, of course, a correct procedure. But the authors prefer the two 
summations of moments, thereby reserving the summation of forces as a check equation. Using this 
procedure, the two equations are 


SM, =0 = +(125 x 4) — (200 x 3) — (340 x 10) — (180 x 15)+. Rp X17 or: = Ry =365N_ (1) 
SM, =0= +(125 X21) — Ry X17 + (200 X 14) + (3407) + (1802) or = Rg =480N_ (2) 


Checking, S| F = —125 + 480 — 200 — 340 — 180 + 365 = 0. This sum should, within the limits of accuracy, 
equal zero. Since it does, the beam reactions are correct. 


Determine the reactions for the beam with both concentrated and distributed loads, as shown 
in Fig. 5-10. 





SOLUTION 


Note that the distributed load of 100 ]b/ft is replaced in the free body diagram (Fig. 5-11) with a 
concentrated load of [000 1b at its midpoint. This is permissible only in determining beam reactions. 


2000 Ib 


1200 Ib 





Fig. 5-11 


The equilibrium equations are 
Dd) My = 16Rx — 1000 — (8)(1200) - (14)(2000) =0, Ry =24101b 


SY My = —16Ry, + (15)(1000) + (8)(1200) + (2)(2000) = 0, — Ry, = 1790 Ib 
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§.10. Determine the force P required to hold a mass of 10 kg in equilibrium utilizing the system of 
pulleys shown in Fig. 5-12(a@). Assume that all pulleys are the same size. 





SOLUTION 


Figure 5-12(b) is a free-body diagram of the lowest pulley. The gravitational force of 10 < 9.8 N acts 
down. Acting up is the pull in the rope on each side of the pulley. Since the rope is continuous and since 
frictionless pulleys are assumed, the tension in the rope Icaving one side is the same as the tension in the 
rope entering the other side. The tension 7, is therefore equal to 49 N, since a vertical summation of 
forces yields © F, = 0 = +2T, — 98. 

Next draw a free-body diagram of the middle pulley, Fig. 5-12(c). From the reasoning just 
explained, the tension in the rope around this pulley is 7%. Summing forces vertically, the equation 
obtained is © F. = 0 = +27; — T, = 27, — 49. whence 7, = 24.5N. 

Finally, draw a free-body diagram of the top pulley, Fig. 5-12(d). Since the rope is continuous, 
P=T,, or P=24.5N. 


5.11. The rigid beam in Fig. 5-13(a) is supported by a pin at A and springs at B and C. If each 
spring constant is 20 Ib/in, determine the reaction at A and the force in each spring. The 
uniform load is 20 Ib/ft. 


ae 


20 Ib/ft 









Fig. 5-13 


SOLUTION 


Assume. as shown in Fig. 5-13(6), that the angle @ is small and thus the spring deflections in feet 
are 8@ and 146. The force at B is then 8@% 20 12=19200lb. The force at C is similarly 
146 X 240 = 33606 Ib. To solve for @. use the sum of the moments about A. 

S M, =0=-—200 9 4+ 19206 x 8 + 336006 x 14 or 0.0288 rad 
Force B = 19200 = 55.3 lb 
Force C = 33606 = 96.8 Ib 
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To find the reaction at A. use a vertical summation of forces as follows: 
> F=0=A+55.3+968-200 or A=47.9lbup 
5.12. A cantilever beam 3.8 m long with a mass of 10 kg/m carries a concentrated load of 1000 N at its 


free end. The other end of the beam is inserted into a wall 0.8 m thick. What are the reactions on the 
beam at 4 and B? Refer to Fig. 5-14(a). 





Fig. 5-14 


SOLUTION 


Assume the beam bends so that the wall pushes up at A and down at B on the beam. Draw the 
free-body diagram showing at the midpoint the gravitational force 372.4 N (3.8 m x 10 kg/m X 9.8 m/s’). 
See Fig. 5-14(5). 

To determine reaction A, sum moments about B to obtain 


S M, =0= +1000 X 3.8 + 372.4 x 1.9-O0.8A A =5630N 
To determine reaction B, sum moments about A to obtain 


> M, —0= +1000 X 3.0 + 372.4 x 1.1 —-0.8B B= 4260N 
5.13. Blocks A and B weigh 400 and 200 lb, respectively. They rest on a 30° inclined plane and are 
attached to the post which is held perpendicular to the plane by force P parallel to the plane 


[see Fig. 5-15(a)]. Assume that all surfaces are smooth and that the cords are parallel to the 
plane. Determine the value of P. 


qe 





(b) 
Fig. 5-15 
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SOLUTION 


Draw free-body diagrams of A, B, and the post as shown in Fig. 5-15(b). It is seen by inspection 
that 7, and 7, may be found by a summation of forces parallel to the plane. Thus, 7, = 400 sin 30° = 
200 ib. Similarly, 7, = 100 Ib. 

In the free-body diagram of the post, sum moments about O to obtain —P x 24+ 7, *12+ T, x 
6=0. Substitute the value of 7, and 7, to obtain P = 100 Ib. 


5.14. A vertical force F of 50 N is applied to the bell crank at point A as shown in Fig. 5-16(a). A 
force P applied at B prevents rotation of the crank about point O. Determine the force P and 
the bearing reaction R at O. 


50N 





(b) 
Fig. 5-16 


SOLUTION 


Since only three forces act on the bell crank, which is in equilibrium, they must be concurrent. This 
means that the reaction R must pass through poiint C where F and P intersect. 

The force triangle is shown in Fig. 5-16(b). The reaction R is parallel to the line OC. Measurement 
of the force triangle yields P = 43.0 N, and R = 80.8 N with 6, = 62.5°. 


ost 


vanced 5.15. Determine the reactions on the beam loaded as shown in Fig. 5-17(a). The loads are in 
kilonewtons (KN). Neglect the thickness and mass of the beam. 


KN KN L5kKN 
5 3kN 


Cs D 
(5) 





Fig. 5-17 


SOLUTION 


In the free-body diagram, Fig. 5-17(b), the horizontal and vertical components C,, and C, of the pin 
reaction at C are assumed positive. the roller support at D is normal to the beam, as shown. 
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5.16. 


5.17, 


Summing forces horizontally yields an equation with C, as the only unknown. 
> 5, =0 =, —2 cos 60° + 3 cos 45°— L.Scos 80°C, = —0.86 KN 


This means that C,, acts to the left instead of as assumed. 
To find D, take moments about C; this will yield an equation involving only D: 


SY Mc = 0= -5 X2— (2 sin 60°) x 6 — (3 sin 45°) x 13 — (1.5 sin 80°) X 17+ D X17 


Note that the moment of each given force about C is equal to the moment of only its vertical component 
about C because each horizontal component has a line of action passing through C. Solving this moment 
equation for D, D =4.3 KN. 

To find C,, the summation of moments about D is convenient. 


S Mp =0= —C, X17+5X 15 +2 sin 60° X 11 +3 sin 45° x 4 C, = 6.03 KN 


A check on the values for C, and D may be obtained by summing the forces vertically, because this 
equation has not been used yet. This summation, > F,, should equal zero when the values of C, and D 
are inserted. 


> F, = 6.03 — 5 ~2 X 0.866 — 3 X 0.707 — 1.5 + 4.30 = —0.02 


Since this is within the limits of accuracy of the problem, the values check closely enough. 


For the beam shown in Fig, 5-18(a) determine the reactions at A and B. 
SOLUTION 


The free-body diagram is shown in Fig. 5-18(5). 
The equilibrium equations are 


> M,=4R — (1)200 — (3)200+ 500=0 Rs =75N 
> Mz = —4R + (3)200 + (1)200+500=0 R,=325N 


- jim iw 
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(a) (>) 
Fig. 5-18 


Determine the tension in the cable AB that holds a post BC from sliding. Figure 5-19(a) 
shows the essential data. The weight of the post is 18 Ib. Assume that all surfaces are smooth. 
SOLUTION 


Figure 5-19(b) is the free-body diagram. Note that Rp is normal to the post and R, is normal to the 
floor, because frictionless surfaces are assumed. 
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One procedure is to make moments about B to find R,. and then to sum the forces horizontally to 
find 7. The following equations ensue. 


5 10 
> My =0 = -18(7 cos 60°) + Rp- 3, 
cos 30 


S) &, =0= T - Rp cos 30° = T — 5.46(0.866) 


from which Ry = 5.46 lb, T = 4.72 Ib. 


Rp 


2 
A 
36 Ib 
et ¢ T 


(a) (b) 
Fig. 5-19 





5.18. Determine the following forces for the A-frame shown in Fig. 5-20(a): (1) the floor reactions 
at A and E, (2) the pin reactions at C on CE, (3) the pin reactions at B on AC. The floor is 
assumed to be smooth. Neglect the weight of the members. 





Ra 406 ib Rr 


(a) (8) 








Fig. 5-20 


SOLUTION 


To determine the floor reactions at A and E, consider the entire frame as a solid free body as 
shown in Fig. 5-20(b). The manner in which the frame distributes the 400-ib load within itself has no 
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bearing in determining the external reactions at A and E. Taking moments about A and E, the following 
solutions result: 


SM, =0 = Ry X 8.00 — 400 X (8.00 — 3.54) RR, = 223 1b 
SM, =0= —R, X8.00 + 400 X 3.54 = Ry =177Ib 


As a check, the vertical summation of forces does equal zero. 

In working parts (2) and (3) of the problem. draw a free-body diagram of the member CE in 
Fig. 5-20(c). Assume that the reactions of the pins on CE are as shown. There are four unknowns in the 
figure with only three equatons available. Another frec-body diagram must now be drawn involving 
some of the same unknowns. Draw a free-body diagram of member BD in Fig. 5-20(d) showing the pin 
reactions acting at D on BD opposite in direction to those assumed in Fig. 5-20(c). 

The 2.126’ dimension in Fig. 5-20(d) is obtained by subtracting the horizontal projection of the 
2.00' dimension from 3.54’. By similar reasoning, the other dimensions are obtained. 

The following equations may be written for Fig. 5-20(c): 


> F,=0=+6,+D, (1) 
> F.=0=+C, + D, +223 (2) 
SS Mp = 0 = +223 X 2 cos 45° — C, X 5.173 cos 45° — C,, X 5.173 sin 45° (3) 


For Fig. 5-20(d) write the following equations: 


> My = 0 = —400 x 3.644 — D, x 5.770 (4) 
> My =0 = ~B, X 5.770 + 400 X 2.126 (5) 
> f. =0=+8,- D, (6) 


In solving the above equations, look for equations each with only one unknown. 


_ —400 x 3.644 


From (4), D, = $770. = —252.6 Ib 
400 < 2.126 
From (5), B= 3770 = 147.4 1b 


Substitute D, = —252.6 lb in equation (2) to obtain C, = —223 — (—252.6) = 29.6 lb. 
Substitute C, = 29.6 lb in equation (3) to obtain C,, = 56.6 Ib. 

From (6) and (1), B, = +D, = +(-C,) = +(—56.6) = —56.6 Ib. 

To summarize the results, with particular emphasis on signs: 


1. Floor reactions. 
R, = 177 1b up R,, = 223 |b up 


2. Pin reactions at C on CE. These were assumed to act on CE in positive directions. 
C, = 56.6 Ib to right C,, = 29.6 Ib up 
3. Pin reactions at B on AC. In Fig. 5-20(d) the pin reactions at B were shown acting on BD. 
Therefore they act in the opposite direction on AC. In the solution for the reaction on BD it was 
found that: B, = —56.6 Ib, i.e., to left; B, = 147.4 Ib, i.e., up. therefore, an AC the pin reactions are 


B, = 56.6 1b to right B,. = 147.4 ib down 


Note: A computer solution to Problem 5.18 is available in Appendix C. 
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5.19. A cylinder 1 m in diameter and of 10-kg mass is lodged between cross pieces that make an 
angle of 60° with each other as shown in Fig. 5-21(a). Determine the tension in the horizontal 
rope DE, assuming a smooth floor. 


N 





{e) 





SOLUTION 


Treat the entire structure as a free-body diayram. Because of symmetry. it is apparent that 
A=B=49N vertically upward (gravitational force is 10 x 9.8 = 98 N). 

Next draw a free-hody diagram of the arm DB showing the rope tension 7 and the reactions C, and 
C, of pin C [Fig. 5-21(b)]. The reaction N of the cylinder is perpendicular to the arm. 

If NV, were known then a summation of moments about C would yield the tension 7. But V, can be 
found by drawing a free-body diagram of the cylinder [Fig. 5-21(c)}]. From the geometry involved, N, 
extends through the center of the cylinder. Hence a vertical summation of forees yields 


SF. =0=2N,sin30°-98 = -N, =98N 


Also note that the perpendicular distance from N. to C is 0.5/(tan 30°) = 0.866 m. 
Return to the free-hody diagram of the arm BD and sum moments about C to obtain 


SM, =0= -T x 1.5 cos 30° + 98 x 0.866 +49 X 1 sin30° 0 = 84.2N 


Supplementary Problems 


5.20. A weight of 100 1b is suspended by a rope from a ceiling. A horizontal force pulls the weight until the 
rope makes an angle of 70° with the ceiling. Find the horizintal force H and the tension 7 in the rope. 
Use both algebraic and graphical methods. Ans. Hf = 36.41b, T = 106 Ib 


5.21. A rubber band has an unstretched length of Sin. It is pulled until its length is 10in. as shown in 
Fig. 5-22. The horizontal force P is 60z. What is the tension in the band? Ans. [ =507 


§.22. As shown in Fig. 5-23, a small piece of round rod is welded to the pinch bar at A to serve as a fulcrum. 
A force P equal to 1200N is required to lift the left side of a box B. To lift the right side of the box, the 
same pinch bar is used. and P is then 1000 N. What is the mass of the box? 

Ans. M = 2240 kg 
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5.23. Refer to Fig. 5-24. The body A weighs 32.8 Ib and rests on a smooth surface. The body & weighs 14.3 Ib. 
Determine the tensions in S, and S, and the normal reaction of the horizontal surface on A. 
Ans. §,=12.4lb. S, = 14.3 lb, N = 25.7 Ib 





P (Vertical} 





Fig. 5-22 Fig. 5-23 Fig, 5-24 


5.24, Two guy wires are fastened to an anchor bolt in a foundation as shown in Fig. 5-25. What pull does the 
bolt exert on the foundation? Ans. P=1030ibm @, = 135° 


5.25. Three concurrent forces have magnitudes of 40, 60, and 50 N, respectively. Determine the angles among 
them that will produce a state of equilibrium. Ans. 97°, 138°, 125° 


5.26. A pulley to which is attached W, rides on a wire that is attached to a support at the left and that passes 
over a pulley on the right to weight W (see Fig. 5-26), The horizontal distance between the left support 
and the pulley (neglect the dimensions of the pulleys) is 1. Express the sag d at the center in terms of W, 
W, andl. Ans. d=4L/VQW/W,-1 





a 
Naot 
z 
FS 20° 
i 
a 
Spring with 


a0kE modulus 7 Némm 


Fig. 5-25 Fig. 5-26 Fig. 5-27 Fig. 5-28 


$.27. What is the normal reaction between the mass that rests on the ground, as shown in Fig. 5-27, and the 
ground? The pulley is assumed massless and in frictionless bearings. Ans. N=282N 


5.28. Refer to Fig. 5-28. What force 7 parallel to the smooth plane is necessary to hold the 35-kg mass M in 
equilibrium? Ans. T =117.6N 


5.29. Refer to Fig, 5-29. A weight of 80 1b is suspended from a weightless bar AB, which is supported by a 
cable CB and a pin at A. Determine the tension in the cable and the pin reaction at A on the bar AB. 
Ans. T =1971b, A, = 1801b, A, =01b 


5.30. Refer to Fig. 5-30. In the figure, three spheres each with 2-kg mass and each 350 mm in diameter rest in 
a box 760mm wide. Find (a) the reaction of B on A, (b) the reaction of the wall on C, and (c) the 
reaction of the floor on B. 

Ans. (a) 12.1 N along the line joining their centers, (b) 7.09 N to left, (c) 29.4N up 
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5.31. 


§.32. 


5.33. 


5.34, 


5.35. 


5.36, 


§.37. 


5.38. 
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In Fig. 5-31, a weight of 500 ib is supported by rigid members AB and BC pinned as shown. By drawing 
a free-body diagram of the pin at B, determine the forces F,; and & in members AB and BC, 
respectively. Ans. F,=433lb C, = 250 1b C 


Oe 
[Ms 


Fig. 5-29 Fig. 5-3) Fig. 3-31 





What horizontal force through the center is necessary to start a 20-kg wheel of 1-m diameter over a 
block 150mm high? At the moment motion impends. the force between the wheel and the ground is 
zero. Note also that the reaction of the block on the wheel must pass through the center of the wheel. 
Ans. F=200N 


The roller shown in Fig. 5-32 weighs 339 ib. What force 7 is necessary to start the roller over the block 
A? Ans. T = 403 ib 





Fig. 5-32 Fig. 5-33 Fig. 5-34 


In Fig. 5-33, express in terms of @, 8, and W the force T necessary to hold the weight in equilibrium. 
Also derive an expression for the reaction of the plane on W. No friction is assumed between the weight 
and the plane. Ans. T =W sin @/cos B, N = W cos(@ + B)/cos B 


The derrick shown in Fig. 5-34 supports a mass M of 200kg. Using a free-body diagram of pin E, find 
the forces in cable BE and boom CE. Ans. BE =2450N tension, CE = 3360 N compression 


If the structure in Problem 5.31 rested at A and C on the smooth floor but a cable joined pins A and C, 
determine the tension in the cable AC, Ans. T =2171b 


A 50-kg smooth cylinder is at rest in a box that has smooth wails at right angles to each other. If the box 
is tipped up to a 45° angle, what is the reaction of the bottom of the box on _ the 
cylinder? Ans. 693N 


A 12-ft beam is simply supported at its ends. The beam supports a uniform load of 200 Ib/ft throughout 
its length and an applied clockwise couple of 2000 Ib-ft at its center. Determine the reactions at the ends 
of the beam. Ans. R, = 1033 Ib, Rp = 1367 Ib 
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5.39, 


5.40. 


5.41. 


yJt 


Mathcad 5 42. 


5.43. 


§.44, 


Determine the reactions on the beam loaded as shown in Fig. 5-35. The uniformly distributed load is 
300 kg/m. Neglect the mass of the beam. Ans. R,=3540N, Rg = 930N 


150 N 00 N 








Fig, 5-35 Fig. 5-36 


Determine beam reactions in Fig. 5-36, Consider only the two concentrated loads. 
Ans. R= 286N, Rg = 164N 


The bar A shown in Fig. 5-37 weighs 30 Ib/ft and is 12 ft long. The left end is inserted into a wail 14 in 
thick. The 2-ft diameter pulley weighs 40 Ib. The tension 7 in the rope is 80 lb. Determine the reactions 
at points B and C on the bar, which fits loosely in the wall. 

Ans. Re = 3910 1b up, Rg = 3350 ib down. 


~| fu 


c 1 ——— 
Paint Ul ee 


Fig, 5-37 Fig. 5-38 





How far out on the plank can an 80-kg person walk if the allowable crushing force on the rollers at A 
and B in Fig. 5.38 is 1500 N? Neglect the weight of the plank. Ans. x =14.6m 


In Fig. 5-39, what force P is required to raise the mass M of 90 kg at constant speed? 
Ans. P=441N 


In Fig. 5-40, what force P is required to hold a weight of 600 ib in equilibrium? Ans. P= 2001b 





W = 606 lb 


Fig. 5-39 Fig. 5-40 Fig. 5-41 Fig. 5-42 
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5.45, 


5.46. 


5.47. 


5.48. 


5.49, 


5.50. 
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The upper block in Fig. 5-41 is suspended from a fixed support. The rope is secured to the lower end of 
the casing of the upper block and then passes around the sheave in the lower block. Then it passes 
around the sheave in the upper block and is acted upon by a force P. Show that for equilibrium the force 
P is 245 N when a 50-kg mass is suspended from the bottom of the casing of the lower block. 


The upper block in Fig. 5-42 contains two sheaves, and the lower block has onc sheave. The rope is 
attached to the upper end of the casing of the lower block and then passes around one sheave in the 
upper block. It then returns to the sheave in the lower block, and finally passes around the second 
sheave in the upper block, where a force P is cxerted upon it. Show that for equilibrium the force P is 
33.3 lb when a 100-Ib weight is suspended from the bottom of the casing of the lower block. 


In Fig. 5-43 a system of levers is shown supporting a load of 80 N. Determine the reactions at A and B 
on the lever. Ans. R,=—T1AN, Ry = +124N 





Fig. 5-43 Fig. 5-44 


The wheels of a traveling crane move on tracks at A and B as shown in Fig. 5-44. The weight of the 
crane is 10 tons, and the center of weight is 3 ft to the right of A. The counterweight C is 4 tons, with its 
center of weight 7 ft to the left of A. What maximum weight W, 12 ft to the right of B, may be carried 
without upping? Ans. W =5.67 tons 


A person whose mass is 70 kg, represented by M, holds the 25-kg mass as shown in Fig. 5-45. The pulley 
is assumed frictionless. The platform on which the person ts standing is suspended by two ropes at A and 
two ropes at 8. What is the tension in one of the ropes at A? Ans. A=147N 


8003b 3601b 200Ib 
iw | 





Fig. 5-45 Fig. 5-46 


Figure 5-46 shows an overhanging beam that weighs 32 lb/ft. A uniformly distributed load of 200 Ib/ft is 
shown together with three concentrated loads. Determine beam reactions. Consider the weight of the 
beam. Ans. Ry, = 1280 1b, Ry = 2440 Ib 
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A 


§.51. A differential chain hoise is shown in Fig. 5-47. The top unit connected to the support consists of two 
grooved pulleys keyed together but of diameters d, and d.. The lower pulley is of diameter 5(d, + d.). 
The weight is attached to the lower pulley. A continuous chain passes over the pulleys as shown. 
Assume no tension in the slack side (that part of the chain shown to the nght of the smaller pulley at the 
top). What force P is necessary to just start the weight W in the upward direction? 
Ans. P=%3W(d,—d,)/d> 





Fig. 5-47 Fig. 5-48 


5.52. In Fig. 5-48, AB is a rigid rod and CB is a cable. If M is 900 kg, what is the pin reaction at A on the rod 
AB? What is the tension in the cable? Ans. A, = 15.3 KN. A, =8.82 kN, T = 15.3 KN 


5.53. A horizontal force F of 5 lb is applied to the hammer shown in Fig. 5-49. Assuming the hammer pivots 
about point A, what force is exerted on the vertical nail that is being pulled from the horizontal 
floor? Ans. P =15.81b 


5.54. Determine the force P to maintain the bell crank shown in Fig. 5-50 in equilibrium. Neglect friction at 
the pivot point O. Ans. P=52.2N 





A 
“ts.et 


Fig. 5-49 Fig. 5-50 Fig. 5-51 


5.55. The 450-kg mass M is attached to a pin at C as shown in Fig. 5-51. Determine the forces acting in 
members AC and BC. Ans. AC =S880N, BC = 7350 N 


5.56. In Fig. 5-52 the forces are shown acting on the beam divided into equal intervals. The loads are in kN. 
Determine the reactions at A and B. Ans. A, =1.65 kN, A, =4.60 kN, B=8.71kKN 
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2KN 34N BN 4kN 





1001b = 2001b 
Fig. 5-52 Fig. 5-53 
eit 
jm «5.57. A beam ED is loaded as shown in Fig. 5-53. The beam is pin-connected to the wall at E. At D an 
8-in-diameter pulley is attached through frictionless bearings to the beam. A rope passes around the 
pulley and is connected to A and B vertically above the extremities of the horizontal diameter of the 


pulley. Determine the pin reaction at E and the tension in the rope. 
Aus. E=160lb. 6, =S1°, 1 = 74.4 1b 


5.58. The 8-ft uniform bar shown in Fig. 5-54 weighs 401b, The floor and the vertical wall are smooth. 
Determine the tension in the string AC. Ans. FT =11.55 1b 





Fig. 5-54 


5.59, Determine the reactions at A and 8 for the brackct shown in Fig. 5-55. 
Aas. B=3331b, A, = —333 1b, A, = 250 1b 


750 lb-ft 





Fig. 5-55 
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5.60. Refer to Fig. 5-56. Determine the tension in cable BC. Neglect the weight of AB. 
Ans. T = 1000 1b 


2000 mm 





Fig. 5-56 Fig. 5-57 


§.61. Refer to Fig. 5-57. A uniform door with 18-kg mass is hinged as shown at A and B. Determine hinge 
reactions at A and B on the door. Assume that the vertical components of the reactions at A and B are 
equal. Ans. A=99.8N. 6, = 1189: B=99.8N, 0, = 62.1% 





Fig. 5-38 Fig. 5-59 


§.62. Refer to Fig. 5-58. The frame illustrated is used to support a mass of 200 kg at F. Determine (a) the pin 
reaction of E on DE, (6) the pin reaction of C on CF, and (c) the floor reaction at B on AB. 
Ans. (a) E =6S70N, 0, =207: (b) C =5960.N, 0, = 189°: (c) B, =2350N, B, = 1960 N 


§.63.. The bolt B is held by a gripping force of 101b perpendicular to the jaws of the pliers as shown in 
Fig. 5-59. What forces P must be applied perpendicular to the handles to supply the gripping force? 
Ans. P= 4.071b 


5.64. Referring to Fig. 5-60, detcrmine the components of the pin reaction at A on the frame. The member 
AB is horizontal and the member DBC is vertical. All pin connections are frictionless. 
Ans. A, =2730N left. A, = 250 N up 
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Fig. 5-60 Fig. 5-61 


5.65. Figure 5-61 illustrates a frame carrying a distributed load on 6m of the horizontal member DEF of total 
length 8m. A moment of 3000N - m is applied at the end of DEF. Determine the tension in the wire 
AC, which is horizontal. Ans. T=1900N 


5.66. The frame in Fig. 5-62 consists of the vertical member GFHCB and the horizontal member CDE, to 
which are attached by means of frictionless pins the two pulleys fhown. Each pulley is 400mm in 
diameter. The 50-kg mass is held in equilibrium by a cord, which passes over the pulleys and which is 
parallel along part of its length to the two-force member FD. The cord AB is needed to hold the entire 
frame in equilibrium. Determine the tension 7 in AB and the magnitude of the pin reaction at C on 
CDE. Ans. T =490N, C =1100N 


-- ei 


4kN 





Fig. 5-62 Fig. 5-63 


5.67. The two triangular thin plates in Fig. 5-63 have vertical sides and horizontal tops as shown. They are 
pinned together at C by a frictionless pin. The loads shown are either vertical or horizontal. Determine 
the magnitude of the pin reaction at C. Ans. C=4.86KN 
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5.68. In the structure shown in Fig. 5-64, determine the magnitude of pin reaction at B on the horizontal 
member BD. The smooth surface on which the structure rests is horizontal. 
Ans. B=79.4KN 





Fig. 5-65 


5.69. The horizontal 200-N force in Fig. 5-65 is applied to the sloping member BCD, whose bottom rests on a 
smooth horizontal plane. Its upper end is pinned at B to the horizontal member AB. What couple M@ 
must be applied to the member AB to hold the system in equilibrium? What is the magnitude of the pin 
reaction at B Ans. M=3700N:-m, B =306N 


5.70. Determine the reactions on a horizontal beam loaded as shown in Fig. 5-66. The system is 
nonconcurrent, nonparallel. Ans. A, = —0.44k, A, = 2.98 k, B = 6.27k 





Chapter 6 


Equilibrium of Noncoplanar Force Systems 


6.1 EQUILIBRIUM OF A NONCOPLANAR FORCE SYSTEM 


Equilibrium of a noncoplanar force system occurs if the resultant is neither a force R nor a 
couple C. The necessary and sufficient conditions that R and C be zero vectors are 


R=>F=0 and C=>)M=0 


where > F=0 vector sum of all the forces of the system 
> M = vector sum of the moments (relative to any point) of all the forces of the system. 


The two vector equations above may be applied directly or, in the simpler problems, the 
following derived scalar equations may be used for the three types of noncoplanar systems. 


6.2 CONCURRENT SYSTEM 


The following set of equations ensures equilibrium of a concurrent, noncoplanar system of 
forces: 


YA=0 CD) 
> F=0 (2) 
DF =0 (3) 


where > F, > Ff, > FE, = algebraic sums of the x, y, and z components, respectively. of the forces 
of the system. 


= M =0 may be used as an alternative to one of the above equations. For example. if it replaces 


equation (3) then > M must be the algebraic sum of the moments of the forces of the system about 
an axis neither parallel to nor intersecting the z axis. 


6.3 PARALLEL SYSTEM 


The following set of equations ensures equilibrium of a parallel, noncoplanar system of forces: 


> F.=0 (/) 

> M, =0 (2) 

> M. = 0 (3) 
where > F, = algebraic sum of the forces of the system along the y axis, which is chosen 


parallel to the system 


80 
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X M,, > M, = algebraic sums of the moments of the forces of the system about the x and z 
axes, respectively. 


6.4 NONCONCURRENT, NONPARALLEL SYSTEM 


The following six equations are necessary and sufficient conditions for equilibrium of the most 
general force system in three-dimensional space: 


DF =0 (1) 
2A =0 (2) 
LAH 0 (3) 
> M,=0 (4) 
> M,=0 (5) 
> M, =0 (6) 
where > F, = F,, = F, = algebraic sums of the x, y, and z components, respectively, of the 


forces of the system 
>= M,, = M,, = M, = algebraic sums of the moments of the forces of the system about the 
x, y, and z axes, respectively. 


All systems previously studied are special cases of this system. Not all of the six equations are 
necessary in these special cases. 


Solved Problems 


ait 


fares «6.1. In Fig. 6-1, a pole 30ft high is shown supporting a wire in the xy plane. The wire exerts a 
force of 150 lb on the top of the pole at an angle of 10° below the horizontal. Two guy wires 
are affixed as shown. Determine the tension in each guy wire and the compression in the 
pole. 


SOLUTION 


Since the pole is subjected only to end loads, it is a two-force member carrying an axial compressive 
load P. For the concurrent system shown in the free-body diagram (see Fig. 6-2), 


> F.=0= +A cos 60° sin 30° — B cos 60° sin30° or «= A=B 
and 


SF =0= +150 cos 10° — B cos 60° cos 30° — A cos 60° cos 30° 


Substituting A for B and solving, we obtain A = 171 Ib T. 
To determine P, sum the forces vertically along the y axis. 


SF =0=P- 150sin10°— 2A sin60° or = P= 3221bC 


82 EQUILIBRIUM OF NONCOPLANAR FORCE SYSTEMS [CHAP. 6 


150 Th 








A,B. in s horizontal plane 


Fig. 6-1 Fig, 6-2 
“St 


= 6.2. Rework Problem 6.1 using © M,- = 0. 
SOLUTION 
The pole is in equilibrium under the action of the following four forces as shown in Fig. 6-3. 
A =(—A cos 60° cos 30°)i + (—A sin 60°)j + (A cos 60° sin 30°K 
= —0.433Ai — 0.866Aj + 0.25Ak (J) 


B = (—B cos 60° cos 30°)i + (—B sin 60°)j + (—B cos 60° sin 30°)k 


= ~0,433Bi — 0.866Bj — 0.25Bk (2) 
C=Ci+Cj+Ck (3) 
The 150-lb force is+(150 cos 10°)i+(150 sin 10°)j = +149i — 25.9] (4) 


The position vector of O relative to C is r = 30j. Then, using > Mc = 0. 


i j k i j k i jk 
S(rxF)=Al 0 30 Oo |+Bl 0 30 0 [+] 0 30 =O] =0 
0.433 -0.866 +0.25 -0.433 -0.866 —0.25 +149 -25.9 0 


Expanding the determinants and combining, 
(7.5A — 7.5B)i + (0)j + 3A + 13B — 4470)k =0 


or 7.5A — 7.5B =0 and 13A + 13B — 4470=0, from which A = 171 lb 7, B = 171 |b T. 
Summing forces in the y direction yields C,, which is also the compression in the pole: 


SF =C, — 0.866A — 0.8668 -25.9=0 or  C,=3221b 
The sum of the moments about O indicates C, = C, = 0. 


6.3. A mass of 6.12 kg is supported by the three wires as shown in Fig. 6-4. AB and AC are in the 
xz plane. Determine tensions 7,, 7, and 73. 
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SOLUTION 


AD = V3°+2°4+6°=7 AC = V4’ +2? =4,47 AB=5 


First sum the forces in the y direction because this equation involves only one unknown, 7%. 


SF =0=-612X98+87T,  1T,=70N 


Now sum forces in the x and z directions: 


DR =0=h--- 12-702 
4.47 “5 7 
4 2 2 
DR-0- Be hag; 


Multiply the > F equation by 2 and add to the & F, equation to obtain 7,=70N. Substitute this 
value into the % F, or & F, equation to obtain 7; = 80.5 N. 
6.4. Solve Problem 6.3 by expressing each force in terms of its i, j, and k components. 


SOLUTION 


Point A is in equilibrium under the action of the following four concurrent forces: 


T, = —3Ti+ $7 j+5Tk (1) 
4 2 
=+—_Ti+0-—— 2 
Tee ag tO aay (2) 
T,= —-37i+0+37K (3) 
W = -6.12 x 9.8] = —60j (4) 
Then SF, =0=$87,j - 60j or T, = 70N magnitude 


In vector form, T, = —30i + 60j — 20k. 
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Iso, 
ve SF, =0= - 2 : —- Ti ey 
: 7 i *447 50 
2 2 4 
= = -—-T7k aK + - Tk 
DF, =0 7! 4.47? 5 ak 


or (4/4.47)F, — (3/5) = 3/7)T, =30 and —(2/4.47)f + (4/5)7; = (2/7)T, =20, whose simultaneous 
solution is 7, = 80.5 N and 7; =70.0N. 


The 80-kg mass in Fig. 6-5(a) is supported by three wires concurrent at D (2,0, -1). The 
wires are attached to points A (1,3, 0), B G,3, —4), and C (4, 3, 0). The coordinates are in 
meters. Determine the tension in the wire attached to C. 


784N 





(a) (b) 
Fig. 6-5 


SOLUTION 


The tension in the wire attached from D to C is most easily found by setting the sum of the 
moments about the line AB equal to zero, In this equation the moments of the forces in DA and DB will 
be zero because these forces intersect AB. The only forces with moments about AB will be the force in 
DC and gravity force (80 X 9.8 N in the negative j direction). 

The free-body diagram in Fig. 6-5(b) shows all the forces acting at point D. The tension in DC will 
be written 
(4 —2)i + (3 —0)j + [0 — (-1)]k ci + 3j+k 

Vy + BY + (417 V14 

To find the sum of the moments about the line AB, we first need the unit vector along the line. 
Hence, 





C=C 





(3-1)i+ (3-3)j+ (—4—0)k_ i—2k 
Ane V20 V5 


The moments of the tension C and the gravity force can be found about any point on the line AB. 
Let us choose point A. The position vector for both forces as chosen here will be from A to D. Hence, 


=(2—Lit+ (0-3) + (-1 — 0)k =i -3j-k 


The sum of the moments of the two forces will be 














ijk i j ik 
SrxF=[4+1 -3 ~1 + qq | th 3-1) =-1+784i— 784k + (Oi - 3j + 9k) 
0 -784 0 42 +3 41 
Finally, we get 
ean? DX F=0 
i~2k/ C 2x784 —-:18C 
~ 784 + ($a )(-35 +90) = X 784V5 + = - = = 
e WF ai Wg) ESTES AIS VTA 





This yields C = 163 N. 
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6.6. 


6.7. 


6.8. 


The reader may wish to use point 8B on AB as the center for moments. This will yield the same 
result. 


A 200-Ib weight is being lifted out of a 4-ft-diameter hole. Three topes attached to the weight 
are held by three people equally spaced around the rim of the hole. What pull is being exerted 
in each rope when the weight is 4ft from the top? Assume that (@) each person exerts the 
same pull, (b) the weight is centered, and (c) each person is holding the rope so that it just 
clears the rim. 


SOLUTION 


The vertical components of the three forces must equal the 200-Ib weight; that is. 37 cos 6 = 200 Ib, 
where @ is the angle between a rope and the vertical through the weight. Then 


@=1an | 4 = 266° and T =74.5 lb 


The system shown in Fig. 6-6 is subjected to a horizontal load P of 100 N lying in the xy plane. 
Determine the force in each leg. 





Fig. 6-6 


SOLUTION 


Calculations yield CE = 5, BC = V34, and AC = V4i m. 

Assume that the three noncoplanar forces I, F.. F, are in the directions shown. 

Sum forces parallel] to the < axis to obtain a relationship between F, and F.. Take moments about 
the line AB to determine F;. Then sum forces parallel to the x axis to obtain another rclationship 
between F, and Ff). These equations are 





A 3 4 
SF =0=+.5 R- 5 F (1) 
Vva4' V41 
> M@.=0= +1hx6-100x4 (2) 
SUR =0= +100 pe ees: oe (3 
fF =~OJQ=+ Peps, == J: = ft, a 
: 5° V34' VI } 


The results are /, = 55.6 tension, & =45.7N tension, F, = 83.3 N compression. 


Solve Problem 6.7 using vector notation. 
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SOLUTION 


The four forces may be expressed for the assumed directions as follows: 


3 4 3 

Fi = —-3>Ri->s Fits 

He ga gad age 

ines 00. eat eM nee, 

a May Ray PP Ag? 
Bg oo W oog 

By gt oe 

P= 100i 


Since the system is in equilibrium, the sums of the i, j. and Kk components must each equal zero: 


3 3 3 
—~—= Ff -—=F-=F,+100=0 
V34-' Val 7 5° 
V34 1 V4 iz 5 fi 
$a SG 
V34-' Val? 


The simultaneous solution of these three equations is Fi =55.6N (tension as assumed), fF; =45.7N 
(tension as assumed), Fy; = 83.3 N (compression as assumed). 
Note: A computer solution to Problem 6.8 is available in Appendix C. 


ole 


mand 6.9. A table 600 mm by 600 mm is mounted on three legs. Four loads are applied as shown in 
Fig. 6-7. Determine the three reactions. Since three equations are available for a parallel 
system, only three supports are necessary. 





Fig. 6-7 


SOLUTION 
Applying the three equations of the parallel system, the following equations result: 

SF =0=R, +R: + Ry~ 20-30 - 10-50 (1) 

SM, =0= —R, X 600 ~ Rz X 600 + 20 x 500 + 30 x 300 + 50 x 500 + 10 x 200 (2) 

> M, =0= +R, x 600 + Ry X 600 — 20 x 200 — 50 x 400 — 10 x 400 — 30 x 200 (3) 
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6.10. 


6.11. 


Upon simplification, these become 


R, +R, + R,=110 (7') 
R,+ R,=76.7 (2') 
R,+ R,=56.7 (3') 


Substitute R, + R, = 76.7 into equation (/’) to obtain 76.7 + R;= 110, or Ry = 33.3 N. 

Substitute R, + Rx = 56.7 into equation (7') to obtain R, + 56.7 = 110, or R, =53.3N. 

Finally, from equation (7°), R, = 110 — R, — R; = 23.4N. 

Note: Another method of solving is to sum moments about edges K,R, and R,R; to obtain R, and 
R,, respectively. 


A crankshaft is subjected to pulls F, and F, parallel to the z axis, and F, and F, parallel to the y 
axis. See Fig. 6-8. What are the bearing reactions at A and B if the pulls are each equal to F? 





SOLUTION 


The bearing reactions are assumed to act in the positive directions of the y and z axes. The 
equations of the equilibrium are 


SIM. =0= +K(a +b) — Fa + 3b) +B,(2a + 3b) (4) 
> M, =0= —-F(a) + F(a + 2b) — B.(2a + 3b) (2) 
S) My. =0 = —A,(2a + 3b) — Bla + 2b) + F(a) (3) 
My, = 0 = +A.(2a ~ 3b) + Kila + 3b) — F(a +b) (4) 


In an actual engine the Fs would not be equal, and each of the above equations would be solved for 
the unknown it contains. If the Fs are assumed equal then 


2b 2b —2b —2b 
F 


= B,= F A= F A,= 
2a +3b *~  2a+3b * 2a +3b “2a + 3b 
The minus signs indicate that the components A. and A, actually act to the rear and down, 
respectively. The total reaction at B is parallel to the total reaction at A; it is equal to it in magnitude but 
opposite in direction. The two form a couple as one would expect, because F,, Ay, and , F, form 
couples when the forces are assumed to be of equal magnitude. 














F 


Assume that an automobile door weighing 60 Ib is of rectangular shape 3 ft wide by 4 ft high 
with its center of gravity at the geometric center (see Fig. 6-9). The door is opened 45°. A 
wind load of 50 lb is applied perpendicular ot the door and is assumed concentrated at the 
geometric center. A door handle is 28 in from the bottom and 3 in from the right edge. What 
force P, applied in a horizontal plane at the handle but at an angle of 20° with the 
perpendicular to the door, is necessary to keep the door open? What are the components of 
the hinge reactions at A and B? Choose the x axis along the door of the automobile. Assume 
that the lower hinge B carries all vertical loads, that is, A, = 0. 
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\ 
Line of 
Automobile A = 


Fig. 6-9 


SOLUTION 


In Fig. 6-9 the components (assumed positive) of each hinge reaction are shown. Note that the two 
components of the force P are shown, one perpendicular to the door and one parallel to the door. 

Taking moments about the y axis yields an equation with only one unknown P., from which P can 
be found. 

Summing forces along the z axis yields an equation in the unknowns A. and B.. Taking moments 
about the x axis produces another equation involving A. and B.. Solve simultaneously. 

Taking moments about the z axis and summing forces along the x axis yields two equations in A, 
and B,. 

Summing forces vertically yields an equation involving B,. 

The above paragraphs indicate the type of analysis that can be made before any equations are 
written. The equations follow: 


> M, =0 = —-50X 18 + P. x 33 (/) 
SE =0=A,+B,+50-P, (2) 
SM, =0= +A, X28 + B, X10 + 50X24 — P, X28 (3) 
SM, =0= —-B, + P, x 28-60 X18- A, X28 (4) 
S R=0=A, +B. -P. (5) 
> &=0= By -60 (6) 


From equation (/), P. = (50% 18)/33 = 27.3 lb. But Pcos20°= P, =27.31b: then P= 29.1 lb. 
Substitute P, = 27.3 tb into equations (2) and (3) and regroup terms as follows: 


A, + B. = —50 + 27.3 (2') 

28A. + 10B. = —1200 + 765 (3') 

Solve equations (2') and (3’) simultaneously to obtain A. = —11.6 1b, B, = —11.1]b. Next, substituting 
in equations (4) and (5), we obtain 

—10B, + 28(29.1 x 0.342) — 28A, = 1080 (4') 

A, + B, — 29.1 * 0.342 =0 (5') 

Solve equations (4’) and (5') simultaneously to obtain A, = —501b, B, = +601b. From equation (6), 


B, = 60 Ib. 
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Fig. 6-10 


6.12. A homogeneous rod BC 10 m long and having a mass of 1 kg rests against a smooth wall at B 
and on a smooth floor at C (see Fig. 6-10). Determine the tensions in AB and DC, which are 
cords to hold the rod in equilibrium. Note in Fig. 6-10 that BD is perpendicular to the z axis, 
and that AB is in the yz plane. 


SOLUTION 


Add the wall and floor normal reactions N, and N; to complete the free-body diagram of the rod. 
The following equations of equilibrium apply: 


SR =0=Ny — Te cos 45° (1) 
3 

DA =0= Ty X 5-984 Ne (2) 

Ss M, =0= —9.8 X 5 cos 30° cos 45° + N, * 9.8 cos 30° cos 45° — Ny * 5 (3) 


The three equations contain four unknowns and appear at first glance impossible to solve. 
However, for a stable position the sum of the forces perpendicular to the plane BCD must be zero. 
There are only two forces (N, and 7,) that have components perpendicular to this plane. Hence, 
Tp * 4% cos 45° = N,, cos 45°, or Ty X % = Np. 

Substitute this value into equation (2) and obtain Nc = 9.8—43N,. This, substituted into equation 
(3), yields N,, = 3.03 N. Then 7, = 3 X 3.03 N =3.79N. 

From equation (7), 7¢- = 3.03/0.707 = 4.29 N. 


6.13. Two views of a windlass are shown in Fig. 6-11(@). The bearings are frictionless. What foree P 
perpendicular to the crank is necessary to hold a 200-Ib weight in the position shown? What 
are the bearing reactions at A and B? 





(8) 


Fig. 6-11 
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SOLUTION 


A free-body diagram is drawn in Fig. 6-11(6) showing all forces acting on the windlass. Since no 
forces act along the axis of the windlass, no x components of the bearing reactions are shown. 

Sum moments about the x axis: © M, =0 = ~P * 12 + 200 X 5. Hence, P = 83.3 |b. 

To determine the bearing reactions, the following four equations may be used: 


> M, =0= -B, X 36 + P cos 25° X 48 (1) 
>. M. = 0 = —200 x 20+ B, x 36 — P sin 25° x 48 (2) 
SR =0=A, — 200+ B, — Psin25° (3) 
SY £ =0=A, + B.— Pcos25° (4) 


Note that the force P(83.3 Ib) is resolved into its components P cos 25° and P sin 25° along the z 
and y axes, respectively. The moment, for example, of P about the y axis ts then only the moment of its 
z component about the y axis, because the y component is parallel to the y axis and therefore has no 
moment about it. 

From equation (/), B, = 101 Ib; from equation (2), B, = 158 Ib. 

Substituting for B,, B,, and P in equations (3) and (4), we obtain A, = 77.2 lb and A, = —25.5 Ib. 


Determine the bearing reactions at A and B on the horizontal shaft shown in Fig. 6-12(a). The 
pulleys are integral with the shaft. The loads on the larger pulley are horizontal, while the 
loads on the smaller pulley are vertical. 





SOLUTION 


Figure 6-12(b) shows the free-body diagram, with axes chosen conveniently. To determine force P, 
sum moments about the x axis, thus obtaining 


PX2-80*24+40*x4-60x4=0 or P =1201b 


Because no external loads are applied in the x direction, we can say A, =8,=0. The sum of the 
moments about A. yields 
80 6+ 1206+ B, xX9=0 


Hence, B, = —133.31b 
The sum of the moments about B, yields 

—80 *3-120*3-—A, x9=0 
From this, A,, = —66.7 Ib 


As a check, the sum of A, and B, is 200 Ib down, which equals the two upward forces acting on the 
smaller pulley. 
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To determine B_, use the sum of the moments about A,. Hence, 
-60*2-40*2+B.x9=0 
From this, B, = +22.2 tb forward 
To determine A,, use the sum of the moments about B,. Hence, 
-60*7+40*7--A,x9=0 or A, =77.8 tb forward 


As a check, note that the sum of A, and B, is 100 1b forward, which cquals the sum of the two back 
forces acting on the larger pulley. 


a4 
> 


= 6.15. The beam EF in Fig. 6-13 weighs 10lb/ft and carries the 138-lb weight at its end. It is 
supported by a ball-and-socket joint at E and the cables AB and CD. Determine the tensions 
in AB and CD. Find the joint reactions at E. 





SOLUTION 


Select x, y, and z axes as shown in Fig. 6-13. For equilibrium of the beam EF, choose > M, = 0 and 
XF=0. 
The forces acting on the system are as follows: 
(1) The weight W of 138 Ib acts vertically down and may be written — 138}. 
(2) The weight of the beam is 8 times 10]b and may be written —80j. 
(3) The ball-and-socket reaction is E,i+ E,j + E,k. 


(4) The tension in AB may be written as A,i+ A,j+A_,K, where 











3 3 
=A = —0.384A 


Hie AeehsS 2 
Oe OREN NR ge Ge V6l 


4 
A, =A cos 6, = er = +0.512A 


6 
A, = A cos 6. = — = A = -0.768A 
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The sign of each component is defined once we assume tension in AB, which must then pull on the 
beam EF in the direction from B to A, which is in the negative x direction, the positive y direction, and 
the negative z direction. 

(5) The tension in CD may be written C,i+ C\j + C.k, where 
: 3 
VF +R 43 
3 
C,=Ccos 6, = + Va C = +0.577C 
gee 


ee eae ene = -0.577C 
C. =C cos 6, V7 S 0.577C 





3 
C, = C cos 6, = C= + C = +0.577C 


It is advisable to summarize the five forces and the points on their lines of action to which the 
position vectors from point E will be drawn: 


(7')  —138] at (0,0, 8) 

(2')  —805 at (0.0, 4) 

(3') B,i+ E,j+ E.K at (0.0.0) 

(4')  —0.384Ai + 0.512A§j — 0.768Ak at (0.0, 6) 
(5') +0.577Ci + 0.577Cj — 0.577CK at (0,0, 3) 


The sum of the moments of these five forces about F will be set equal to zero. Using each position 
vector from point (0,0, 0) to the point on the force vector listed above. we have 


i j k i jk i j ik i j k 
0 0 81+ ]0 0 44+70 0 OFF 0 0 6 
0 ~—138 6 0 -80 0 E. -E,. 3B, —0.384A +0.512A —0.768A 
i j k 
+ 0 0 3 =0 
0.877C 0.577C —O.577C 
or 8(138)i + 4(80)i + [-6(0.512A)i — 6(0.384A )j] + [-3(0.577C i + 3(0.577C )j] = 0 


Equating the coefficients of i to zero, and then the coefficients of j to zero. 
1424 — 3.072A - 1.731C =0 and —2.304A + 1.731C =0 
from which A = 265 Ib and C = 353 Ib. Hence. 
A = —0.384(265)i + 0.512(265)j — 0.768(265)k = — 102i + 136j — 204k 
C = 0.577(353)i + 0.577(353)§ — 0.577(353)k = 2045 + 2045 — 204k 


To find the pin reaction, equate successively to zero the coefficients of the i, j, and k terms in the 
> F = 0 equation: 


E, — 102 + 204 =0 — 138 -- 80 + E, + 136 + 204 =0 E. — 204 — 204 =0 
from which E, = —102 Ib, E, = —122 lb, E. = +408 Ib. 


Supplementary Problems 


6.16. In Fig. 6-14, a mass of 30 kg is supported by a compression member CD and two tension members AC 
and BC. CD makes an angle of 40° with the wall. A, B, and C are in a horizontal plane. 
AE = EB = 1000 mm. Find the forces in AC, BC, and CD. 
Ans. AC=BC=143NT, CD =384NC. 


CHAP. 6] EQUILIBRIUM OF NONCOPLANAR FORCE SYSTEMS 93 


6.17. 


6.18, 


6.19. 


6.20. 


6.21. 





Fig. 6-14 Fig. 6-15 


In Fig. 6-15, the crane consists of a boom BF, column BD (vertical), and three cables AD, CD, DE. A, 
B, and C are in a horizontal plane. AC is bisected by the plane containing BD, BE, and DE. Determine 
the forces in AD, CD, and BD. 

Hint: First consider the coplanar, concurrent system at FE to obtain the force in DE. Then 
consider the noncoplanar, concurrent system at D. Ans. AD =CD =29101b T, BD = 2970 1b C. 


In Fig. 6-16. a horizontal pull of 400N is shown acting on the top of post DB. The post is held in 
equilibrium by the two guy wires AD and CD. A, B, and C are on level ground. Find the forces in AD 
and CD. Ans. AD =366N T, CD =293N T. 


A video camera with a mass of 2 kg rests on a tripod with legs equally spaced and each making an angle 
of 18° with the vertical. Assume that the system of forces is concurrent at a point 1200 mm above level 
ground and determine the forces in each leg. Ans. C=6.87N 





Fig, 6-16 Fig. 6-17 


A 500-Ib weight is hung on a rope in a tripod with legs of equal length, as shown in Fig. 6-17. Each leg 
makcs an angle of 30° with the rope. A, B, and C are in the horizontal plane and form an equilateral 
triangle. Determine the force in each Ieg. Ans. AD=BD=CD=1921bC 


The circular table 1800 mm in diameter, shown in Fig. 6-18, supports a load of 400N located on a 
diameter through the support R, and 300 mm from the center on the opposite side from R,. R,, R2, and 
R, are equally spaced. Determine their magnitudes. 

Ans. R,=44N, R2=178N. R,= L78N 
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6.22. 


6.23. 


6.24. 


6.25. 


6.26. 
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Fig. 6-18 


Refer to Fig. 6-19. If the maximum allowable strength for each cable is 3500lb, determine the 
permissible weight of the homogeneous circular plate of radius 5 ft. Ans. 7800 Ib 


The triangular plate in Fig. 6-20 carries a 140-N load 1200 mm from the left vertex on the bisector of that 
vertex angle. 7,, 7, and 7, are the tensile loads in three vertical supporting wires. What are their 
values? Ans. 1,=4L0N, = 7%,=49.5N 





Ts 
ra 1400 mm. 
1260 mm 
1800 rome 
MON 
Fig. 6-20 Fig. 6-21 


A uniform cube of weight W is supported by six strings attached to corners, as shown in Fig. 6-21. Each 
string is perpendicular to a face, i.e., a continuation of an edge of the cube. Determine the tension in 
each string to hold the cube in equilibrium. Ans T=W/2 


See Fig. 6-22. Assume that a motor weighing 500 Ib has its center of gravity five-eighths of the overall 
length from the front on the longitudinal centerline. If the base is 22 in wide and 34 in long, what is the 
magnitude of the reactions of the supports, assuming one at each front corner and one at the middle in 
the rear of the motor? A block diagram is shown in the figure. Ans R,=94 |b, and Re = 312 1b 


See Fig. 6-23. A vertical shaft weighing 40 lb carries two pulleys at B and D weighing 12 and 91b, 
respectively. The pulley at B has a 16-in diameter, and the one at D has a 12-in diameter. The 15- and 
60-Ib pulls are parallel to the x axis. The 20-Ib pull and P are parallel to the z axis. The bearing at C and 
the step bearing at A are to be considered frictionless. Determine the force P and the reactions at A and 
Cc, Ans. P=80Ib, A, =5O0 Ib, A, = 61 Ib, A, = —33 Ib, C, = 25 Ib, C, = 133 Ib, C, =0 
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16 Ib 


601b 





A 
Fig. 6-22 Fig. 6-23 


6.27. In the simple crane shown in Fig. 6-24, CH is vertical, GD is horizontal, and AC and BC are guy wires. 
Points A and B are equidistant from the plane which contains CH, DG, and EF. Weight W = 4000 Ib. 
Determine the tension in AC and the reactions at H. 

Ans. AC = 2590 Ib 7, H, = 2800 Ib, H, = 8040 Ib. H, =0 





Fig. 6-24 Fig. 6-25 


6.28. A vertical pole is subjected to a pull of 620 N in the yz plane and 15° below the horizontal. The guy wires 
AB and AC are attached to supports in the xy plane. The pole rests in a socket. See Fig. 6-25. What is 
ils the tension in each cable? Ans. Tap = Tac = 689 N 
wareaa «= 6.29. +» The homogeneous trapdoor weighs 96 lb. What rope tension 7 is needed to hold the door in the 26° 
position shown in Fig. 6-26? What are the hinge reactions at A and B? Assume that the pulley D is on 
the vertical z axis. 
Ans. T =52.4]b, A, + B, = —28.8 1b, A, = +30.0 Ib, A, = +30.7 lb, B, = —4.3 lb, B, = +29.9 lb 
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Fig. 6-26 


6.30. The boom EF shown in Fig. 6-27 may be considered massless. [t is supported by the cables AB and CD 
and a socket at £. Determine the tensions in the two cables and the pin reactions at E. 
Ans. Tension in AB = 9020 N, tension in CD = 5590 N, £, = —1600N, E, = 8600 N, FE, = —3630N 






610 | 610 





Fig. 6-27 Fig. 6-28 


6.31. ‘The door shown in Fig. 6-28 is attached to straps that are welded to the rod EB. The rod EB is carried in 
bearings at A and B, and carries a gear E at its end. A pinion (not shown) exerts a horizontal force F at 
the bottom of gear E. Assuming that the homogeneous door weighs 30 lb, determine the force F and the 
bearing reactions when angle a is 58°. 

Ans. F=71.5 lb, A, = —89.5 lb, A, = 15 1b, A, = 0, B, = 17.9 lb, B, = 15 -Ib, B, =0 


6.32. Repeat Prob. 6.31 with a = 32°. 
Ans. F=114.5lb, A, = —143.1 1b, A, = 15 lb, A, =0, B, = 28.6 1b, B, = 15 lb, B. =0 


6.33. In Prob. 6.30, if the maximum strength of either cable is 8000 N, what is the maximum allowable mass at 
FF? Ans. M =443kg 


. 


Chapter 7 


Trusses and Cables 


7.1 TRUSSES AND CABLES 


These are examples of coplanar force systems in equilibrium (see Chapter 5). 


7.2 TRUSSES 
Assumptions 


1. Each truss is assumed to be composed of rigid members all lying in one plane. This means that coplanar 
force systems are involved. 


2. The weights of the members are neglected, because they arc small in comparison with the loads. 


3. Forces are transmitted from one member to another through smooth pins fitting perfectly in the members. 
These members, which are called two-force members, will be eithcr in tension (7) or compression (C). 


Solution by the Method of Joints 


To use this techinque, draw a free-body diagram of any pin in the truss, with the proviso that no 
more than two unknown forces act on that pin. This limitation is imposed because the system of 
forces is a concurrent one, for which, of course, only two equations are available for a solution. 
Proceed from one pin to another until all unknowns have been determined. 


Solution by the Method of Sections 


In the method of joints as just explained, forces in various members are determined by using 
free-body diagrams of the pins. In the method of sections, a section of the truss is taken as a 
free-body diagram. This involves cutting through a number of members, including those members 
whose forces are unknown, in order to isolate one part of the truss. The forces in the members cut 
act as external forces helping to hold that part of the truss in equilibrium. Since the system is 
nonconcurrent, nonparailel, three equations are available. Therefore, in any one sectioning no more 
than three unknown forces can be found. Be surc to isolate the free body completely and at the same 
time have no more than three unknown forces. 


7.3 CABLES 
Parabolic 


The cable is loaded with w force units per horizontal unit of length, e.g., Ib/ft or N/m. It assumes 
a parabolic curve, as shown in Fig. 7-1, which illustrates such a suspension from supports on the same 
level. Temperature variations, which change the tension, are neglected. 

The following equations apply to this coplanar system: 





2 
wa 
1 = —— ! 
d= (1) 
1 a’ 
— + ——~ 2 
T 5 wa 1 6d (2) 
8/d\? 32/d\* 256;/d\° 
aft 1-2 ” 
3\a S \a 7 \a 
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where d = sag in feet or meters 
w = load in Ib/ft or N/m 
a = span in feet or meters 
H = tension at midpoint in pounds or newtons 
T = tension at supports in pounds or newtons 
i=length of cable in feet or meters 





Fig. 7-2 





Catenary 


This cable carries a load in Ib/ft or N/m along the cable, rather than horizontally as in the 
parabolic case. It assumes a catenary curve as shown in Fig. 7-2, which illustrates such a suspension 
from supports at the same level. 

To solve this type of problem, neglecting temperature changes, let 


T = tension at distance x from midpoint 
s = length along cable from midpoint to point where tension is T 
w = load in Ib/ft or N/m along cable, e.g., gravitational pull per foot or meter 
a = span in feet or meters 
d = Sag in feet or meters 
/ = total length in feet or meters 
H = tension at midpoint in pounds or newtons 
Trax = tension at support in pounds or netwons 


Referring to the free-body diagram of a portion of the cable to the right of center (Fig. 7-3), note 
that the x axis is at a distance c below the center of the cable. This simplifies the derivation. 

The following equations apply to the catenary. Note that T becomes 7,4, when x =a/2 and 
yocrd. 


c=— (1) 
Ww 

x a 
y =c cosh— and c+d=ccosh— (2) 

c 2c 
T=wy and Tax =w(e +d) (3) 
sinh ~ d : inh = 4 

s= 7 > =c sinh — 

c an 5 nh, (4) 

P 
y’=c?+s° — and (ctdf~ae +e (5) 


The following types of problems involving cables of w force units per unit of length may present 
themselves for solution: 

(a) given the span and sag, that is, a and d; 

(b) given the span and length, that is, a and /; 

(c) given the sag and length. that is, d and 2. 
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In case (a) solve equation (2) by trial to obtain c. Then equation (3) yields 7,,,x, and equation 
(4) or (5) determines 7. 





Fig. 7-3 


In case (b) solve equation (4) by trial to obtain c. Then equation (5) yields d, and equation (3) 


max" 


In case (c) solve equation (5) for c. Then 7,,,,, may be obtained from equation (3). To find a, 
solve either equation (2) or (4). 


Solved Problems 


7.1. The simple triangle truss in Fig. 7-4(@) supports two loads as shown. Determine reactions and 
the forces in each member. 





2000 Ib 4000 Ib 
2000Ib 4000 Ib 
A E 
10’ 
30° 
Ra Re 
(2) (bd) 
(Ap) 2000 (DE) 
677 (cD 
A (AC) B (BD) (cp) (CE) =< F 
1450 CE) 
2500 aang (80) ct ee 
(c) (d) (e) (f) 


Fig. 7-4 
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SOLUTION 


Figure 7-4(b) is a free-body diagram of the entire truss from which to determine R,, and R,. Since 
the two loads are vertical, only one component of the pin reaction at A is shown. 


S) M, =0= R, x 40 — 4000 x 30 — 2000 10, R, = 3500 1b (7) 


> M, =0=—-R, x 40 + 2000 * 304 4000+ 10) R= 2500 1b (2) 


Of course a vertical summation of the two given forces and the two reactions just determined 
equals zero, thereby checking the results. 

Figure 7-4(c) is a free-body diagram of pin A. The 2500-Ib reaction is drawn up. The only force that 
can have a downward component to balance R, is the force in the member AB. This is shown acting 
toward the pin, which means that the member AB is in compression. Since the force (AB) acts to the left 
as well as down, some force must act to the right to balance it. Therefore force (AC) is shown to the 
right pulling on the pin. The pin pulls to the left on the member AC, which means that (AC) is a tensile 
force. 

Writing the equations of the concurrent system of Fig. 7-4(c), 


> B= 0= +(AC) — (AB) cos 60° (3) 
> F =0 = +2500 — (AB) sin 60° (4) 


Solving, (AB) = +2500/0.866 = +2890 Ib, (AC) = (AB) cos 60° = +1450 1b. The plus signs indicate that 
the directions chosen are correct. Hence, (AB) = 2890 1b C, (AC) = 1450 Ib T. 

Next draw a free-hbody diagram for pin B. See Fig. 7-4(d). Some might have chosen pin C, but there 
are three unknown forces there: (BC), (CD), and (CE). In this figure, the member AB is tn compression 
and must be shown pushing on the pin. The 2000-Ib load is shown acting directly down on the pin. The 
directions of forces (BD) and (BC) are unknown. Instead of spending time trying to decide the direction 
of each of these, assume they are in tension. A plus sign in the result indicates that tension 1s correct, 
whereas a minus sign indicates compression. The equations for this system are 


YS" F, = 0 = (BD) + 2890 cos 60° + (BC) cos 60° (5) 

S| F. = 0 = 2890 sin 60° ~ 2000 ~ (BC) sin 60° (6) 

Solving equation (6), (BC) =577 lb T. Substituting in equation (5), (8D) = —1730 Ib. Since the sign is 
minus, this member is actually in compression. 

Next draw a free-body diagram of pin C, as shown in Fig. 7-4(e). The two known values (AC) and 

(BC) are inserted. Since (BC) has a component acting vertically up. (CD) must be shown as 


compression. If this is not clear, assume it in tension and a minus sign will result, indicating compression. 
The equations are: 


SD &, =0= (CE) — 1450 - 577 cos 60° — (CD) cos 60° (7) 
S\ F, =0= +577 sin 60° - (C) sin 60° (8) 
Solving, (CD) = 577 Ib C and (CE) = 2020 Ib T. 

The next free-hody diagram may be at either D or E to determine the last force (DF). Figure 
7-4(f) shows the free-body diagram for pin E. Note that force (CE) is inserted as an unknown. This is 
done deliberately to provide a check on this value as obtained at pin C. The equations are 

YS. F, = 0 = 3500 — (DE) sin 60° (9) 
S 6, =0= (DE) cos 6 — (CE) (10) 


Solving, (DE) = 4030 Ib C and (CE) = 2020 1b T. 
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7.2. 


7.3. 


Determine the forces in FH, HG, IG, and /[K in the truss shown diagrammatically in Fig. 7-5. 
Each load is 2 kilonewtons (KN). All triangles are equilateral with sides of 4 m. 





SOLUTION 


As a first step, check the members in which the forces are to be found. Cut through as many 
members as possible, but through no more than three in which the forces are unknown. The first cut 
should be through FH, HG, and GI. A free-body diagram of cither the left or right portion may now be 
drawn. Choose the one involving as few external forces as possible—the left part in this case. Draw a 
free-body diagram of this portion as shown in Fig. 7-6. It is usually wise to assume the forces in the 
members as tension, realizing that a minus sign in the result indicates compression. An arrow pointing 
away from the free body means that the member pulls on the body and is therefore in tension. 

The left reaction of 7kN is determined by inspection of the entire truss, which is symmetrica] and 
symmetrically loaded. 

Any three equations of equilibrium may be applied to the free-body diagram. The summation of 
moments about G yields an equation with only one unknown force (F//). A summation of moments 
about H (external to the figure) involves one unknown force (G/), since members FH and HG intersect 
in H. Finally, a vertical summation of forces will result in a solution for force (HG). Using this 
procedure, the results are 


SM; = O= —(FH) x 2 tan 60° — 7X 124210426422 (FH) =~13.9kNC (1) 
SY My, =0= +(GI) x 2 tan 30°— 7X 14+2K124+2*x842%4 (GI =144KNT (2) 
SF. =0=47-2-2-24+(HG)sin60®  (HG)=—LISKNC (3) 


2kN 2kN 2kN 











OH 
A “) 
4mC4mEamG_ (Gh 
TKN 
Fig. 7-6 Fig. 7-7 


As a check on this particular free-body diagram and its solution, sum the forces horizontally—an 
equation not used in the solution—to determine whether or not the result is zero: 


S\ F, = -13.9+ 14.4 - 1.15 cos 60° =0 (4) 
To determine the force in member /K, make a cut as shown in Fig. 7-7. Take moments about point 

J, yielding 
SM, =0 = -(UK) x 2tan60°—-2%4-28+7x10  (IK)=13.3kNT (5) 


The maximum allowable force (tensile or compressive) in members DC, DF, or EF in the 
pin-connected truss shown in Fig. 7-8 is known to be 40 kips (40,000Ib). Determine the 
maximum permissible load P. 
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P 
Bis : 
pene Gt siz), 
“ 
“ 
CG 
EF” 5 
(b) 


Fig. 7-8 
SOLUTION 


Using the method of sections, draw the free-body diagram shown in Fig. 7-8(b). 

The sum of the moments about A has only one force DF in the equation; hence DF = 0. 

Next use the sum of the moments about D to find EF. Note that DC and DF intersect at D, and 
hence their moments equal zero. Also visualize EF moved along its line of action to A: its moment is 
then the moment of only its vertical component. Thus, 


SS) Mp = 0 = -36P — (EF sin30°)36 0 oor 32 EF =—2P 
The sum of the moments about F will yield DC as follows (note CF = 24 tan 30° = 13.84 ft): 
Si M, =0= DC X13.84-24P or DC=1.73P 
To find the maximum P, set EF = 40,000 = 2P. Thus, 
P = 20,000 Ib 


7.4, Determine the forces in members BD, CD, and CE of the Fink truss shown in Fig. 7.9. 
SOLUTION 


Use the method of sections to solve this problem. First determine the vertical reaction at A and the 
pin reaction at G by treating the entire truss as a free body as shown in Fig. 7-10. 





Fig. 7-9 Fig. 7-10 


The distance FG = 12 cos 30° = 10.4m, and distance DG = 18/(cos 30°) = 20.8 m. To find force A, 
sum moments about G to obtain ¥ M,; =0= +1000 x 12 + 2000 x 10,4 + 1000 x 20.8 — 36A. Hence, 
A= 1490N. 

To determine G,, sum forces horizontally to obtain > F, =0= G, ~ 4000 sin 30°. Hence. G, = 
2000 N. A vertical summation yields G, = 2970 N. 

To determine the forces in the members, select the section as shown in Fig. 7-11. The left portion is 
chosen, since only one known force A is acting together with the unknowns. 

Sum moments about C to determine (BD). Sum moments about D to determine (CE). To obtain 
(CD). sum the forces vertically. These equations in the order given are as follows: 


SM. =0= —(BD) x 6 — 1490 x 12 (7) 
S Mp = 0 = —1490 x 18 + (CE) x 10.4 (2) 
S F.=0 = +1490 + (BD) cos 60° + (CD) cos 6 (3) 
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Note that tan @ = 6/10.4; hence, cos @ = 0.866. From (/), (BD) = —2980 N, i-e.. compression. From 
(2), (CE) = +2580N, ie., tension as assumed. 
Substitute (BD) as a negative quantity into equation (3) to obtain (CD) = 0. 


1000 Ib 2000 Ib 1000 Ib 





1490 


Fig. 7-11 Fig. 7-12 


7.5. Determine the force in each member of the truss shown in Fig. 7-12. The triangles are all 
equilateral. 


SOLUTION 


By symmetry, the reactions on the truss at A and E are 2000 Ib each. The free-body diagrams of 
pins A, B and G are shown in Figs 7-13, 14 and 15 respectively. All unknown forces are drawn in the 
free-body diagrams as tension. When the internal forces are calculated, a plus force means tension and a 
minus force means compression. From Fig. 7-13, 


> F = AB sin 60° + 2000=0 AB = —2309IbC 
S\R=AG+ABcos60°=0 AG=+11551bT 
From Fig. 7-14, 
> 5. = -AB cos 30° - 1000 — BG cos30°=0 »=BG = +11551bT 
SS) F.=—AB sin 30° + BG sin30°+ BC=0 BC =-17321IbC 
From Fig. 7-15, 
> FR = BG sin60°+ GCsin60°=0 GC =-11551bC 
> F. = -AG — BG cos 60° + GC cos60°+ GF =0 GF = +2309 1b 7, 
By the symmetry of the structure and loading, 
DE = AB = —23091bC 
FE= AG + 11551b T 
DF=BG = +1155 lb T 
CD = BC = -17321IbC 
CF = CG = 1155 IbC 


AB 1000 Ib 


A AG 





2000 Ib 
Fig. 7-13 Fig, 7-14 Fig. 7-15 
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7.6. Determine the forces in the members BD and CD of the truss in Fig. 7-16. All triangles are 
equilateral. 


300 N 500 N 500 N 300 N 


cp 





LkKN 


IkN Ro = 2625 N 
Fig. 7-16 Fig. 7-17 


SOLUTION 
It is convenient in this case to isolate a section of the truss (Fig. 7-17) as pointed out in Section 7.2, 
and solve it as a free-body diagram. Because, in general, a section of the truss results in a nonconcurrent, 
nonparallel force system, the maximum number of unknown forces cannot exceed three. In the current 
problem, rather than solving pin A, then pin B, then pin C in order to find the forces in BD and CD, 
Fig. 7-17 shows a free-body diagram in which the forces in BD and CD can be found directly once the 
reaction at C is known. 
Using the entire truss of Fig. 7-16 as a free body and writing moments about G, the resulting 
equation of equilibrium becomes 
>) Mc = —40R_ + (60)(1000) + (50)(500) + (30)(500) + (10)(500) = 0 
Re = 2625 N 
Returning to Fig. 7-17, the equations of equilibrium can be written 
S) Mc = (20)(1000) + (10)(500) — (20 sin 60°) BD) = 0 
BD = 1440NT 
> F = 2625 - 1000 — 500 + CD sin 60° = 0 
CD=-1300NC 
This so-called “method of sections” allows the determination of the required forces without finding 
the intermediate values that the “method of joints” would require. 


7.7, Each cable of a suspension bridge carries a horizontal load of 800 lb ft. If the span is 600 ft 
and the sag is 40 ft, determine the tension at either end of the cable and at the midpoint. 
What is the length of the cable? This is an example of a parabolic cable. 





SOLUTION 
The tension at either end is the same. 
1 fg [| (600P 
T =-wa,/1+——3 == x 800 x 600, /1 + ——~ = 932,000 Ib 
PN tee 2" Oat E40) 
wa* 800 x (600) 
= — = — + = 990,000 Ib 
8d 8x40 ee 


] E 3 (‘y 32 (‘) 4296 (“) 
a ae Seas fiet Wes, pace 
3 \a 5 \a 7 \a 
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Usually, two or three terms of a series that converges rapidly are sufficient for the accuracy desired. 
It is well to check as shown below. 


40 : : 
d =-— = 0.0667 (°) = 0,0045 (“) = 0.00002 
a a 


600 a 
Using two terms, 1 = 600[1 + 8(0.0045)] = 607 ft 
Using three terms, {= 600[1 + $(0.0045) — ¥(0.00002)] = 607 ft 


If four terms are used, the value will increase slightly, but the magnitude of each term beyond the 
second is negligible. 


7.8. Solve for the desired tensions in Problem 7.7 without recourse to formulas. 
SOLUTION 


A free-body diagram of the right half of the cable (see Fig. 7-18) contains the horizontal tension H 
at the low point, the maximum T at the support, and the load 800(300) = 240,000 1b. Since only three 
forces act on the cable, they must be concurrent as shown. Summing the forces horizontally and then 
vertically, 

D> Fi =0= Tux COS O— H (1) 
SD E,.= 0 = Tomax Sin 6 — 240,000 (2) 


from which (1) Tha, CoS @ = H and (2) Trax Sin 6 = 240,000. Dividing (2) by (/), tan 6 = 240,000/H. But 
tan @ = 40/150; hence 40/150 = 240,000/H and H = 900,000 Ib. 





240,000 1b 
Fig. 7-18 


Squaring equations (7) and (2) and adding, 
Trax(Sin” @ + cos” @) = (240,000)? + H” Trax = (240,000)" + (900,000)? Trax = 932,000 Ib 


7.9. A cable suspends a mass of 3 kg/m between two supports not at the same level, as shown in 
Fig. 7-19. Determine the maximum tension. 





Fig. 7-19 
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7.10. 


711. 
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SOLUTION 


In Fig. 7-20, a free-body diagram is shown of a piece of the cable to the right of the lowest point P, 
whose location is unknown. Let H be the unknown tension in the cable at point P, and let T be the 
tension at a point P' a distance x to the right of P. The gravitational force on the cable for this distance x 
is (3 X 9.8)x and acts at a distance x/2 from P, Summing forces horizontally and vertically, 


SF. =0=T cos@-H or Tcos@=H (7) 
> R=0=T sin @- (3 X9.8)x or T sin @= (3 X 9.8)x (2) 
Dividing (2) by (7), tan @ = (3 X 9.8)x/H. But from the free-body diagram, tan 6 = y/(x/2) = 2y/x, 
hence (3 X9.8)x/H =2y/x or Hy =(3X9.8)x7/2. Since x =a, when y =10m, 10H =( X9.8)aj/2 = 
14.7a}. Similarly, for the section to the left of P, 30/7 = 14.743. Now 


ji OH 

a, + a, = 300 Via7* Via7 3 H=17.72kN 
10H BOH 

and a Vag Om a= hoe oem 


Squaring equations (7) and (2) and adding, T° = 864x° + H’. Since the maximum tension occurs at 
the left support, where x = —190 m, 72,4, = 864(— 190) + (17.720) or Trax = 18.58 KN. 


A horizontal! load of 2000 N/m is carried by a TV cable suspended between supports at the 
same level and 20m apart. The maximum permissible tension is 140 KN. Determine the 
required length / of the cable and its sag d. 





SOLUTION 
1 2 1 [ 20” 
T=- — 140 000 = = x 2000 x 20, /1 +5 
pea 2 VW 16a? 
Hence d=0.72m 
8 (d\ 32/d\* 256 /d\° 
“ ofS) EY 4 
ee oft +5 (‘) 5 & 7 c 


Since d/a = 0.72/20 = 0.036, use only the second power to obtain / = 20.07 m. 


A wire weighing 10 oz/ft is supported on frictionless pulleys as shown in Fig. 7-21. The load P 
is 500 Ib. The distance between the centers of the pulleys is 80 ft. Determine the sag. Assume 
the curve to be parabolic and neglect the diameter of the pulleys. 


SOLUTION 
The tension at the pulleys is the weight P, 500 lb. Then 


1_ 10 / (80) 
500 = = x — X 804 /1 +5 =I ft 
ie ee Ses oe 





Fig. 7-21 
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7.12. A wire weighing 0.518 lb/ft is suspended between two towers at the same level and S00 ft 
apart. If the sag is 50 ft, what is the maximum tension in the wire and what should ils 
minimum length be? This is an example of a catenary. 


SOLUTION 


Since a and d are given, this is an example of case (a) under the catenarv where equation (2) viclds 
a 500 
c+d=ccosh— or ¢ +50 =c cosh 
2c 2c 


A graphical solution is perhaps easier than substitution of values. Plot the line c + 50 against c. and 
the curve c cosh 500/2c against c. The value of c at which these two curves intersect is the solution. The 
values for plotting are shown in the table below. The extra points at 150 and 250 were chosen to ensure 
that the curves do not meet at a lower value of c. 


1. “8884 
1.3678 


1.2018 
1.1276 
1.0882 
1.0644 
1.0494 
2.7427 
1.5431 





The curves are plotted against c, and intersect at approximately c = 650. See Fig. 7-22. 


€ cosh 600/2¢ 


C+ 8 or 





0 100 200 300 400 500 600 700 800 


Fig. 7-22 
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For greater accuracy an enlarged plot could be made of that portion of the graph where the curves 
cross. However. try c = 650 in the equation to determine a more accurate balance: 


c + 50 = 650 + 50 — 700 


But 650 cosh = 698.8 


500 
2 x 450 
Now try ¢ = 640 to obtain 640 — 50 or 690: 


500 
640 cosh. — ---- — 689.5 
2 x 640 


A check on c = 635 indicates that 635 is sufficiently accurate. 
Using equation (3), Tix = wle ~ d) = 0.518(635 + 50) = 355 Ib 
Using equation (5), (ec +d =e? - (635 ~ SO)" = (635) + BP 1=514 ft 


Note: The computer solution in Appendix C shows the power of such a technique. 


7.13. A cable that has a mass of 0.6 kg/m and is 240 m long is to be suspended with a sag of 24 m. 
Determine the maximum tension and maximum span. 


SOLUTION 

This is an example of case (c). in Section 7.3. “Catenary.” 
Using equation (5), (¢ - df =c7 + 4P (c +24 =c7+ 4240" = ¢ = 288 
Using equation (3). Tinax — W(c + d) — 0.6 X 9.8(288 + 24) — 1835 N 


max 


: : 1 : I : 
Using equation (4). gfe sinh . 2 (240) = 288 sinh a a = 234m 
c 


Supplementary Problems 


tread «= 7214. 9 The Howe truss supports the three loads shown in Fig. 7-23. Determine the forces in AB, BD, CD, and 
EF by the method of joints. 
Ans. AB =250KNC, BD =15.0KNC, CD =12.5KNC, FF =225kNT 


kN = 20 KN 10 KN 





45mC 45m EF 45m F 45m 





Fig. 7-23 Fig. 7-24 


7.15. Determine the forces in all members of the cantilever truss shown diagrammatically in Fig. 7-24. Loads 
are in kips. Solution may be started with pin G. Use method of joints. 
Ans. BD = 10,500 Ib T, BC = 4200 lb 7, AC = 14,800 lb C, DF = 6000 Ib T, DE = 4730 Ib T, 
CE = 11,100 Ib C. FG — 6000 Ib T, EG = 6330 Ib C, CD ~ 3490 Ib C, EF = 3000 Ib C 
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vit 


manead = 7-16. += In the truss shown in Fig. 7-25, determine the forces in members AC and BD by the method of joints. 
Ans. AC =35.3kKNC, BD =47.9kNT 





Fig. 7-25 Fig. 7-26 


7.17. Determine the forces in all of the members of the truss shown in Fig. 7-26. 
Ans. AB=BD=866KC, AC=SKT, CD=I10KT, CB =8.66K T 


yt 


Mathead =. 7.18. +9The Fink truss is subjected to the loading shown in Fig. 7-27. Determine the forces in all members by the 


method of joints. 
Ans. AB =10.04K T, AC =9.87 KC, CD =8.87 KC, BD =3.72K T, BE =6.33 KT, DF =8.30KC, 
FG =9.30KC, EG =8.06K T 





7.19. Determine forces in AB, AC, EG, and FG in Fig, 7-28. 
Ans. AB=1.73kN 7, AC =0.866KN C, EG =2.89KN C, FG =5.77kN T 


kN 2kN IkN 


B D F 
{60° _60° rs 
f(\ 3m C 3m 4 


E 3m 





5 «kN 
Fig. 7-28 Fig. 7-29 
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7.20. Determine the forces in AB and CD in the cantilever truss using the method of joints. See Fig. 7-29. 
Ans. AB=7.81kKNT, CD =7.81kN T 


7.21. Determine the forces in AC and AB in the Howe truss using the method of joints. See Fig. 7-30. 
Ans. AC=43KC, AB=2.8KT 





B 20' E 20° F 20° 


Fig. 7-30 Fig. 7-31 


7.22. Find the forces in members AB and CD in Fig. 7-31. Ans. AB =3.06KNC, CD =2.31kKNC 


Solve Problems 7.23 through 7.26 by the method of sections for the forces in the members checked in the 
individual figures. 


7.23. Figure 7-32. Ans. DF =3.46kNC, DE =0, CE =3.46KN T 





lm C 10m E 10m G 10m 


Equilateral Tnangles 





Fig. 7-32 Fig. 7-33 


7.24. Figure 7-33. Ans. CE=11.9KT, CD =0 
7.28. Figure 7-34. Ans. DF =833NC, DE =322NT 


7.26. Figure 7-35. Ans. BD =S000IbC, EF =0 





1000 Ns Equilateral Triangles 


Fig. 7-34 Fig. 7-35 
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7.27. Solve for the forces in kips in the members CE and DF in the truss of Fig. 7-36. All triangles are 
equilateral. Use the method of sections, Ans. CE=404KT, DF =404KC 





7.28. Solve Prob. 7.15 for members DF and CE only. Use method of sections. 
7.29. Solve Prob. 7.25 by the method of joints. 


7.30. Determine the forces in all members in Fig. 7-37. 
Ans. AB =4.00KNC, AD =2.00kNC, BD =4.00KN T, BC =3.46kNC, CE =3.46kKNC, 
CD =4.00 kN C, DE = 2.00 KN T 





Fig. 7-37 Fig. 7-38 


7.31. A car is located on the span CD as shown in Fig. 7-38. It impresses a load of 4000 Ib, which is equally 
distributed on all four wheels. Since there are two identical trusses to support the rails, the load is 
1000 Ib at C and 10001b at D. What are the forces in the members of the truss? 
Ans. AB =3.0K T, AF =0.47K T, AG =1.67K T, GF =3.72KC, BF =0.5KC, BC =2.0KT, 
BE =1.12KT, FE=3.35KC, CE=10KC, CD=2.0KT, ED=2.24KC 


7.32. In Fig. 7-39, the 1800-kKN load is applied horizontally to the truss shown with a pin support at A and a 
roller support at &. Determine the forces in AB and CE. Ans. CE =4070N T, AB = 1300NC 


1800N. GimF | 





i 4 panels at 3 m each = 12 m ae 


Fig. 7-39 Fig. 7-40 
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7.33. Determine the forces in all members of the truss subjected to the three loads shown in Fig. 7-40. 
Ans. AC=7.83KNC, AB =7.00KN T, BC =2.00KNC, CD =7.83 KN C, BD =2.83 kN T 
DE =0, DG =10.1kKNC, DF =5.67KN T, BE =5.00KN T, EF =S.00kKN T, 
FG =4.00 KN C, FH =9.00KN T, GH =10.1kKNC 


7.34, For the truss shown (Fig. 7-41), pin-supported at A and roller-supported at £, determine the forces in 
CE and DE when a horizontal load of 3000 Ib is applied at D. Ans. CE =943\b T, DE =21501bC 





Fig. 7-41 Fig, 7-42 


7.35. For the truss shown in Fig. 7-42 determine the forces in members BC, AD, and CD. Assume that the 
pulley is weightless and frictionless. Its diameter is 2 ft. The load of 600 Ib is held by a rope inclined 30° 
with the horizontal. Ans. BC =600Ilb 7, CD = 1200Ib T, AD =850 Ib C 


7.36. A truss that is pin-supported at A and roller-supported at D is inclined 40° with the vertical as shown in 


Fig. 7-43. The members AC and CD are cables designed for a maximum load of 2000N (in tension 
obviously). What is the maximum that may have? Ans. 180kg. 


B 


{to 






1200 N 





1000 mm 


Fig, 7-43 Fig. 7-44 


7.37. In Fig. 7-44, the truss is pin-supported at A and roller-supported at C. Determine the forces in each 
member caused by the horizontal 1200-N load. 
Ans. AC =1200N T, AB =900N T, BC =1500NC 


7.38. A truss is pin-supported at A and roller-supported at D as shown in Fig. 7-45. Determine the force in 
each member caused by the SO0-N load. 
Ans. AB=BD=47NC, AC=CD =333NT, BC =S00N T 
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Fig. 7-45 


A cable is suspended between two supports at the same elevation and 200 m apart. The load is 100 N per 
horizontal meter. The sag is 12 m. Find the length of the cable and the tension at the support. 
Ans. 1= 202m, T =42.9kN 


Calculate the sag in a wire 100 ft long held between two supports 99.8 ft apart and at the same level. Use 
equation (3) in Section 7.3, “Parabolic,” neglecting powers of d/a beyond the second. 
Ans. d=2.73 ft 


In Problem 7.40, assuming the load on the wire is 0.01 Ib per horizontal foot, what tension is necessary to 
hold it at the support? Ans. T=4591b 


The maximum allowable tension in a cable is 3000 Ib. A sag of no more than 10 ft is to be allowed under 
a load of 100 1b per horizontal foot. How far apart may the supports be placed and how long should the 
cable be? Ans. a=41.6ft, 1 =47.4 ft 


The maximum allowable tension in a cable is 1000 Ib. A sag of no more than 4 ft is to be allowed under a 
load of 1 lb per horizontal foot. How far apart may the supports be placed? Ans. a=178 ft 


The maximum allowable tension in a cable is 90,000 Ib. It is to carry a load of 200 lb per horizontal foot 
when suspended between level supports 300 ft apart. What is the minimum permissible sag? 
Ans. d= 26.6 ft 


Using the data of Problem 7.40, compute the maximum tension in the wire and its sag assuming the 
weight is 0.01 Ib per lineal foot along the wire. Ans. T=4.4\b,d=2.9 ft 


A wire having a mass of 0.73 kg/m is stretched between two level supports 48 m apart. If the sag is 12 m, 
determine the length of the wire and the maximum tension. Ans. {=54.9m, T =268N 


A transmission wire 230 m long having a mass of 0.97 kg per lineal meter is suspended between towers of 
equal elevation 229 m apart. Find the maximum tension and the sag. Ans. T =6840N,d=9m 


A transmission line cable is to be strung between two towers at the same elevation and 800 ft apart. The 
cable weighs 5 lb/ft and its length is 1000 ft. What are the sag and maximum tension? 
Ans. d= 266 ft, Trax = 3020 Ib 


A rope 50 ft long weighs 0.] Ib per lineal foot. How far apart should supports be placed so that a 
maximum tension of 10 Ib is induced? Use equations (3) and (5) in Section 7.3, “Catenary”. 
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A wire weighing 0.5 [b/ft is stretched between two level supports 160 ft apart. If the sag is 40 ft, 
determine the length of the wire and the maximum tension. Ans. 1= 184 ft, T =63 Ib 


A parabolic cable carries a load of 200 1b per horizontal foot. The distance between anchors is 100 ft. 
The difference in elevation of the two anchors is 20 ft, with a sag, measured from the lower anchor, of 
8 ft. Determine the tension at the two anchors. Ans. 1, = 20K, Tp =16.7K 


A transmission line, weighing 4 lb/ft, is strung between two towers 2000 ft apart that have a 200-ft 
difference in elevation. The line is strung in such a way that the slope is horizontal at the lower tower. 
Determine the tensions at the two towers. Ans. Tigax = 40.8 K, H = 40.0K 


During an ice storm, a cylinder of ice forms on a telephone line. The line is strung between poles 80 ft 
apart. The weight of the clean line is 0.3 lb/ft. How much ice can form if the sag is not to exceed 5 ft and 
the maximum allowable tension in the line is 6000 1b? Assume the ice to be a solid cylinder with weight 
density 56 lb/cu ft. Ans. dia. = 10.8in 


A rope weighing 1.5 lb/ft is anchored to a wall and passes over a small frictionless drum 40 ft from the 
wall and at the same elevation. The sag of the rope is 2 ft. What must the length of the hanging rope be 
to prevent slip on the drum? Ans. h = 102 ft 


A cable is to be strung from two towers at the same elevation and 800 ft apart. The weight of the cable is 
5 lb/ft and the maximum sag can be 270 ft. What is the length of cable? Ans. 1010ft 


Chapter 8 


Forces in Beams 


8.1 BEAMS 


A beam is a structural member that has a length considerably longer than its cross-sectional 
dimensions. It carries loads that are usually perpendicular to the longitudinal axis of the beam, and 
thus the loads are at right angles to the length. The loads may be distributed over a very small 
distance along the beam, in which case they are called concentrated, or they may be distributed over 
a measurable distance, in which case they are called distributed. 

Because design criteria usually are concerned with the ability of a beam to withstand shear forces 
and bending moments, this chapter will not treat external loads that are not perpendicular to the 
beam. These cause axial forces in the beam. 


8.2 TYPES OF BEAMS 


(a) Simple: Supports are at the ends. See Fig. 8-1(a). 


(6) Cantilever: On end is mounted in a wall and the other end is free (this is the only type considered here). 
See Fig. 8-1(b). 
(c) Overhanging: At least one support is not at the end. See Fig. 8-1(c). 





Simple Beam with Cantilever Beam with Overchanging Beam with 
Concentrated Loads Uniformly Distributed Load Nonnniformly Distributed Load 
(2) (b) (2) 
Fig. 8-1 


8.3 SHEAR AND MOMENT 


Shear and moment at a cross section C—D in a beam are best visualized by dividing the beam 
into two parts A and B (see Fig. 8-2) to the left and right respectively of C-D. A free-body diagram 
of part A must show all the external forces acting on A as well as the forces that B exerts on A to 
hold it in equilibrium. 

The equilibrating forces that part B exerts on part A in the free-body diagram are (a) a vertical 
force V and (b) a set of horizontal distributed forces that, because they have a zero sum, are 
represented only by their moment ™. 

Shear at the section C—D is the vertical force V obtained by equaitng the sum of all the vertical 
forces to zero. 

Moment ™ at the section C—D is obtained by equating to zero the sum of the moments of all 
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forces about a point in the cross section. In the types of problems considered here, any point in the 
cross section can be used as a moment center. 





w Tb/ft or Nan 


Fiz 


Ry 


In beam theory it is customary to call the shear V positive if it acts down on the left part A (if the 
right part B is used as a free-body diagram then positive shear V must act up). Bending moment M 
at a section is positive if it acts counterclockwise on the left part A (if the right part B is used as a 
free-body diagram then a positive moment M must act clockwise). Figure 8-3 illustrates these points. 


Py Py Py 


we Ibfft or N/m 





Shear V at a section may now be thought of as the sum of all the vertical forces to the left of the 
section. where an up force is said to cause positive shear (if the sum of the forces to the right of the 
section is used a down force is said to cause positive shear). 

Moment M at a section may be evaluated as the sum of the moments about that section of all of 
the forces to the left of the section. An up force to the left of the section causes a positive moment at 
the section. If the right portion is used an up force contributes positive moment (in contrast to the 
sign reversal in defining shear). 

Naturally, shear and moment will usually vary with the location of the section. Problems 8.1 and 
8.2 illustrate these principles. 


8.4 SHEAR AND MOMENT DIAGRAMS 


Shear and moment diagrams present a graphical picture of the variation of V and MM across a 
beam. Summations of forces and moments of forces to the left of the section (or to the right if 
desired) can be used to plot V and M directly for simpler problems. 


8.5 SLOPE OF THE SHEAR DIAGRAM 


The slope of the shear diagram at any section along the beam is the negative of the load per unit 
length at that point. 
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Proof: Figure 8-4 shows a portion dx of a beam. The load per unit length is approximately w 
on this short piece. The shear V and moment M at the left are assumed positive. The shear and 
moment at the right arc assumed to increase to V+ dV and M + dM, respectively. Then 


SM R.=0=4V—-wax—-(WV+av) 


from which dV = —w dx or dV/dx = -—w. 
wida 
“ |" +dM 
Jt +dV 
i 8-4 


8.6 CHANGE IN SHEAR 


The change in shear between two sections of a beam carrying a distributed load equals the 
negative of the area of the load diagram between the two sections. 
Proof: From the preceding proof, use dV = —w dx and integrate from x, to x2. Thus, 


Vs As ae 
[ av =| (-w) dx or BWM -{ (+w) dx 
vi «1 ut 


where | (+w) dx is the area of the load diagram between the two sections. 


8.7 SLOPE OF THE MOMENT DIAGRAM 


The slope of the moment diagram at any section along the beam is the value of the shear at that 
section. 

Proof: Using the diagram of the preceding proofs, equate the sum of the moments about the 
right end to zero and obtain 


dy 
—-M-Vax +wdx + M+dM=0 


Neglecting differentials of second order, this becomes dM = V dx or dM/dx = V. This also indicates 
that the moment is a maximum (or minimum) where the shear diagram crosses the zero line. 


8.8 CHANGE IN MOMENT 


The change in the moment between two sections of a beam equals the area of the shear diagram 
between the two sections. 


L1& FORCES IN BEAMS (CHAP. 8 


Proof: From the preceding proof, use dM = V dx and integrate from x, to x2. 


Mo xD Aad 
[ am ={ V dx or M,—- M, | V dx 
A y Aa 


A, 


where | V dx is the area of the shear diagram between the two sections. 


Refer to Problems 8.3-8.5. 


Solved Problems 


8.1. In the simple beam shown in Fig. 8-5, determine the shear V and moment M at section C-D 
2 m from the left end. 


300 N 


M 
2m {} ( Vio2am 2m 
| Ay B 
100 N 200 N 


Fig. 8-5 


100 N 





200 N 


SOLUTION 


The reactions are 100 and 200.N as shown. Free-body diagrams of left and right portions of the 
beam are shown in Fig. 8-5. Using the left part A, the shear is the sum of the forces to the left, or 


V = +100N 


If the right portion B is used. the shear is the sum of the forces to the right of the section (but now 


a down force is positive): hence. 
V=+100N 


The moment © at the section can be evaluated as the sum of the moments of all vertical forces to 
the lefl. An up force causes positive moment at the section: hence, referring to Fig. 8-5, 
M = +100(2) = +200N-m 
If the right portion is used. an up force contributes positive moment: hence, for the right portion in 
Fig. 8-5, 
M = —300(2) + 200(4) = +200 N-m 


8.2. Draw shear and moment diagrams for Problem 8.1. It is necessary to use two free-body 
diagrams as shown in Fig. 8-6. 


SOLUTION 


The free-body diagram A, shows that for 0<x<4m, V=+100N and M = +100x N-m. The 
free-body diagram A. shows that for 4m<x<6m, V=—200N and M = +100x — 300(x — 4) = 
—200x + 1200 N-m. If the free-body diagram B, is used then M = +200(6 — x) = -200x + 1200N-m 
(be sure to use x as the distance from the left end). The value of M at x =4m is M = +400N-m. 

The above information may now be plotted as shear and moment diagrams (see Fig. 8.7). 
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Fig. 8-6 Fig. 8-7 


mated 8.3. Determine the shear and moment equations for the beam shown in Fig. 8-8. Draw shear and 
moment diagrams. 


SOLUTION 


First determine the right reaction Ry by equating the sum of the moments of all external forces 
about the left end to zcro. The 20-kg/m mass may be replaced (this should only be done to determine 
the reactions) by a (20 * 9.8)(6) or 1176-N load at its midpoint. 


> Mg, = 18Ry — 4000 - (3)1176=0 Ry =418N 
> Mz, = —18R, — 4000 + (15)1176 =0 RR, = 758N 


In the interval 0 <x <6m the free-body diagram shown in Fig. 8-9 holds. 





1964 N 
196 Nim 4000 N +m 
j 
O<r<6 m M 
A v 

R, Ry x 

—-tn——-s 6m — +4 6m 
758.N 
Fig. 8-8 Fig. 8-9 


A vertical summation of all forces acting on the free-body diagram yields 


SR =758-196x -V=0 V=758-196x N 
SS Mo = —758x + 196x(x/2) +M =0 M = 758x — 98x? N-m 


The shear shows that V is the sum of the forces to the left of the section, and M shows that the moment 
at a section is the sum of the moments of all vertical forces and couples to the left of the section. 
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The free-body diagrams are shown in Fig. 8-10 for sections (a) and (b) along the beam. The 
equations are as follows: 


from Fig. 8-10(a). V=—418N 


M =—418x +3528N-m 
from Fig. 8-10(b), V=—418N 


M=—418x + 7528N-m 
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Shear and moment diagrams are shown in Fig. 8-11. To determine the location and value of the 
maximum moment, remember that the slope of the moment diagram is equal to the shear value at that 
point (see Sec. 8.7). The moment will be a maximum when the slope (or shear force) is zero. Hence, 


758-196a=O0 a=3.87m 
The maximum moment then becomes the area under the shear curve from 0 to am, or 
Minax = 758 (3.87)/2 = 1467 N-m 


It should be noted that, at the right end of the moment diagram, the value calculated from the shear 
curve is not exactly zero. This is due to rounding off. 


8.4. The simple beam shown in Fig. 8-12 supports a triangular load and a uniformly distributed 
load. Derive the shear and moment equations. 


SOLUTION 


To determine the reactions R, and R,, visualize the resultant of the triangular load [5(120)(9) = 
540 Ib] at the two-thirds point (6 ft from the left end). Then visualize the resultant of the rectangular 
load [120(10) = 1200 Ib] at its midpoint, which is 5 ft from R,. Sum moments about the left end to obtain 


— $(120)(9)(6) — (120)(10)(9 + 5) + 19R, =0 


From this equation, R, = 1055 lb. 
Now sum moments about the right end to obtain 


+4(120)(9)(19 — 6) + (120)(10)(5) — 19R, =0 


Hence, FR, = 685 lb. 
Note that, as a check, R, + R, = 1740 1b, which is the sum of the two loads [3(120)(9) + (120)(10)]. 
Next draw a free-body diagram of a section of the beam and its loading in the interval 0<.x < 6 ft. 
This is shown in Fig. 8.-13. Using similar triangles, we get a height for the load at x of (x/9)(120) Ib/ft. 
The total loading is 3x(x/9)(120), located at x«/3 to the left of the section. Thus, 


1 / 60 , 
V= — 5 x(5}020) + 685 = 45 x° + 685 Ib 


2 


9 10" 4 x(/99(120) 
| | l 9)(120 
120 Ibjft eee) 


L / ; 
M= -5 «(5)c020) 5 + 685x = — ae + 685x Ib-ft 


Fig. 8-12 Fig. 8-13 


To determine shear and moment for a section that is in the interval 9ft<x<19ft, draw the 
free-body diagram shown in Fig. 8-14. The triangular load is equal to 3(9)(120) = 540 Ib located 6 ft from 
the left end or x —6 to the left of the section. The rectangular load is 120(1—9) and is located 
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9+ (x —9)/2=x/2+ 4.5 ft from the left end, or x/2 — 4.5 ft to the left of the section. Thus, 


V = 685 -- 540 — 120(x — 9) = —120x + 1225 Ib 


M =685x — 540(x — 6) — 120(x — (5 — 43) = —60x" + 1225x — 1620 Ib-ft 


The reader can check the last equations to see if the moment at the right end is close to zero, as it 
should be. 


Draw shear and moment diagrams for the bear shown in Fig. 8-15. 
SOLUTION 
Summing moments about R,, 
+2000(5) — 1400(13) + 20Rz = 0 or Rr = 41016 
Summing moments about Rez, 
+2000(25) ~ 20R, +1400(7)=0 or ——-R, = 2990 Ib 


In drawing the shear diagram (see Fig. 8-16) make use of the fact that the shear at any section is the 
sum of the forces to the left of the section, an up force contributing positive shear. 

For a section a very small distance ¢ in from the left. V = —2000 Ib and remains this value until the 
left reaction is reached. Thus, an ¢ to the left of the left reaction, V = ~20001b; but an € to the right of 
this reaction, V = +990 1b. It remains this amount until the distributed load is reached. Then the shear 
decreases (load is down) at the rate of 100 lb/ft. It reaches zero at 9.9 ft (990/100). Its value an € to the 
left of the right end is —410 lb. The right reaction thus closes the shear diagram. 

To draw the moment diagram (see Fig. 8-16), first determine the moment at the left end (really an 
€ to the right of the left end). This value is —2000e lb-ft or zero at the left end. From x = 0 to x =5 ft, 
the shear is negative (constant value); hence, the slope of the moment diagram is a constant negative 
value. The moment just to the left of the left reaction equals the moment at the left end (zero) plus the 
area of the shear diagram from the Ieft end to the left reaction [negative 5(2000) = — 10,000 Ib-ft]. 

The shear is a constant positive value from x =5 ft to x = 11 ft; hence, the slope of the moment 
diagram is positive. The change in moment is the area of the shear diagram from x = 5 ft to x = 11 ft; or 
+6(990) = +5940. Thus, the moment changes from — 10,000 to (—10,000 + 5940) = —4060 lb-ft. 

The shear area is positive over the next 9.9 ft, at which point the moment is a maximum (where 
V =0). The increase in moment from x = 11 ft to x = 20.9 ft is the area of the triangular shear diagram, 
that is, 3(990)(9.9) = 4900 Ib-ft. 

Thus M at x = 20.9 ft is (—4060 + 4900) = +840 lb-ft. Since the shear is positive but decreasing in 
this interval 11 ft <x < 20.9 ft, the moment diagram has a positive but decreasing slope up to the value 
of 840 Ib-ft. 
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To complete the moment diagram, note that the last shear area is negative but the magnitude of V 
is increasing. Hence, the moment curve has a negative slope that becomes more negative. Also, the 
moment curve drops in value an amount equal to the last shear area, which is 3(4.1)(410) = 840 lb-ft. 
This means the moment at the right end is zero, as it should be. 


Supplementary Problems 


A cantilever beam supports a triangular load, and the uniformly distributed load is shown in Fig. 8-17. 
Derive the shear and moment equations. 
Ans. 0<x <6ft, V = —3x7 lb, M = — 9x? lb-ft: 6 ft<x < 12 ft, V = +600 — 200x Ib, 

M = -1200 + 600x — 100x? Ib-ft 
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maheed = 8.7, For Figs. 8-18 to 8-24, derive the shear and moment equations for the beams shown. Also verify the 
shear and moment diagrams. All x distances are measured from the left end of each beam. 
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O<x <4 ft 
ME =o Mom eS AT 1 ae = 41800x Ib-ft 


V=0 
tu = 7200 Ib-ft 
V = +800 — 100x Ib 
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Chapter 9 


Friction 


9.1 GENERAL CONCEPTS 


Static friction between two bodies is the tangential force that opposes the sliding of one body relative to the 
other. 


Limiting friction F' is the maximum value of static friction that occurs when motion is impending. 
Kinetic friction is the tangential force between two bodies after motion begins. It is less than static friction. 


Angle of friction is the angle between the action line of the total reaction of one body on another and the 
normal to the common tangent between the bodies when motion is impending. 


Coefficient of static friction is the ratio of the limiting friction F’ to the normal force N: 
_ F’ 
wOON 
Coefficient of kinetic friction is the ratio of the kinetic friction to the normal force. 


Angle of respose a is the angle to which an inclined plane may be raised before an object resting on it will 
move under the action of the force of gravity and the reaction of the plane. This state of impending motion 
is shown in Fig. 9-1. 





Fig. 9-1 


The resultant R of F’ and N is shown acting opposite but equal in magnitude to the force of 


gravity W = Mg. Although motion impends, the body is still in equilibrium. By trigonometry, a = @. 
Hence, the coefficient of friction 4. may be determined by raising the plane to the angle a at which 
motion impends. At that angle, x = tan ¢@ and hence p = tan a. 


9.2 LAWS OF FRICTION 


(2) 


(b) 
(c) 
(@) 


The coefficient of friction is independent of the normal force; however, the limiting friction and kinetic 
friction are proportional to the normal force. 


The coefficient of friction is independent of the area of contact. 
The coefficient of kinetic friction is less than that of static friction. 


At low speeds, friction is independent of the speed. At higher speeds, a decrease in friction has been 
noticed. 
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(e) The static frictional force is never greater than that necessary to hold the body in equilibrium. In solving 
problems involving static friction, the student should assume the frictional force to be an independent 
unknown unless the problem clearly states that motion is impending. In the latter case. one may use 
limitmg friction F' = zN, as in (5) above. 


9.3 JACKSCREW 


The jackscrew is an example of a frictional device. For the square-threaded screw shown in 
Fig. 9-2, there are essentially two problems: (a) the moment of the force P necessary to raise the 
load and (6) the moment of the force P necessary to lower the load. 





In each case the turning moment is about the longitudinal (vertical in the figure) axis of the 
screw. 

In case (a) the turning moment must overcome friction and raise the load W, whereas in case (b) 
the load W helps to overcome the friction. To raise the load W, the screw must turn counter- 
clockwise when viewed from the top. 

Let £ be the lead angle, i.e., the angle whose tangent is equal to the lead divided by the mean 
circumference (the lead is the distance the screw moves in one turn). Let @ be the angle of friction. 
The formulas for the two cases, where r is the mean radius of the thread, are 


(a) M=Wrtan(¢ + B) 
(b) M=Wrtan(¢ — B) 


These formulas hold also if the screw is turning at constant speed. Of course, @ is then the angle 
of kinetic friction. They also apply to a jackscrew in which a cap is added to act as a bearing for a 
load. To be accurate, another term should be added to the right-hand side of each formula to 
represent the moment necessary to overcome the friction between the cap and the screw. This extra 
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term is of the form Wyr,, where W is the load, yz is the coefficient of friction between the cap and 
the screw, and r, is the mean radius of the bearing surface between the cap and screw. See Problem 
9.14 for an application of this formula. This is an approximation for the more accurate expression for 
collar frictional moment. 


9.4 BELT FRICTION AND BRAKE BANDS 


Belt friction and brake bands also illustrate the use of friction. When a belt or band passes over a 
rough pulley, the tensions in the belt or band on the two sides of the pulley will differ. When slip is 
about to occur, the following formula applies: 


T= Tre“ 


where 7, = larger tension 
7; = smaller tension 
pe = coefficient of friction 
a = angle of wrap in radians 
e = 2.718 (base of natural logarithms). 


9.55 ROLLING RESISTANCE 


Rolling resistance occurs because of the deformation of the surface under a rolling load. 
Figure 9-3 exaggerates this effect. A wheel of weight W and radius 7 is being pulled out of the 
depression and over the point A by the horizontal force P. Naturally this is a continuous process as 
the wheel rolls. 





Fig. 9-3 


A summation of moments about point A yields the following equation: 
SM, =0=W Xa-P x (OB) 
Since the depression is actually very small, the distance (OB) may be replaced by r; hence, 
PxXr=WxXa 


The horizontal component of the surface reaction R is equal to P by inspection, and is called 
rolling resistance. The distance a is called the coefficient of rolling resistance, and is expressed in 
inches or millimeters. Values of the coefficients for various materials have been tabulated, but the 
results have not been uniform. 


130 FRICTION [CHAP. 9 


Solved Problems 


vf. 
i 9.1. The 12-ft-long ladder AB weights 30 Ib. It rests against a vertical wall and on the horizontal 
floor, as is shown in Fig. 9-4(@). What must the coefficient of friction x be for equilibrium? 





C) (6) 
Fig. 9-4 


SOLUTION 


The free-body diagram in Fig. 9-4(b) shows the 30-Ib weight, the normal forces at A and B, and the 
limiting frictional forces nN, and ypN,g. The equations of equilibrium are 


Dd F.=0=N,-uNy (7) 
D 5 =0=Nz + pN, — 30 (2) 
SS M, = 0 = —30(6 cos 50°) + Ng(12 cos 50°) — j2Np(12 sin 50°) (3) 


Substitute the value of N, from equation (7) into equation (2) to find Nz = 30/(1 + p’). 
Use this value of N, in equation (3) to get 


30 = 
itp (12 cos 50°) 








—30(6 cos 50°) + (12 sin 50°) = 0 


1+ yp? 


This yields p = 0.36. 


J. 
a 9.2. Determine the smallest angle @ for equilibrium of a homogeneous ladder of length / leaning 
against a wall. The coefficient of friction for all surfaces is j. 


SOLUTION 


Assuming slipping to impend, draw a free-body diagram of the ladder. There are three unknowns: 
N,, N, and @ (see Fig. 9-5). The three equations of equilibrium are 


>A =0=M— BN, (1) 
S R=0=N,-W+ pn, (2) 
> M, =0= —W3i cos 8 + NzI cos @ — Nz sin 8 (3) 
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Substitute NM, = N, into equation (2) to get N.=W/(1+ py’). Substitute this value of N, into 
equation (3) to get @ = tan" [(1 — yx.*)/2p]. This is the critical value of @ below which slip will occur. 


NA 
TNs 


Ns 
Fig. 9-5 


9.3. Determine the value of P that will cause the 70-kg block in Fig. 9-6(a) to move. The 
coefficient of static friction between the block and the horizontal surface is 4. 


P. P RB 
mm 20° 20° 
4m 
oO 
Oo F. 
ret 0 


N, N, 
(2} {b) (e) 





Fig. 9-6 


SOLUTION 


Motion may ensue in two ways, assuming that P is applied gradually. The block may slide to the 
left or it may tip about the forward edge O. 

First determine the value of P to cause sliding to the left. In this case limiting friction is used as 
shown in Fig. 9-6(6). The equations that apply are 


S FE, =0= P sin 20° — 686 + N, (7) 
SB, =0= —P cos 20° + F' (2) 

Since F' = pN, = 4N, substitute into equation (2). The equations are then 
P sin 20° + N, = 686 (3) 
—P cos 20° + 4N, =0 (4) 
or P sin 20° + N, = 686 (5) 
4P cos 20°—- N, =0 (6) 


Add equations (5) and (6) to obtain P = 167N. 
Refer to Fig. 9-6(c). Next assume that the block will tip about the forward edge at O. Determine 
the value of P to do this. Note that in this determination no indication of the size of the frictional force 
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is given. It must be labeled F, as shown in Fig. 9-6(c). Since the block is assumed to tip, the normal force 
is at O. The equations of equilibrium are 


> Mo = 0 = P cos 20° X 4 — 686 X 3/2 (7) 
SB, =0= —P cos 20° + F (8) 
> F.=0= ~P sin 20° + N, — 686 (9) 


Equation (7) yields directly P = 274.N. The investigation can be stopped here. since to cause sliding 
P must equal 167 N, whereas to cause upping P must go to 274.N. It is thus seen that sliding will be the 
first to occur as P increases steadily from zero to a maximum. 


Will the 200-Ib block shown in Fig. 9-7(a@) be held in equilibrium by the horizontal force of 
300 lb? The coefficient of static friction is 0.3. 





Fig. 9-7 


SOLUTION 


In this case it is unlikely that the force of friction is exactly the limiting value. Assume that the 
300-Ib force is more than sufficient to hold the block from sliding down the plane. Then it may be large 
enough to cause motion up the plane. To check this condition. assume that F acts down the plane as 
shown in the free-body diagram in Fig. 9-7(b). 

The equations summing the forces parallel and perpendicular to the plane are 


> f= 0=—F —200 sin 30° + 300 cos 30° (1) 
© F. =0 = +N, — 200 cos 30° - 300 sin 30° (2) 


Solving these equations, F = 160 1b: N, = 323 Ib. 

This indicates that the value of F necessary to hold the block from moving up the plane is 160 Ib. 
However, the maximum value obtainable is F’ =0.3 N, = 0.3 X 323 =97 1b. This means that the block 
will move up the plane. What happens after motion starts is the subject of later chapters. 


What horizontal force P on the wedges B and C is necessary to raise the weight of 20 tons 
resting on A? See Fig. 9-8(a). Assume yx between the wedges and the ground is | and pu 
between the wedges and A is 0.2. Also assume symmetry of loading. 


SOLUTION 


By considering the entire setup as a free body, it is evident that the normal force between the 
ground and each wedge is 10 tons or 20,000 Ib. 


Draw a free-body diagram of wedge B (see Fig. 9-8(b). Here the normal force of 20,000 Ib is shown 
acting vertically up. The force of friction between the wedge and ground opposes motion, as shown. 
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9.6. 





F’ = 1N, = 5000 Ib 
20,000 Ib 


{a) {b} 
Fig. 9-8 


Since motion impends. its value is 4 X 20,000 Ib = 50001b. The normal force of A on b is of course 
perpendicular to their tangent surface, while F' is the limiting value of friction drawn so as to oppose 
motion. This completes the free-body diagram of B. showing only forces acting on B. The equations of 
equilibrium are then 


bts , _ 10 
> Ff, =0= P— 5000 — Ny Vio eat (1) 
& 10 l 

F, = 0 = 20,000 — N, == + 0.2N) == 2 
2 f= 0 = 20,000 Vion Vial (2) 


From equation (2), Ns = 20,500 Ib. Substituting into equation (7). P = 11,100 Ib. 


Block B rests on the block A, and is attached by a horizontal rope BC to a wall as shown in 
Fig. 9-9(a). What force P is necessary to cause motion of A to impend? The coefficient of 
friction between A and B is 5, and between A and the floor is 5. A has a mass of 14 kg and B 
has a mass of 9 kg. 


~ [etc 
Na) 


(a) 





SOLUTION 


Since motion of A impends to the left, it will tend to drag B with it because of friction. A free-body 
diagram of B shows F;, acting to the left [see Fig. 9-9()]. 

A summation of forces vertically indicates that N, = 88.2 N. Therefore, Fj; = 22.1 N, and, since B 
does not move, the tension 7 is also 22.1 N. 

Draw a free-body diagram of body A as shown in Fig. 9-9(c). In this figure F;, is shown acting to 
the right, opposing motion. The equations of equilibrium are 


a N 
© fx =0=—P cos as? +" 422.1 (1) 


SY F,=0= +P sin 45° + N, — 137 - 88.2 (2) 
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Since sin 45° = cos 45°, add the two equations to obtain VN, = 152 N. Substitute for V, in equation (2) to 
obtain P = 104N. 


What should be the value of the angle 6 so that motion of the 40-kg block impends down the 
plane? The coefficient of friction y for all surfaces is 4. Refer to Fig. 9-10(a). 


13.5 x 9.8 = 132 N 





(o) (b) (e) 
Fig. 9-10 


SOLUTION 


Draw free-body diagrams of the two weights and sum the forces parallel and perpendicular to the 
plane. By inspection, NV, = 132 cos @ in the free-body diagram of the 13.5-kg mass. The equations for the 
40-kg mass are 


> FR, =0= —392 sin @ + 4N, + Ny (7) 
SF =0=N,—392cos@—N, (2) 


Substitute NV, = 132 cos @ into equations (/) and (2). Then eliminate N, to find @ = 29.1%. 


A body weighing 350 Ib rests on a plane inclined 30° with the horizontal as shown in Fig. 9-11. 
The angle of static friction between the body and the plane is 15°. What horizontal force P is 
necessary to hold the body from sliding down the plane? 





Fig. 9-11 


SOLUTION 


Since a slight decrease in P would cause motion down the plane, the limiting value of friction F’ is 
used. The reaction & is shown acting at the angle of friction ¢ of 15° with the normal and in such a way 
as to assist the force P. 
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It should be noted that the angle of static friction can be used only if motion impends. 
The equations of motion are obtained by summing forces parallel and perpendicular to the plane: 


S) R=0= P cos 30° — 350 sin 30° + R sin 15° 
SS) F, =0= R cos 15° — 350 cos 30° — P sin 30° 


Solving simultaneously by multiplying the first equation by cos 15° and the second equation by sin 15°, 
we obtain P = 93.4 Ib. 


99. Refer to Fig. 9-12(a). Determine the necessary force P acting parallel to the plane to cause 
motion to impend. Assume that the coefficient of friction is 0.25 and that the pulley is smooth. 





r 135 x 9.8 = 1323 N 

-_* 

oo 
o £ 

——— = 
O.25Ns 

P My 

45 x 9.8 = 445 N Na 


(a) {b) (ce) 
Fig. 9-12 


SOLUTION 


Draw free-body diagrams of the two masses in Fig. 9-12(b) and (c), indicating the tension in the 
rope by 7. By inspection, N,=1323N: hence, 7 =0.25N,=331N. Also by inspection, N, = 
441 cos 45° = 312 N; thus, F;=78N. A summation of forces parallel to the inclined plane yields 
> F=0=P +441 x 0.707 — 331 — 78, or P=97.2N. 


9.10. See Fig. 9-13(a). What is the least value of P to cause motion to impend? Assume the 
coefficient of friction to be 0.20. 


100 Ib 


a 
4 


Ny; 





150 





(2) (o) 
Fig. 9-13 
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SOLUTION 


Draw free-body diagrams of both weights. Note that P is shown at an unknown angle @ with the 
horizontal. By inspection, N, = 150 cos 60° = 75 Ib: hence, T =0.20N, — 150 cos 30° = 145 1b. The equa- 
tions of equilibrium for the 100-Ib weight are 


YF, = 0 =P cos @ ~ 0.20N; — 145 (1) 
S F,=0=P sin @+N,— 100 (2) 
Eliminate N, between these two equations to obtain 


165 


The value of P will be a minimum when the denominator (cos @ + 0.20 sin @) is a maximum. Take 
the derivative of the denominator with respect to 6 and set this equal to zero to determine the value of 6 
that will make P a minimum: 


1 
3 (cos @ + 0.20 sin 6) = —sin @ + 0.20 cos @ =0 or @ = tan™' 0.20 = 11°20' 


Hence, the minimum value of P is 
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P= —_JH——_ = 162 lb 
cos 11°20' + 0.20 sin 11°20’ i 


See Fig. 9-14. Will the 180-N force cause the 100-kg cylinder to slip? The coefficient of friction 
is 0.25. 


180 N 





100 x 8.8 = 980 N 


SOLUTION 


Since it is unknown whether or not the cylinder slips, it is not possible to say A= pN, and 
F,=pN,. Therefore, consider F, and F, as unknowns together with N, and N;. The equations of 
equilibrium are 


> fy, =0=F— Ns + 180 (1) 
SS) A.=0=N,+ 6-980 (2) 
SM, =0= -180x2r +R Xr+N,Xr (3) 


Solve for N,, Nz, and F, in terms of A. These values are N,=980—F, No =360—F, and 
Fi =180—- FB. 

Let us assume F, is at its maximum valuc, that is, 0.25N,, and solve for N;, M,, and F using 
equations (1), (2), and (3). Then N, = 288 N, N, = 908N, and F, = 108N. 
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This means that if & assumes its maximum static value then F, must be 108 N to hold the system in 
equilibrium. Since the maximum value of F, obtainable is 0.25N, = 227 N, the cylinder will not rotate. 


9.12. See Fig. 9-15(a). What must be the coefficient of friction between the gripping surfaces of the 
tongs and the mass m to prevent slipping? 





P 
shi mm | P 
90 mm 
ae 
oT 
T T 
360 mm (b) 
Cc ae 
AN uN 
240 mm N N 
= iS 
mg 
a ee (c) 
(a) (2) 
Fig. 9-15 


SOLUTION 


A free-body diagram of the tongs and mass m would indicate that P = mg. 
The free-body diagram of the top pin in Fig. 9-15(b) shows that 


9 Smeg 
Fo=0=P-2Tx— = 
> =0=P is or T 6 
The free-body diagram of the mass m in Fig. 9-15(c) shows that 
>) f =0=2pN —meg or un="8 


Draw a free-body diagram of one arm of the tongs [refer to Fig. 9-15(d)]. Here 


12 9 
+2, Mc = 0 = —T X72 x 360 — T X= x 120 + N X 240 — wN x 40 


15 
ituti Sng 12 5mg_ 9 mg 
Substituting, NE yy 2 969 =e ee “ins ape lE Rapes 
8 S045 6 15 120 0 5 0=0 
Hence, y = 240+ 60+ 20)mg _ amg 
240 3 
Finally, ae BN _ me/2 gan 


'N 4meg/3 
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9.13. Refer to Fig. 9-16. The coefficient of friction between a copper block A and an aluminum 
block B is 0.3, and between the block B and the floor is 0.2. The mass of block A is 3 kg and 
of block B is 2 kg. What force P will cause the motion of block A to impend? 


7 


B 
Fig. 9-16 


SOLUTION 


This represents a class of problem that is characterized as a multiple-mode slip problem, in that 
there is more than one way for motion to impend. The procedure for analysis can be summarized in four 
steps. 

1. Assume a possible mode of slipping. 

2. Calculate the friction necessary to prevent slip at all the other possible slip surfaces. 

3, Test whether there is sufficient friction at these other surfaces to prevent slip. 

4. If there is enough friction, the problem is solved. If there is not enough friction to prevent slip, 
choose a second possible mode of slipping and repeat the process. 


In this problem let us assume that slip will impend at the surface between A and B, but not 
between B and the floor. The free-body diagrams are shown in Fig. 9-17. Note that since we assume no 
impending slip between block B and the floor, Fy # 0.2N,. The equations of equilibrium are 


For A, 

SF =N,-29.4=0 

S) B, =P -0.3N, =0 
For B, 

> = Ng —N,-19.6=0 

SF, =0.3N,— Fe =0 
Solving yields Fz; =8.82N and N,=49N. The largest value of friction before slip impends is 
F,=0.2Ng = 9.8 N. Since we need only 8.82 N of friction for equilibrium but can generate 9.8 N, block 
B is not at impending slip and so the initial assumption is correct. If Fy > Fp then slip would occur and 
the initial assumption would be incorrect. In that case the process would be repeated with Fz =0.2N, 


and F,#0.3N,. 
From the equilibrium equation for P, P = 8.82 N. 


Gx98)N 


3N4 





Fig. 9-17 
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9.14. See Fig. 9-18. Two cylinders, each of weight W and radius r, rest in a box of width 3r. The 
sides of the box are smooth. The coefficient of friction between cylinder A and the bottom of 
the box is 0.12 and between the two cylinders is 0.3. Find the couple M that should be applied 
to cylinder B for motion of B to impend. 





$$ 3rp—_!_—_ 


Fig. 9-18 


SOLUTION 
There are two possible modes of impending slip for cylinder B: 


(a) counterclockwise rotation of B, no rotation of A: 


(b) counterclockwise rotation of B, clockwise rotation of A. 


Choose (a) as the mode of impending motion. For this case, in the free-body diagrams of 
Fig. 9-19, F, =0.3N2, but Fy #0.12N3. 
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The equilibrium equations become 


For A. 
SS) FE. =N.— Nz sin 60° — 0.3N, cos 60° - W =0 
> B= Ni + K-08 60° + 0.3N, sin 60° = 0 
SM, = Fur — 0.3Nor =0 
For B. 


SS F.= Nysin 60° + 0.3N, cos 60° — W = 0 
SB, = —N, + N3 cos 60° — 0.3) sin 60° = 0 
> Mo = M —0.3Nzr =0 


Solving for F, and N, yields 4, = 0.295W, N,=2W. Now, Fy = N= 0.24W, and since F, > F3, there is 
insufficient friction between cylinder A and the floor to prevent slip there. and so assumption (a) is false. 
This means that (b) is the mode of impending motion for cylinder B. 

The free-body diagrams are shown in Fig. 9-20. The equilibrium equations become 


For A, 
SF =N,— Ficos 60° — N. sin 60° - W =0 
> FB, = Ny + 0.123 + F sin 60° — N, cos 60° = 0 
SY Mo = 0.12Nar — Br =0 
For B. 


SS) FE. = Ns sin 60° + F; cos 60° — W =0 
S FE, = —N, + Nicos 60° — F sin 60° = 0 
SM, =™M - Er =0 
Solving, /. = 0.24W and M = 0.24Wr. 
To check that (b) is indeed the mode of slip. calculate N, = 1.02W and F3 =0.306W. So F; > F and 
there is no impending slip between the cylinders. 
A possible mode of motion cther than the two studied above is that cylinder B will roll up and over 


cylinder A. For this not to happen, N, must have a positive valuc. The equilibrium equation of horizontal 
forces for cylinder B in Fig. 9-20 gives 


SF, = —N, + Nicos 60° - Asin 60°=0 = N, = 0.302W 


This means that cylinder B does not leave the wall. 
Finally, the couple M for impending motion is M = 0.24Wr. 


Ny 





Fig. 9-20 
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9.15. 


9.16. 


9.17, 


9,18. 


The mean diameter of the threads of a square-threaded screw is 2 in. The pitch of the thread 
is 4 in. The coefficient of friction 4 = 0.15. What force must be applied at the end of a 2-ft 
lever that is perpendicular to the longitudinal-axis of the screw to raise a load of 4000 Ib? 
What force must be applied to lower the load? 


SOLUTION 


To raise the load. apply formula (a) under Section 9.3: Af = Wr tan (dé + B). 

The turning moment M is equal to the product of the force and the length of the lever. ¢ is the 
angle whose tangent is 0.15, or & = 85°. 
_ lead , 0.25 


——— = tan 


=f = =tan ' 0.0397 = 2.27° 
mean circumference n2 








Be=tan ' 


M =P x 24 = 4000 X I lan (8.53° + 2.27°). Hence, P = 31.8 Ib to raise the load. 
To determine the force to lower the load, apply the formula M@ = Wr tan (¢ — B). 
M =P X24 = 4000 * 1 tan (8.53° — 2.27°). Hence. P = 18.3 Ib to lower the load. 


A jackscrew has 4 threads per inch. Thc mean radius of the threads is 2.338 in. The mean 
diameter of the bearing surface under the cap is 3.25 in. The coefficient of friction for all 
surfaces is 0.06. What turning moment is necessary to raise 1500 Ib? 


SOLUTION 


As indicated in the theoretical discussion, a term must be added to account for the additional 
moment necessary to overcome the friction between the cap and the screw. 

M = Wr tan(@+ B) + wp Wr, where r, is the mean radius of the bearing surfaces between cap and 
screw. @ = tan | 0.06 = 3.43°, B = tan | 0.25/(27 X 2.338) = 1.00°. 

M = 1500 X 2.338 tan (3.43° + 1.00°) + 0.06 X 1500 * (3.25/2) = 418 Ib-in. 


Two pulleys, each of 750-mm diameter, are connected by a belt so that each has the belt 
around half of its circumference. The tension in the tight side of the belt is 200 N. If the 
coefficient of friction is 0.25, determine the tension in the slack side when the belt is about to 
slip. 
SOLUTION 

The angle of wrap for either pulley is 180° or zw rad. Using the equation 7, = T-e*", we have 


200 = Tx ee or 3=91.2N 


In Fig. 9-21(@) a drum 635 mm in diameter is encircled by a brake band, which is tightened by 
a vertical force P of 178 N on the lever AC. Assume that the coefficient of friction between 
the drum and the band is }. Neglect friction on all other surfaces. Determine the net braking 
moment on the drum if rotation is impending clockwise. 


SOLUTION 


In solving with rotation of the drum impending clockwise, note that friction F on the drum acts to 
oppose motion, i.e., counterclockwise. This same friction acts on the belt in an opposite or clockwise 
direction. In considering the free-body diagram of the belt, the band tension 7;- must be greater than Ty, 
since it holds both 7, and F in equilibrium. 

Taking moments about C of the forces acting on the lever, we obtain 


SM =()= +7, sin 60° X 100 — 178 x 760 or T, = 1560 N 


The angle of wrap must be found before the formula for tensions can be applied. Figure 9-22 is 
drawn to show the tngonometry of the problem. First we determine the value of @. 
In Fig. 9-22(a), 
DF _DE—EF_ 317.5— HE cos? 317.5 — 100 cos 30° 
sin 30° sin30° sin 30° sin 30° 





462 mm 
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{a} (a) 
Fig. 9-21 


From Fig. 9-22(b), @=sin”' GD/CD = sin ' 317.5/462 = 43.4. 

From Fig. 9-22(c), angle of wrap = 180° + 30° + 43.4° = 253.4° = 4.4227 rad. 

T; is greater than T,,. Hence, %. = Tpe*” = 6814 N. 

Hence, the braking moment is (7; — Tg) X 317.5 = (6814 — 1560) x 317.5 = 1670000 N - mm = 
1670 N-m. 


D 
[30° : AS 3 30° 
i™~ Ay E 
G G 
Vc 
C 10 B 
(a) (b) (c) 
Fig. 9-22 


9.19. Four turns of rope around a horizontal post will hold a 1000-lb weight with a pull of 10 Ib. 
Determine the coefficient of friction between the rope and the post. 


SOLUTION 


Use the equation 7, = T,e**, where 7, = 1000 Ib and 7, = 101]b. Hence, e** = 100. 
But «@ =the angle of wrap = 4 < 27 rad. 
From exponential tables, e*®* = 100, Hence, ap = 8zp = 4.605, or wp = 0,18. 


mancat 9.20. What force is necessary to hold a mass of 900 kg suspended on a rope wrapped twice around a 
post? Assume the coefficient of friction to be p = 0.20. 


SOLUTION 


Use the equation 7, = Ze", where 7, is the larger force (900 x 9.8 N). Hence, the holding force 
TF, = 8820/e**, where a =2 * 27 rad and yz = 0.20. The solution is 7, = 714 N. 
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9.21. A steel wheel 760 mm in diameter rolls on a horizontal steel rail. It carries a load of 500 N. 
The coefficient of rolling resistance is 0.305 mm. What is the force P necessary to roll the 
wheel along the rail? 


SOLUTION 


Wa 5000.3 
p Wa _500%0.305 0, 
r 380 


9.22. A circular shaft of diameter D in is resting in a support as shown in Fig. 9-23(a). The shaft 
supports a weight W Ib. Assuming the coefficient of friction is 4, determine the twisting 
moment M necessary to cause rotary motion to impend. 


Ww 





Fig. 9-23 


SOLUTION 


The resisting friction dF acting on the differential area dA = p dp d@ is shown in Fig. 9-23(b). The 
moment of this friction about the centerline of the shaft is p dF’. 

But the normal force on this differential area is the product of the area and the unit load, which is 
the total weight divided by the total area. Thus, we can write 


Ww 
dF Ha tae eae 
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Supplementary Problems 


9.23. A clamp exerts a normal force of 100 N on three pieces held together as shown in Fig. 9-24. What force 
P may be exerted before motion impends? The coefficient of friction between the pieces is 0.30 
Ans. P=60N 


P/2 Clamp 


P/2 


Fig. 9-24 
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9.24. 


9.25. 


9.26. 


9.27. 


9.28. 


9.29. 


9.30. 


FRICTION [CHAP. 9 


A homogeneous ladder 18 ft long and weighing 120 Ib rests against a smooth wall. The angle between 
the ladder and the floor is 70°. The coefficient of friction between the floor and the ladder is 4. How far 
up the ladder can a 180-lb person walk before the ladder slips? Ans. 14.6ft 


A person can pull horizontally with a force of 100 1b. An 800-Ib weight is resting on a horizontal surface 
for which the coefficient of friction is 0.20. The vertical cable of a crane is attached to the top of the 
block as shown in Fig. 9-25. What will be the tension in the cable if the person is just able to start the 
block to the right? Ans. T =3001b 


Refer to Fig. 9-26. The wedge B is used to raise the load of 200 *9.8N resting on block A. What 
horizontal force P is required to do this if the coefficient of friction for all surfaces is 
0.2? Ans. 1510N 





Pen dae 
800 Ib 100 Eb 
——— es a P 
Fig. 9-25 Fig. 9-26 Fig. 9-27 


What force P is needed to drive the 5° wedge to raise the 500-kg mass shown in Fig. 9-27. The coefficient 
of friction for all surfaces is 0.25. Ans. P—3190N 


In Fig. 9-28 a 5° wedge is shown splitting a log. The coefficient of friction between the log and the wedge 
is 0.2. If the blow is equivalent to 200 lb, what is the splitting force normal to the wedge? 
Ans. Ans. N=4101b 


Refer to Fig. 9-29. Block A having a mass of 45 kg rests on block B having a mass of 90 kg, and is tied 
with a horizontal string to the wall at C. If the coefficient of friction between A and B is § and that 
between B and the surface is 4, what horizontal force P is necessary to move block B? 

Ans. P=S550N 





200 It 
5° 
| | c __ Ty 
) 
Fig. 9-28 Fig. 9-29 Fig. 9-30 


Refer to Fig. 9-30. Block A weighing 60 Ib rests on block 8 weighing 80 Ib. Block A is restrained from 
moving by a horizontal rope tied to the wall at C. What force P parallel to the plane inclined 30° with 
the horizontal is necessary to start B down the plane? Assume y for all surfaces to be . 

Ans. P=40.3 Ib 
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9.31. Refer to Fig. 9-31. Cube A having a mass of 8kg is 100mm on a side. Angle @ = 15°. If the coefficient of 
friction is 4, will the cube slide or tip as the force P is gradually increased? 
Ans. Slide: P. = 48.0 N, Parting = 39.2 N 


upping 


9.32. Refer to Fig. 9-32. The mass of A is 23 kg; the mass of B is 36kg. The coefficients of friction are 0.60 
between A and B, 0.20 between 8 and the plane, and 0.30 between the rope and the fixed drum. 
Determine the maximum mass of © before motion impends. Ans. M=18.9kg 


oo eam Pr 


oo 





Fig. 9-31 Fig. 9-32 Fig. 9-33 


9.33. Refer to Fig. 9-33. The homogeneous body A weighs 120 1b. The coefficients of friction are 0.30 between 
A and the plane and 2/z between the rope and the drum. What value of W will cause motion of A to 
impend? Ans. W=81.5 1b 


9.34. A rope holding a 50-lb weight E passes over a pulley and is attached to a frame at A as shown in 
Fig. 9-34. The weight of C is 60 1b. What is the minimum coefficient of friction 4 between the outer rope 
and the pulley for equilibrium? Ans. pp =0.291 


r | 





Fig. 9-35 


vie 


marca «= «9035. Refer to Fig. 9-35. The homogeneous bar A having a mass of 18 kg is 2m long and is inclined 60° with 
the horizontal plane. The mass M of 7 kg is connected by the rope to the bar. The rope leaving the bar is 
horizontal. The coefficient of friction between the rope and the drum B is 0.20. What is the minimum 
coefficient of friction between the bar and the plane for equilibrium? Ans. pp = 0.284 
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9.38. 
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9.40. 


9.41. 


FRICTION [CHAP. 9 


Refer to Fig. 9-36. The angle of static friction between the block with mass M and the plane is @. For the 
angles shown in the figure, what is the expression for the force P to move the block up the plane? 
Ans. P =[9.8M sin (@ + b)]/[cos (B — 4)] 


In Problem 9.36, show that the minimum value of P for a given angle @ is 9.8M sin (6 + ¢). 





ci 


vo \e 





Fig. 9-36 Fig. 9-37 


A homogeneous bar of length / and weight w lb rests horizontally as shown in Fig. 9-37 with its free end 
on a block of weight W. the block W is at rest on a plane inclined at the angle @ with the horizontal. 
Determine the necessary coefficient of friction . between the block and the plane for equilibrium. 
Assume no friction between the bar and the block. Ans. jo =(sin2a)/(w/W + 2 cos’ a) 


In Fig. 9-38 a cone clutch is drawn showing the mating surfaces. Assume that the mating parts are forced 
into contact with a normal pressure on the mating surfaces of 10 psi. The area of contact is the product 
of the 2-in dimension and the mean circumference of the mating parts. that is, 2 aX 8. The total 
normal force in pounds is 10 times the area just found. If the coefficient of friction is 4 = 0.35, determine 
the force of friction between the mating surfaces. Ans. F=1761b 





Fig. 9-39 


The Jift shown in Fig. 9-39 slides on a vertical shaft 75 mm square. How far out on the platform can a 
weight 9.8M be placed so that the lift will slide down without binding on the shaft? Assume yz = 0.25. 
Ans. x =438mm 


Refer to Fig. 9-40. The homogeneous 360-kg block rests against the vertical wall, for which the 
coefficient of friction is 0.25. A force P is applied to the midpoint of the right face in the direction shown 
in the figure. What range of values may P have without disturbing equilibrium? 

Ans. 5260N <P <7890N 
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9.42. 


9.43. 


9.44, 


9.45. 





Fig. 9-41 


What couple Mis needed to cause the wheel of weight W and radius r shown in Fig. 9-41 to have 
impending motion? The coefficient of friction for all surfaces is j. 
Ans. M=pWr(1+p)/(1+ 2”) 


A vertical force P exerted on a lever AB holds a 20-kg mass M from falling, as shown in Fig. 9-42. The 
coefficient of friction between the Jever and the 300-mm drum is §. Neglect the mass of the drum and 
lever, and determine the force P to hold the mass. Ans. P=327N 





Fig. 9-42 Fig. 9-43 


In Fig. 9-43, W, weighs 50 Ib and W, weighs 30 lb. They are tied together by a rope parallel to the plane. 
The coefficient of friction between W, and the plane is 4, and between W, and the plane is 5. Determine 
the value of the angle 6 at which sliding will occur. What is the tension in the rope? 

Ans. @=19.0°, T=4.41b 


Determine the force P to cause motion to impend if the coefficient of friction for both blocks and the 
plane shown in Fig. 9-44 is 0.25. The force P and the ropes are parallel to the plane. The pulley is 
frictionless. Ans. P=6.6N 





Fig. 9-45 


vi 
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9.47, 


9.48. 


9.49. 


9.50. 


9.51. 


9.82. 


FRICTION [CHAP. 9 


The drum shown in Fig. 9-45 is subjected to a counterclockwise torque of 16 in-Ib. What horizontal foree 
P is necessary to resist motion? The coefficient of friction between both braking members (pinned 
together at B) and the drum is 0.40. Neglect weight of braking members. Ans. P— 3.43)b 


A body with a mass of 30kg rests on a plane inclined 45° with the horizontal. The coefficient of friction 
is ,. What is the range of values of a horizontal force P that will keep the mass from moving up or down 
the plane? Ans. 147N<P<S88N 


A plane is inclined at an angle 6 with the horizontal. A body can just rest on the plane. Determine the 
least force P to draw the body up the plane. (Hint: @ - a. since @ is the angle of repose: also assume 
that P acts at angle 6 with the plane.) Ans. P—W sin26@ 


See Fig. 9-46. The uniform bar has a mass of 35 kg. What rightward force P is needed to start the bar 
moving? The coefficient of friction for all surfaces is 0.30. Ans. P = 246N 





Fig. 9-46 


Two blocks of equal weight W can slide on a horizontal surface. ‘The coefficient of friction between the 
blocks and the surface is x. A string of length / is suspended between the blocks and carries a weight M@ 
at its midpotnt. How far apart will the blocks be for equilibrium? 

ia. bu(W + M/2) 

SV OMRY + 2(W = Mp2 





Ans, 


A prism whose cross section is a regular polygon of # sides rests on a horizontal face. An insect is 
crawling up the inside. The coefficient of friction between the insect and the inner faces is xp. Show that 
the highest face that the insect can climb (counting the horizontal bottom face as one) is given by the 
expression n/360 x tan ' (4 + 360/n). 


A weightless bar A is pinned to a homogeneous 600-Ib prism B at point C as shown in Fig. 9-47. A 
horizontal force P is applied 2 ft above the horizontal plane. If the coefficient of friction between the 
plane and either the bar or the prism is 0.4, what value of P is necessary to cause motion to impend? 
Analyze for slipping and tipping of the prism. Ans. P =2091b 





Fig. 9-47 
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9.53. 


9.54, 


9.55, 


9.56. 


9.57. 


9.58. 


The uniform, thin slab in Fig. 9-48 weighs 0.25 lb/in. Given the coefficients of friction at the support 
surfaces as shown, what couple M will cause the motion of the disk to impend counterclockwise. The 
radius of the disk is 6 in. Ans, 9.72 Ib-in 





Fig. 9-48 


Repeat Prob. 9.53 with the couple M clockwise and the coefficient of friction at the disk equal to 0.1. 
Ans. 7.56 b-in 


Applying the results of Prob. 9-53, what horizontal force will causc the motion of the slab to impend to 
the right? Ars. 3.241b 


In Fig. 9-49 a bar of weight 12 lb and length 6ft is supported | ft from its left end and rests on a 6-in 
radius wheel at its right end. The weight of the wheel is 41b. The coefficients of friction are as shown. 
Find the magnitude of the force P that will cause impending motion of the wheel. Ans. 0.96 Ib 





Fig. 9-49 


Solve Prob. 9.56 with f2, = 2 =0.15. Ans. 1.44 1b 


In Fig. 9-50 the block A weighs 15 N and wheel B weighs 20. A and B are connected by a weightless 
link. The coefficient of friction under A is 0.25 and under & is 0.15. The diameter of the wheel is 1 m. 
What is the value of the couple / to cause impending motion of B? Ans. 1.5N-m 





Fig. 9-50 
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9.59, 


9.60. 


9.61. 


9.62. 


9.64. 
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In Prob. 9.58 what coefficient of friction under wheel B will cause motion to impend at block A? What 
moment ¥ will then cause motion of the svstem? Ans. py =0.19, M=1.87N-m 


A jackscrew has 3 threads per inch, with the mean thread radius equal to 0.648 in. A lever 18 in long is 
used to raise or lower a load of 2400 Ib. If the coefficient of friction is 0.10, what force perpendicular to 
the arm is required to (a) raise the load and (b) lower the load? Ans. (a) 15.9 1b, (b) 1.55 Ib 


Suppose that the mean radius of the bearing surface between the cap and the screw in Prob. 9.60 is 
1.4in, What value of ? is necessary to raise the load if the coefficient of friction between the cap and the 
screw is 0,07? Ans. 28.9 |b 


A hand press has 5 square threads per inch. The mean diameter is 1.2 in. If the coefficient of friction is 
0.08, what force in the press can be exerted by a force of 201b applied normal to a lever 20 in 
long? Aus, 5000 Ib 


The screw in a press has 6 threads per inch. The mean dimaeter is 1.38 in and the coefficient of friction is 
0.14. If forces of 40 lb are applied as a couple with a moment arm of 20in, what force does the press 
exert? See Fig. 9-51. Ans. 6500 Ib 





Fig. 9-51 


Refer to Fig. 9-52. What force P applied perpendicular to the handle of the vise is needed to clamp the 
piece A with a force of 201b? The vise screw is square-threaded, with 10 threads per inch. The mean 
diameter of the screw is 0.438 in. The coefficient of friction is 0.20. Ans, P=0.31b 
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9.65. 


9.66. 


9.67. 


9.68. 


9.69. 


9.70. 


9.71. 


9.72. 


A square-threaded jackscrew has a pitch of 0.4in and a mean diameter of 3.0 in. The mean diameter of 
the bearing surface between the cap and the screw is 3.5in. The coefficient of friction between all 
surfaces is 0.10. What force is required at the end of a lever 36 in long to raise 4000 Ib? 

Ans. P=43.31b 


(2) Determine the load that can be raised with a single-threaded jackscrew having 23 threads per inch 
and a mean diameter of 3 in when a force of 200 lb is exerted on a bar 30in long. Use ux =0.05. (b) If 
the mean diameter of the bearing surface between the cap and the screw is 33 in and the coefficient of 
friction between these surfaces is 0.12, what load can be raised by the 200-Ib force? 

Ans. (a) W = 43,100 lb, W = 17,200 Ib 


A jackscrew has a square thread with a pitch of 0.3 in. The mean thread diameter is 21n. The cap has an 
inner diameter of 2 in and an outer diameter of 3 in. If the coefficient of friction for all surfaces is 0.15, 
what force is necessary to cause motion of a 5000-Ib load (2) upward and (b) downward? Use a bar 3 ft 
long. Ans. (a) 53.7 lb to raise, (b) 40.1 Ib to lower 


A square-threaded jackscrew has 2 threads per inch and a mean diameter of 2.4 in. Using a coefficient of 
friction of 0.08, determine the capacity of the jack if a maximum force of 30 1b is recommended at a lever 
arm of 18 in. Ans. W =3060 Ib 


Refer to Fig. 9-53. The weight of A is 5001b and that of B is 100Ib. What force P must be exerted 
perpendicular to the arm of the jack and 20in from the jack centerline to raise A? The jackscrew has a 
lead of 0.32 in and a mean diameter of 2.00 in. The coefficient of friction between the jack and the screw 
is 0.15. Ans. P=3.041b 


Frictioniess Pulley 





P (Perpendicular 
to Plane of Paper) 


Fig. 9-53 


What force is necessary to hold a mass of 50 kg suspended on a rope wrapped three times around a fixed 
drum? Assume yt = 0.3. Ans. F=1.7N 


In Prob. 9.70 what force is needed to raise the mass? Ans. F=140kN 


In Fig. 9-54 a mass of 20 kg is attached to a rope wrapped 4 turn around a fixed drum. The coefficient of 
friction is 0.25. Determine (a) the value of F to hold the mass from falling and (b) the value of F to start 
raising the mass. Ans. (a) 132N, (b) 290N 
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9.75, 
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9.77. 


9.78. 
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20 kg 


Fig. 9-54 


A weight W is attached to a rope that is wrapped around a fixed drum. If the rope is wrapped twice around the 
drum, a force of 200 Ib is required to support the weight. If the rope is wrapped three times around the drum, 
the required force to support the weight is 150 Ib? What is the weight? Ans. W = 356 Ib 


A worker lowers a 400-lb boiler section into a pit by means of a rope snubbed |) turns around a 
horizontal pole. If the coefficient of friction is 0.35, what force must be exerted? Ans. F =25.61b 


Three turns of a rope around a horizontal post with a pull of 30 N will hold a 100-kg mass. Determine 
the coefficient of friction between the rope and post. Ans. pp =0.185 


Refer to Fig. 9-55. The two pulleys are held apart by a spring with compressive force S. The diameter of 
each pulley is d. The coefficient of friction between the belt and the pulley is ». Determine the 
maximum torque that may be transmitted. Ans. Torque = 3Sd(e"” — 1)/(e"* + 1) 


T, (tight aide) F 


(—*\ Driver 
Pulley 


f taco ey 
Ts (alack mide) 6 










Fig. 9-55 Fig. 9-56 


Refer to Fig. 9-56. A mass of 55 kg is prevented from falling by a rope wrapped 4 turn around drum B 
and 1, turns around drum A. Assuming that drum 8 is smooth and the coefficient of friction between the 
rope and A is 4, what is the value of the holding force F? Ans. F=75.7N 


In Prob. 9.77 assume that the coefficient of friction between the rope and the drum B is not zero but 3. 
What ts the value of the holding force F? (Hint: Use the free-body diagram of B to determine tension in 
the rope between A and B.) Ans. F=44.8N 


A mass of 200 kg is held by passing a rope around a horizontal post and exerting a pull of 220N. If the 
coefficient of friction between the post and the rope is 4, how many turns of the rope around the post are 
necessary? Ans. 1.39 turns 
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9.80. 


9.81. 


9.82. 


9.83. 


9.84. 


Refer to Fig. 9-57, Determine the range of values of tension 7 for equilibrium. The coefficient of friction 
between the belt and each fixed drum is 1/7. The tension at the other end of the belt is 15 N. 
Ans. 123N<7<183N 


T 





Fig. 9-57 Fig. 9-58 


In Fig. 9-58, body A weighs 100 lb and body B weighs 300 Ib. The coefficient of friction between A and 
the plane is 0.20. The coefficient of friction between A and B is 0.20. The coefficient of friction between 
the rope and the drum is 0.25. Determine the minimum weight W to cause motion of B to impend. 
Ans. W = 167 lb 


A platform of negligible weight is held in a horizontal position by a rope fastened to each end and 
passing over fixed drums, as shown in Fig. 9-59. If the coefficient of friction between the rope and each 
drum is 0.20, determine how far from the center a 10-lb weight can be placed without upsetting the 
balance. Ans. x = 1.82 ft 





What horizontal pull is necessary to move a 1200-ton train along a level track if the coefficient of rolling 
resistance is 0.009 in and the wheels are 3 ft in diameter? Ans. P=12001b 


A brake band encircling drum D is fastened to a horizontal lever at B and C, as shown in Fig. 9-60. The 
diameter of the drum is 450mm. The coefficient of friction between the brake band and the drum is 3. 


Force P is 30 N. What braking moment on the drum is possible (a) if the drum is rotating clockwise, (b) 
if the drum is rotating counterclockwise? Ans. M,=10.2N-m,. M,=29.1N-m 


P=30N 


Fig. 5-60 
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Refer to Fig. 9-61. What force P is necessary to cause the brake to resist motion of the drum under the 
action of the moment M? The coefficient of friction between the brake and the drum is y. The angle of 
wrap is a. Ans. P=(M/rc)/[(ae** — b)/(e®* — 1)] 





Fig. 9-61 Fig. 9-62 


A mass M=90kg hangs on a compound pulley A free to rotate in frictionless bearings as shown in 
Fig. 9-62. The coefficient of friction between the facing of brake B and the pulley is 0.25. What minimum 
force P is needed to prevent rotation? Ans. P=S567N 


A mass M of 1400 kg rests on an oak beam. The beam rests on 200 mm-diameter rollers. Assuming the 
coefficient of rolling resistance between the beam and the rollers to be 0.89 mm, what horizontal force is 
necessary to move the load on a level surface? Ans, P=122N 


A wheel 500 mm in diameter carries a load of 20 000 N. If a horizontal force of 20 N is necessary to move 
it over a level surface, determine the coefficient of rolling resistance. Ans. a=0.25mm 


An automobile weighing 3900 lb has 29 in-diameter wheels. Assuming a coefficient of rolling resistance 
between the tires and the road of 0.02 in, determine the force necessary to overcome rolling friction on a 
level road. Ans. P=5.4)b 


A central horizontal force of 1.4.N is necessary to move a drum 900mm in diameter on a level surface. 
Assuming that the coefficient of rolling resistance is 0.635 mm, what is the mass of the drum? 

Ans. M=101kg 

The collar bearing shown in Fig. 9-63 supports a load of 680 Ib. If the coefficient of friction is 0.20 and if 


uniform distribution of pressure is assumed, what turning moment M is necessary? 
Ans. M = 212 )b-in 


680 Ib 


ag 


Fig. 9-63 


Chapter 10 


First Moments and Centroids 


, A, situated at points 
.»F,, has 


10.1 CENTROID OF AN ASSEMBLAGE 
The centroid of an assemblage of similar quantities, 4,, A2, As, 
P,, P,, Ps,..., P, for which the position vectors relative to a selected point O are 4,1, Ts, 
a position vector Ff defined as 
> rA, 
t=1 
(7) 


r= 





A, = ith quantity (for example, this could be an element of length, area, volume, or mass) 











where : 
F, = position vector of ith element 
n 
A; = sum of all » elements 
t=1 
nm 
> 1A; = first moment of all elements relative to the selected point O. 
r=1 
In terms of x, y, and z coordinates, the centroid has coordinates 
nt at n 
> x,4; > yiA, = 7A; 
_ f= _ =I _  @=l 
mn a n 
> A, > A; 
i=] 


» A; 
i=l 


where A; = magnitude of the ith quantity (element) 
x, ¥, Z= coordinates of centroid of the assemblage 
X,, ¥,, Z, = coordinates of P; at which A, is concentrated. 


10.2 CENTROID OF A CONTINUOUS QUANTITY 
The centroid of a continuouus quantity may be located by calculus using infinitesimal elements 


of the quantity (such as dL of a line, dA of an area, dV of a volume, or dm of a mass). Thus, for a 














mass m we can write 
[ ram 
r= (3) 
| am 
In terms of x, y, and z coordinates the centroid of the continuous quantity has coordinates 
[ xam fy dm [z dm 
[ am | am | am 


where Q,,, Q,z, Qu, = first moments with respect to xy, yz, xz planes. 
The centroid of a homogeneous mass coincides with the centroid of its volume. 
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The following table indicates the first moments Q of various quantities A about the coordinate 
planes. 








where Q,,, Q.:, Q.; = first moments with respect to ry, yz, +z planes 
L =length 
m = mass 


dL, dA, dV, dm = differential elements of line, area, volume, mass, respectively. 


Note that in two-dimensional work, e.g., in the xy plane. Q,. becomes Q, and Q,. becomes Q,. 


10.3 THEOREMS OF PAPPUS AND GULDINUS 


The first theorem states that the area of the surface generated by revolving a plane curve about a 
nonintersecting axis in its plane is equal to the product of the length of the curve and the distance 
traveled by the centroid G of the curve during the generation. Suppose, as shown in Fig. 10-1, the 
curve AB of length L is in the xy plane and is revolved through an angle @ about the + axis to the 
position A‘B’. The length dL in moving through the distance y@ generates a surface dS = v@dL. 
Then S = f dS = J v@dL = OJ y dL = OVL. Since 6y is the distance traveled by the centroid G of the 
curve. the first theorem is proved. 

The second theorem states that the volume of the solid generated by revolving a plane area 
about a nonintersecting axis in its plane is equal to the product of the area and the length of path the 
centroid travels during the generation. Suppose that ABCD of area A its in the xy plane and is 
revolved through an angle @ about the x axis to position AB'C’D as shown in Fig. 10-2. The area dA 
in moving through the distance y@ generates a volume dV = y@dA. Then V =fdV =f y@dA= 
Of ydA = @yA. Since Oy is the distance traveled by the centroid G of the area, the second theorem 
is proved. 
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10.4 CENTER OF PRESSURE 


When an area is subjected to a pressure, a point in the area exists through which the entire force 
could be concentrated with the same external effect. This point is called the center of pressure. If the 
pressure is uniformly distributed over an area, the center of pressure coincides with the centroid of 
the area. 


Solved Problems 


2 


10.1. Determine Q, and Q, for the area bounded by the parabola y~ = 4ar and the lines y =0, 


x=b. 
SOLUTION 


To determine Q,. choose the differential strip parallel to the x axis. as shown in Fig. 10-3. The 
height of the strip is dy and the width is b — x. 


o.=[ yaa = [ve ay 


Note that the upper limit of y is determined by allowing x to equal b, whence y = +V4ab. Choose 
the positive value. 
ab 2 Ly 4 
2Ve y b(2Vaby— (2Vab) 
= Nb a , “— = ab" 
e i v( 4a - 2 l6a : 





Fig. 10-3 Fig. 10-4 


To determine Q,, choose the differential element parallel to the y axis. as shown in Fig. 10-4. It is 
at a distance x from the y axis. Hence, 


Q, =fx dA 


But dA is the product of y, the distance from the x axis to the parabola, and dx, the width of the 
element. Also, x must vary from 0 to b to include the given area. 


Db bh b 
Q, -| xy dx -| xV4ax dx = 2va | x? dx = 2(2Va)x°*]h = tb?Vab 
¢ 


1 a it 
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10.2. Determine Q, and Q, in Problem 10.1 using the differential element shown in Fig. 10-5. 
SOLUTION 


In this case a double integration is involved, as shown tn the following: 
b var b oat b 
g.={yaa=| [ ydy dr = | [by'R* dx = [ 2ax dx = ab? 
oO “Db 0 oO 


box b b 5 
o,-|xda={ it dyxdx =| DEW xax=[ 2Vax x dx = $b?Vab 
‘0 0 ‘a 0 


The upper limits of the variable y must be expressed in terms of x as shown, because the 
summation vertically is limited by the curve, which is of varying height. 


10.3. Determine the moment of the volume of a right circular cone with respect to its base. Refer to 
Fig. 10-6. 





Fig. 10-5 Fig. 10-6 


SOLUTION 


As shown in Fig. 10-6, choose a differential volume parallel to the base. It is at a distance y above 
the xz plane, which contains the base. 
A cross section in the xy plane yields similar right triangles, as shown in Fig. 10-7. Hence, 
x/r=(h-—y)/h and 
2 
ar 
dV = nx’ dy =a lh — yy dy 
To find Q,,, use 


A r? 
2.,-| yav=| yma (h — yy dy 
oO 
2 fh 
-=[ (hy — 2hy? + y*) dy 
Oo 


= (22 ay? 4) 
oO 


he 2 34 
2 
qr 
= 72 WG-34 4) 


= barh? 
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10.4. Locate the centroid of the arc of the circle in Fig. 10-8. 





Fig. 10-8 


SOLUTION 


The x axis was chosen as an axis of symmetry. Polar coordiantes often simplify the integration. 
From the figure, 


x=rcos@ y=rsin@ 


L pat 
[a i rdé 
-al 
ei 
| r?> cos 0d6 
al2 


ef 
| rdé@ 
a2 
_ [sin 3a — sin (—3a)] 
r[sa — (-$a)] 
_ r(sin 3a + sin 5a) 
a 
_ 2rsina 
a 


Note that a is the subtended angle for the entire arc of the circle. 

If y were determined by the same method, the integration would yield a cosine term, which when 
the limits were substituted would disappear. Hence, y=0. This can be observed directly, however, 
because the centroid always lies on the axis of symmetry. 

If the arc is a semicircle, a equals 180° or z rad. Then 


2rsin3%  2r 
n 1 





X= 
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10.5. Locate the centroid of the bent wire shown in Fig. 10-9. 





SOLUTION 


Let 


L, =75-mm piece at 45° with x axis 
“L, = semicircular piece 
L, = piece at 60° with x axis 


5 cos 45° 
Length of L, = ee = 61.2 mm 
i 





(75/2) cos 45° = 26.5 (75/2) sin 45° = 26.5 
75 cos 45° + 50 = 103 75 sin 45° + 2r/m = 84.9 
75 cos 45° + 100 + (61.2/2) cos 60° = 168.3 (61.2/2) sin 60° = 26.5 





_ Lyk, + Laks + Laity (75 26.5) + (157 X 103) + (61.2 X 168.3) _ 
Ly +L.+L, 75 + 157 + 61.2 





97.1 mm 


Livi + Lava + Lava _ (75 x 26.5) + (157 X 84.9) + (61.2 x 26.5) 
L,+L,+L; 293.2 











57.8 mm 





Note that 2r/z, used in determining y,, is taken from Problem 10.4. 


10.6. Locate the centroid of the bar built up as shown in Fig. 10-10. Assume that the diameter of 
the bar is negligible compared with the dimensions of the figure. 


SOLUTION 


The enlarged Fig. 10-11 indicates the trigonometry needed to locate the centroid of the arc. It is on 
the axis of symmetry, which makes an angle of 75° with the vertical and is at a distance from the center 
of the arc equal to (2r/a) sin $a, where a = 150/180 rad. (Refer to Problem 10.4). 

Hence, the distance along the radius to the centroid is [2(1)/2.62] sin 75° = 0.738 in. The y distance 
for the arc is therefore —0.738 sin 15° = —0.191 in. 

The length of one arc is ra = 1(2.62) = 2.62 in. 
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90° 





Fig. 10-10 Fig. 10-11 


Figure 10-12 indicates the method of determining the length of the sloping side. 
DF=AB=7Tin 
BF = BC cos 30° = 1(0.866) = 0.866 in 
FC = BC sin 30° = 1(0.500) = 0.500 in 
DC = DF + FC =7.5in 
DC 75 


Crease kee 





The centroid of EC is at G, at a distance above the x axis equal to yap. where 
Yaope = GH + FB = 3(8.66 sin 30°) + 0.866 = 3.03 in 


The centroid of the horizontal bar is below the x axis. Hence, its y is —1 in. 
By symmetry, ¥ for the composite figure is 0. 
To determine y for the composite figure, apply the following equation: 


2LarcVare + LposYror + 2b sopeVatope 

2Lare + Lior + 2Lsope 
__ 2(2.62)(—0.191) + 14(—1) + 2(8.66)(3.03) 
2(2.62) + 14 + 2(8.66) 


y= 





= 1.02 in 


A 


dy 
a 
y 





ere 


Fig. 10-12 Fig. 10-13 


10.7. Locate the centroid of a triangle. 
SOLUTION 


Choose the differential element of area as shown in Fig. 10-13, where dA =s dy. 
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Note that s/b = (h — y)/h. 


o, pr [xa [o[Ro-n]o 


One could now determine x, but ordinarily it is sufficient to know that the centroid is located at a 
point whose distance from the base is one-third of the altitude. Draw two lines that are parallel to any 
two sides and that are at distances from those sides equal to one-third of the altitudes erected on the 
respective sides. The intersection of these two lines is the centroid. 


10.8. Determine the centroid of a sector of a circle where the radius is r and the subtended angle is 
2a. The x axis is the axis of symmetry. Solve by (a) using the differential element shown in 
Fig. 10-14 and (5) using the differential element shown in Fig. 10-15. 





Fig. 10-14 Fig. 10-15 


SOLUTION 


(a) Using the differential element in Fig. 10-14, we write 


[xaa | [00s 6p dp ae i] [07/3] cos 0 dé 
__ J-a Jo _t-« 


| dA [ [ pdp de [. [e7/2), de 


_ 2rsina 
3a 


_ (r°/3){sin a — sin (—a)] 
(r°/2)[a - (-a)) 


ym 








x= 


> ( 





For a semicircular sector, 2a = x rad and 


ar sin a/2 _ ar 


* 3n/2 30 


Of course, y = 0 by the symmetry of the figure. 


(6) Using the differential element in Fig. 10-15, we note that the centroid of the triangle is two-thirds of 
the distance from the vertex (the origin) to the base. Note that x for the triangle is jr cos 6. 


ee 


| (ir dO r)(3r cos 6) ef cos 6d0 


Q 


xi=—= 


M 2r sin a 
A 


i 1dr Lye de 3a 


10.9. Determine the centroid for the area bounded by the parabola y? = 4ax and the lines x = 0, 
y=b. 
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SOLUTION 


Choose the differential strip parallel to the x axis, as shown in Fig. 10-16. 


[ana if 2d aK 4/16a’) d 
shee 2 2 ee Ee a ¥ 30? 








- : : f 40. 
[ xdy [ xa [ (y?/4a) dy 
‘0 0 i 
b D 
xd [ 374a) d 
Similarl oe * y LOM pp6a_, 
ys y A b3/12a b3/12a b3/12a 4 






) 


¥ = tes 





Fig. 10-16 Fig. 10-17 


10.10. Determine the centroid of the area remaining after the circle of diameter r is removed from a 
circle of radius 7, as shown in Fig. 10-17. 


SOLUTION 


By symmetry, y = 0: i.e., the centroid is on the x axis. 
Using the formula for composite areas in which A, is the area of the large circle and As is the area 
of the small circle, we have 


A, ~ Ag Ter’ — rr*/4 


Hence the centroid is one the x axis at a distance jr to the right of the y axis. 


yj 
a 10.11. A semicircular area is removed from the trapezoid as shown in Fig. 10-18. Determine the 
centroid of the remaining area. 





100 weed 100 mm. 


Fig. 10-18 
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SOLUTION 
The shaded area consists of (1) a rectangle plus (2) a triangle minus (3) a semicircular area. 


Axe, + Ant, — Ants _ 2x 10°(100) + 5 x 10°(133.3) — (50)°(150)/2 








Pa Aire Ae 2x 10° + 5X 10° — n(50)°/2 Sree 
__ Ayy, + Ary. — As¥s 
SO A Avan’ 
2 x 10°(50) + 5X 10°(100 + 50/3) — [(30)°/2]|(4 x 50)/3z1] 
= TG ie 


10.12. The area in Fig. 10-19(a@) is revolved about the y axis. Determine the centroid of the resulting 
volume shown in Fig. 10-19(b). 





(a) {b) 
Fig. 10-19 


SOLUTION 


By symmetry in Fig. 10-19(6), ¥ = 0, ¢ =0. Choose a differential volume parallel to the xz plane. Its 
thickness or height is dy and it is at a distance y above the xz plane. Its radius ts x. 


er nf y(v'/16a) dy os, 
i x oO ~ _ y'l6yo" |< 


- y sy" ~~ 3 


V a ve et 7 
| mx? dv nf (v"/ 16a") dy 
0D 


at Oe 
ieee 


10.13. Locate x for the volume of any pyramid or cone whose base coincides with the yz plane. The 
altitude is A and the area of the hase is A. 


SOLUTION 


In Fig. 10-20 choose a differential volume at a distance x from the yz plane. Its area varies with x. 
Call the area A, and the thickness dx. 
From geometrical considerations, 
A, (h- xy 
Ao © She 


dt A 
x dV [ XA, dx [ X(Afh*)\(h -— xy dx 


a 


— Q.. 


Then, x eo = =F 
[av [ A, dx [ (A/h?\(h — x) dx 
t oO 


= Sh 


Thus, the centroid of any pyramid or cone is at a distance from the base equal to one-fourth the 
altitude. 
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Fig. 10-20 Fig. 10-21 


10.14. Locate the centroid of the volume of one-fourth of the right circular cylinder shown in 
Fig. 10-21. 


SOLUTION 


It is only necessary to derive the value of £. since z =< and of course ¥ ts one-half the height h. 
Choose the differential volume dV parallel to the yz plane. 


dV =zhax 


However, since the section cut from the solid by any plane parallel to the xz plane yields a quarter 
circle, the relationship between x and z is x7 + z7 =P’. 


| xdVv | xzh dx 
Q.- >, —. ct 


V p a ~ ta 
If dV | zh dx 
oO 


hx(r? — x7)? dx 





x= 


ALS ae P _4 
yO ae f2)0? — 7) 4 (7/2) sin Cx/r), 3x 
{ note xytae MPD (F/2)sin * (xiryle 
oO 
Note that the result is exactly the same as for the centroid of the quadrant of a circle. This should 
be expected, since the only factor that might influence the centroidal position in the solid as compared 
with the area is the altitude 4, which was shown te be a common term in both numerator and 


denominator. 


10.15. A sphere of radius r is cut from a larger sphere of radius R. The distance between their 
centers is a. Locate the centroid of the remaining volume. 
SOLUTION 
This is an example to illustrate the technique employed for composite volumes. 
Ve = 4nR? V, =4ar° 
Assume the origin of the x, v, z axes is at the center of the larger sphere and that the positive x axis 


is the line of centers of the two sphercs. Then x, =0 and x, =a. 
Applving the formula. 
VeXe — Vit, 310) — ar'(a) mar’ 


x=-—"-- = na 


V,.- Vi 1nR* — tar R-r 





This means that the centroid is on the line of centers and to the left of the yz plane at a distance of 
ar?|{(R'—r’). 
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10.16. Locate the centroid of the composite volume shown in Fig. 10-22. The 40-mm hole is drilled in 
the center of the top face and is normal to that face. 


SOLUTION 


From the symmetry of the figure, z = 120 mm. 


Let the parallelepiped be denoted by 1, the triangular piece by 2, and the cylinder by 3. The values 
needed in the formulas below are given in the following table. 


432 x 105 
7.54 x 10° 





__ 1728 X 10°(60) + 432 x 10°(140) — 75.4 x 10°(60) 
- 1728 x 10° + 432 x 10° - 75.4 10° 

__ 1728 x 10°70) + 432 x 10°(20) ~ 75.4 x 10°(30) 

a 2084.6 X 10° : 


= 76.6mm 


27.9 mm 





Fig. 10-22 Fig. 10-23 


10.17. Three spheres whose volumes are 10, 15, and 25 in? are located with reference to the shaft as 
shown in Fig. 10-23. Locate the centroid of the three volumes. 


SOLUTION 


Assume that the x axis is along the shaft. Use a tabular form to list the data. 


+4 cos 30° —4sin 30° 
—6 cos 45° +6 sin 45° 
—4 cos 60° —4 sin 60° 





7 (10 x 4) + (15 & 12) + (25 x 24) 











= 16.45 
10+15+25 ue 
_ (104 x 0.866) — (15 x 6 x 0.707) ~ (25 X 4 x 0.500) 
y= 1.58in 
50 
_ (10x 4 x 0.500) + (15 x 6 X 0.707) — (25 X 4 x 0.866) 
z= = —(.86in 





50 
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Incidentally, this same procedure would be followed if the numbers 10, 15, and 25 represented 
weights or masses concentrated at the centers of the corresponding spheres. 


10.18. Determine the centroid of the surface of a hemisphere with respect to its base. 
SOLUTION 


Refer to Fig. 10-24. The xz plane is chosen in the base of the hemisphere. 
The differential strip of area dS is chosen as in the figure. Note that the width dL of this differential 
surface is nor vertical but sloping. Let @ = tan7' (y/x). 


— a @ 2 d 2 —, ——Ss 
dL? = dx’ + dy’ = (= # >) dx oor = dL = V1 + (dy/dx)'dx 


0 ipa dS _fremany | [ amavi + (dy/dxy’ dx 
y= Ul 








fas | oncat [ omvi+ Wh TaF ax 


oO 
In the xy plane the equation of the circle is x? + y? =r’. 
Then y = Vr? — x*. Differentiating, dy/dx = —x(r? — x7}"'”. Making these substitutions, 


2ar | x dx 
- 0 1 
.a 


2m x(r — x’) '? dx 
0 





Fig. 10-24 Fig. 10-25 


10.19. Determine the centroid of the surface of a right circular cone with respect to its base. The 
altitude is h. Refer to Fig. 10-25. 


SOLUTION 


In Fig. 10-25, the x axis is chosen along the altitude of the cone. The differential element of surface 
dS is 2ry dL. 


ps J 2mvat 


5 fas aS | 2nvy dL 


If x is the radius of the base, then by similar triangles in the xy plane, y/r = (h — x)/h. 
Hence dy/dx = —r/h and dL = dx V1 + (dy/dxyY =dx VI 4+r'Jh’. 





| 
1 
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Substituting and simplifying, 
h 
(hx — x”) dx 


-_ 40 7 


. fo —x)dx i 





10.20. Find the center of mass of the right half of the homogeneous ellipsoid x?/a? + y?/b? + z7/c? = 1. 
SOLUTION 


Choose the differential mass parallel to the vz plane as shown in Fig. 10-26. Let the density be 64. 
Note that dV =A dx, where A is the area of an ellipse with axes of length 2y and 2z. The area 
A= Myz. 







btn 


pe easeen : 
a 
ZS * 


dm = & dV = 6nyz dx 


Q,.. 0 


iE dm on| xyz dx 
Then Nee = oe 





2 b : 
T+ =1 or yp =-Va*-x° 
a ob a 
Similarly, with y = 0, 
vest or 2a Vee 
aoc a 


Substituting and simplifying, we have 


rea b a nit 5 
[ (x2 Va Ve = | dx 
a U a a 3 
x = ee b sree c i J na 
[ (Pvar=xs Va" =¥") ax 
ly \a a 


Of course, ¥ = z =0. 


10.21. Find the center of mass of a hemisphere whose density varies as the square of the distance 
from the base. 
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SOLUTION 


Let the base of the hemisphere be the yz plane as shown in Fig. 10-27. Then the density varies with 
x’, or 8 = Kx’. 






pe 


Fig. 10-27 


Choose dv parallel to the yz plane and at a distance x from the yz plane. 


xdm [ xony°av 
o,_ fran 


x= = —__ 


i dm ( dny* dx 
oO 


In the xy plane the coordinates (x, y) lie on a circle of radius r. Hence, y? =r? — x*. 
Substituting the values of y* and 6. the equation becomes 








| xKx? ar? — x*) dx ‘ x(n? -x7)dx 
0 r 


a 1p 5 





dp er = A 


| Kx?n(r? — x7) dx | x7? — x") dx % 


0 0 


10.22. The density at any point of a slender rod varies with the first power of the distance of the 
point from one end of the rod. Where is the mass center? 


SOLUTION 


The density is proportional to the distance x along the rod from the one end chosen as origin, that 
is, 6 = Kx where 6 equal s mass per unit length. 
To find di, multiply the differential length dx at the point x by the density at that point. This yields 
the equation dm = 6 dx = Kx dx. Then 
f 
| xdm [ xKx dx 
a 


fate ah 
| dm | Kx dx 
a 


The center of mass is two-thirds of the length from the end chosen as a reference. 


‘allt 


[ 


10.23. Find the surface area of the annular torus formed by revolving the circle about the x axis in 
Fig. 10-28. Use the theorems of Pappus and Guldinus. 


SOLUTION 


The centroid of the circumference is at a distance d from the x axis. Thus in a complete revolution 
the centroid moves on a circular path of radius d. The distance it travels is 2zd. The length 2ar of the 
generating curve is the circumference of the circle. Hence, the surface of the torus is 27d  2ar = 4a7rd. 
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y 
d 
ee pL Z 
Fig. 10-28 Fig. 10-29 


10.24. Determine the centroid of a quadrant of a circle using the theorems of Pappus and Guldinus. 
SOLUTION 


This is really an application of the theorems in reverse. The area in Fig. 10-29 when revolved 
generates a hemisphere whose volume is known to be 4ar’. 
The length of the path of the centroid is the volume divided by the area of the quadrant: 


_ 2ar/3 | é 
ar’/4 





ar 


But the length of the path of the centroid is 2zy. Hence, 2xy = 8r/3, or y=4r/3n. This value was 
derived previously by the methods of the calculus. See Problem 10.8 above. 
Of course, ¥ = y for the quadrant of the circle. 


10.25. In Fig. 10-30, a box with dimensions /, b, and h m is shown half full of gravel having a density 
of 6 kg/m*. Assuming that the height of the gravel varies linearly from zero at the left end to 
h at the right, determine how far the center of pressure is from the left end. 





SOLUTION 


At a distance x from the left end select a differential volume as shown. The height y = xh/l and the 
gravitational force on dV is dW = g8(xh/I)b dx. To locate the center of pressure, use 


| xdw (gsroip | x? ax 





= 2 
C= =3l 


faw ; (anbin{ x dx - 


The center of pressure of the gravel is on a vertical line located 3/ from the left end and 3b back 
from the front wall. The entire mass of the gravel if placed along this vertical line would induce in the 
box supports the same forces as the distributed mass does. 
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(b) 
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Refer to Fig. 10-31. A beam carries material that weighs w lb/ft" and has a height ¥ that varies in a 
known fashion with the distance x from the left end. Determine each right reaction R,. Assume 
that b is constant and that the height v for a selected strip does not vary along the distance. 

In part (a), suppose w = 150 Ib/ft* and that the height of the load varies linearly from zero at the 
left end to 2 ft at the right end as shown in Fig. 10-32. The span is 8 ft and the distance b is 2 ft. 
Determine cach of the two right supports, neglecting the weight of the beam. 





Fig. 10-32 


SOLUTION 


(a) 


(6) 


The weight of a differential volume at a distance x from the left cnd is dW = wby dx. The moment 
of this dW with respect to the left end (the vertical plane perpendicular to /) is x dW = whyx dx. 

The sum of the moments of the weights of all such differential volumes about the left end must 
be balanced by the moments of the two right supports Rr. Thus, 


Zt 
[ whyx dx =2Rzl 


0 
The integration may be performed dircctly if y is a convenient function of x. If not. other 
means must be employed. 


The height y of a differential load at a distance x from the left end is vy = 2x/8 = x/4. 
The moment of the entire load relative to the vertical plane containing the two left reactions 1s 


m=[xaw =| xasoav)=[ x[150(4 2) dx 


12,800 ft-Ib 
is 4) 





The moment about the left end of the two right reactions must equal the moment of the load. 
Hence, 


2Re(8) = 12,800 or Rx = 800 Ib 


The moment of the load may also be found by using the load in pounds per foot along the 
beam. If the load at the right end is visualized as 2 ft high, 2 ft back along the beam, and J ft in the 
x direction centered at the right edge, the magnitude of the load will be 2 x 2x 1 x 150 = 600 Ib 
per linear foot. Thus. in this problem the load varies from zero at the left end to 600 1b/ft at the 
right end. 

The load on a length dx that is at a distance x from the left end is p, dx, where p, = load per 
linear foot at x. By similar triangles, p,/x = 600/8 or p, = 75x. Then the moment of the entire load 
about the left end is 


8 B 
M -| xp, dx = [ x(75x) dx = 12,800 ft-lb 


yJt 


Mathcad 


172 


10.27. 


10.28. 
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The tank shown in Fig. 10-33(a) is full of water having a mass density of 1000 kg/m’. The 
plate covers a rectangular hole 300 mm high by 600 mm wide. Determine the force induced in 
each of the two top bolts B by the water acting against the plate. (Note: In the solution all 
dimensions arc in meters.) 


600 mm = 06 m ae i 
ow 





(a) (b) 
Fig. 10-33 


SOLUTION 


The diagram in Fig. 10-33(b) shows a differential element of the plate a distance ¥ above the 
bottom of the hole. since we are interested only in the area of the plate that the watcr touches. the 
element of area dA is 0.6dy. [Note: If the width of the plate had been a function of y then the 
differential area would have been f(1) dy.] 

The force dF of the water on the selected differential element is the product of the area dA and the 
pressure at that distance y above the bottom of the hole. 

The pressure p at the point ym above the bottom of the hole is numerically equal to the 
gravitational force exerted by a column of water 1m’ in cross section and (1.2—y)m_ high: 
p =9.8 x 1000(1.2 - ¥) N/m*. Then the differential force on the small area is dF = 9.8 x 1000(1.2 — 
y¥)(0.6) dy. 

The moment of dF about the bottom of the hole is ydF. The moment of the total water force is 
Sv dF. This must be balanced by the moment of the bolt forces B about the bottom of the hole. Hence, 


03 


2B(0.3) = [ y9.8 x 1000(1.2- y)(0.6)dy, from which  B=441N 


Dd 


Let the reader show that the force induced in each bottom bolt is 485 N. 


Figure 10-34(a) shows a rectangular gate which separates fluids of two different densities. The 
gate is hinged at the top and rests against a stop at the bottom. Find d, the greatest difference 
in depth for which the gate will remain closed. 


SOLUTION 


Figure 10-34(b) shows the pressure distribution on the gate. The maximum pressure at the bottom 
at the left is the weight of a 12-ft-high column of fluid (watcr) on a square foot: 


py = 62.4 x 12 Ib/fe 
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10.29. 


10.30. 


10.31. 


10.32. 






62.4 Ib/ft? 
12° 


(a) (b) 
Fig. 10-34 


The total force on the left side is 
F, = 4p, X area = 4(62.4)(12)(12)(a) 


where a is the distance along the gate (perpendicular to the paper). This force (7) acts at the center of 
pressure, which for a triangular variation is at the centroid of the triangle (8 ft from the top of the gate). 
The maximum pressure at the bottom at the right is the weight of a column of fluid on a square foot 
and (12 — d) ft high: 
p+ = 105(12 = d) lb/ft 


The total force on the right side is 
F= Sp. X area = 4(105)(12 - d)(12 — d)(a) 


This force F, acts at the center of pressure, which is } x height = {(12 — d) from the bottom. 
{n order to take moments about the hinge. we use a moment arm of & ft for F, and a moment arm 
of 12-4012 -d) =8 + td. Equate the two moments for equilibrium to obtain 


4(62.4)(12)(12)(a)(8) = 4(105)(12 — d)'(a)(B + 4d) 
685 = (144 24d + d?2(BR+ 4d) or Wd — 144d +467 =0 


A value of d = 3.33 ft satisfies this equation. 


Supplementary Problems* 


A filament is stretched from a point on the x axis which is 4 in to the right of the origin to a point on the 
¥ axis which is 4in above the origin. Determine the first moment of the filament with respect to the x 
axis. Ans. Q=11.3ir 


Find Q, for the mass m of half the rim of a wheel shown in Fig. 10-35. Assume the thickness of the 
wheel is small compared with the radius. Use polar coordinates as indicated. Density is 5 units of mass 
per unit length. Ans. Q, = 26r =2rm/n 


Determine the first moment of a half circular area about its diameter. Ans. Q=ir' 


Find Q, and Q, for the area bounded by y* = 4ax, x =0, v =b. Ans. Q, = b*/16a, O, = b*/160a" 


* The lable of tirst momenis and centroids in Appendix B may be helpful in the solution of numerical problems. 
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10.35. 


10.36. 


10.37, 


10.38. 


10.39. 


10.40. 


10.41. 
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ae 


Fig. 10-35 


Determine Q for the volume of a hemisphere with respect to its base. Ans. Q= nr 


Apply the results of Problem 10.33 to determine Q about the base of a hemisphere whose radius is 6 in 
Ans. Q=1020in*. 


Determine Q, and Q, for one quarter of an ellipse whose major and minor axes are 100 mm and 75 mm, 
respectively. Ans. Q, =23400 mm’, Q, =31300mm 


Apply the results of Problem 10.3 to find the first moment of a right circular cone about its base whose 
radius is 75 mm. The height is 100 mm. Ans. Q= 14.7 10° mm 


A uniform bar 18 in long is bent at its midpoint at a 90° angle. Locate its centroid using the sides as axes. 
Ans. x =y=2.25in 


Suppose the bar in Problem 10.37 is bent so that the angle at its midpoint is 70°; how far is its centroid 
from the line joining its ends? Ans. d =3.69in 


A wire is bent as shown in Fig. 10-36. Locate its center of gravity. Ans. xX =56.5mm, y = 103mm 


Find the centroid of the figure composed of lines as shown in Fig. 10-37. 
Ans. x = —77.0mn, y = 67.6mm 


Determine the centroid of a uniform rod bent into triangular shape. See Fig. 10-38. 
Ans. x =2.52im, y =3.11 in 





Vv 
7 40 mm 
= 
160 mm 
$ 
z 
sf Boe 
2 30° 
x 
Fig. 10-36 Fig. 10-38 
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ry 10.42. Show that the following values hold for the indicated areas. 
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Determine the centroid for the area bounded by the parabola y* = 4ax and the lines x =0, y = b. 
Ans. X =3b?/40a, y = 3b 


Compute x for the area between the semicubical parabola ay’ = x* and the line x = a. 
Ans. x=3a 


Locate the centroid of the area bounded by y’ = 2x, x =3, y=0. Ans. x=1.8, y=3V6 


Locate the centroid of the area between the parabola y? = 4ax and the line y = bx. 
Ans. x =8a/5b’, ¥ =2alb 


Determine the centroid of the area bounded by the curve x* = y and the line x = y. 
Ans. x=0.5, y=05 


Locate the centroid of the area bounded by the parabolas y* = 4x and x? = 4y. Ans. X=y=18 


Determine the y coordinate of the centroid of the area between the x axis and the curve y =sinx. Use 
the interval OS x sz. Ans. y=}n 


Determine x for the area bounded by the hyperbola xy =c* and the lines x = a, x = b, y =0. 
Ans. x =(b-—a)/(log, b — log, a) 


Locate the centroid for the area between the ellipse x?/a? + y?/b? = 1 and the lines x =a, y = b. 
Ans. x =0.776a, y =0.776b 


Find the centroid of the composite area in Fig. 10-39. Ans. x =64.4mm, y = 80.6mm 


Compute the distance from the top line to the centroid of the 7 section in Fig. 10-40. 
Ans. d =2.97in 


oe Pen 


+ 


to" 





Fig. 10-39 Fig. 10-40 


Locate the centroid of the shaded area formed by removing the triangle from the semicircular area in 
Fig. 10-41. Ans. x =0, ¥y=23.4mm 


Determine the coordinates of the centroid of the shaded area in Fig. 10-42. The area removed is 
semicircular. Ans. x =3.77in, y =2.69in 
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a 





Fig. 10-41 


Locate the centroids of the following figures with respect to the axes shown. 


10.56. Fig. 10-43. Ans. x =10.0mm, y=110mm 


10.57. Fig. 10-44. Ans. x =Oin, vy =4.37in 


10.58. Fig. 10-45. Ans. x =11.9mm, y=Omm 


10.59. Fig. 10-46. Ans. x =1.32in, y=3.59in 
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Fig. 10-47. Ans. x =99.3 mm, y= 41.1mm 


Fig. 10-48. Ans. x =3in, y =3.40in 





Fig. 10-47 


Show by integration that the centroid of the volume of a right circular cone is at a distance from the base 
equal to one-fourth the altitude. 


A cone is formed by revolving the area bounded by the lines by = ax, y = 0 and x = b around the x axis. 
Determine x for the volume of the cone. Ans. X= 4b 


Show by integration that the centroid of the volume of a hemisphere is at a distance from the base equal 
to three-eighths the radius. 


The area formed by the parabola y* = 4ax and the lines x = b, y = 0 is revolved about the x axis. Show 
that X for the volume of the paraboloid so formed equals 3b. 


The first quadrant of the ellipse x°/a’ + y*/b7 =1 is revolved about the x axis. Show that x for the 
volume generated equals ja. 


The area bounded by the hyperbola x*/a’ — y7/b* = 1 and the lines y = 0, x = 2a is revolved about the x 
axis. Compute ¥ for the solid so generated. Ans. x= ja 


The area bounded by the curve y =sinx and lines y +0, x =0, x = 2/2 is revolved about the x axis. 
Compute + for the volume generated. Ans, ¥=n/44+1/2n 


The area formed by the curve + = e* and lines x = 0, x = b, y = 0 is revolved about the x axis. Locate the 
centroid of the volume formed. Ans. x = (be™” ~ be*" + 4)/(e?? — 1) 


The area formed by the curve x*/a* + y°/b° = 1 and the lines x =a, y = b is revolved about the x axis. 
Determine x for the generated volume. Ans, xX =a 


Determine the centroid of volume for a right circular cone with a base diameter of 100mm and an 
altitude of 200 mm. Ans. d=50mm 


A tight circular cone with altitude & in and radius of base 6in is welded to a 12-in-diameter hemisphere 
so that their bases coincide. Locate the centroid of the total volume. 
Ans. Distance from vertex of cone = 8.55 in 
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A right circular cone of altitude 250 mm and a base of diameter 200 mm rests on top of a right circular 
cylinder of the same base and 300 mm high. Locate the centroid of the composite volume. 
Ans. Distance from vertex of cone = 354mm 


A hemisphere of radius a rests on a right circular cylinder whose base also has radius a. If the height of 
the cylinder is a, locate the centroid of the composite volume. 
Ans. Distance from bottom of cylinder = 0.85a 


The frustum of a right circular cone has an altitude of 4ft. The radii of the bases are 2 ft and 4 ft, 
respectively. Locate the centroid of its volume. Ans. Distance from large base = 1.57 ft 


From a hemisphere of radius a is cut a cone of the same base and altitude. Show that the centroid of the 
remaining volume is at a distance from the base equal to 3a 


A block is 600mm x 600mm Xx 1200mm. A hole 150mm in diameter is cut normal to the top 
(600-by-600 face) at its center. If the depth of the hole is 460 mm, locate the centroid of the remaining 
volume. Ans. Distance from bottom = 593 mm 


Figure 10-49 illustrates a piece turned down in a lathe. Compute its centroid with reference to the left 
end. Ans. d=5.48in 





Fig. 10-49 


Two spheres of volumes 5in’ and 15 in’, respectively, are connected by a small rod whose volume is 
10 in*. If the distance between centers is 10in, how far from the center of the sphere of Sin’ is the 
centroid? Ans. d=6.67in 


A sphere of radius 400 mm has a spherical cavity of radius 100 mm. If the distance between the centers 
of the spheres is 200 mm, where is the centroid? Assume that the positive axis passes from the center of 
the large sphere through the center of the cavity. Ans. d= —318mm. 


Rework Problem 10.19 placing the vertex at the origin of the axes. Ans. d=~% 


A tank consists of a cylinder 20ft in diameter and 20ft high. It has a hemispherical bottom and a 
cone-shaped cover 5 ft high. Locate the center of gravity of the empty tank by assuming that it is the 
same as the center of gravity of the outer surface. Ans. y =17.6 ft from bottom 


A hemisphere whose radius is 75mm is attached to a cone with the same size base and an altitude of 
100 mm. Where is the centroid of the surface, assuming full opening between the two? 
Ans. Distance from vertex = 105 mm 


An open tank is made of a right circular cylinder 36 in high with a diameter of 20 in. The bottom extends 
below the cylinder for 4in as a cone with base coinciding with the cylinder. Determine the centroid of 
the surface. Ans. Distance from vertex = 19.5 in 
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The radius of the base of a right circular cone is 200 mm. Its altitude is 250 mm. Locate the centroid (a) 
of its sloping surface and () of its volume with respect to its base. 
Ans. (a) d=83.3mm, (b) d =62.5 mm 


Find the mass center of the first octant of the homogeneous ellipsoid x7/a° + y7/b? + 27/e7 = 1. 
Ans. x= 3a, ¥ = 2b, 7= 4c 


Locate the mass center of a hemisphere in which the density at any point varies (a) with the first power 
from the base, and (b) with the square of the radial distance from the center. 
Ans. (a) d =r, (b) d=0.417r 


Locate the mass center of a right circular cone in which the density at any point varies directly as the 
distance of the point from the base. Ans. d=Gh 


A mallet has a cylindrical wooden head and a cylindrical wooden handle. The head has a diameter of 
4in and a length of 6in. The handle has a diameter of 1) in and is 12 in long. Where is the center of mass 
with respect to the free end of the handle? The wood weighs 50 Ib/ft’. Aas. d =12.7in 


A cylinder 50mm in diameter and 50 mm high is cut out of a right circular cone with 200-mm-diameter 
base and 250-mm height. The base of the cylinder lies in the plane of the base of the conc. If the cone is 
made of steel of density 7850 kg/m‘. how far is the center of mass of the remaining mass above the 
base? Ans. 4 =64.0mm 


A tank 2.5m in diameter has its center of mass 1.2m above the bottom when empty. It is filled to a 
height of 1.8m with oil (density 880 kg/m*). Locate the center of mass of the tank and oil if the tank has 
a mass of 3600 kg when empty. Ans. Distance above base = 0.995 m 


A 2-in-diameter hole is drilled 6 in deep in to the center and normal to the top face of a brass cube 8 in 
on a side. The hole is filled with Icad. Brass weighs 525 1b/ft’ and tead weighs 710 tb/ft’. Locate the 
center of mass of the two metals with respect to the bottom. Ans. 4.04 in 


A steel cylinder has a 4-in-diameter base and a height of 6in. A hole in the shape of a right circular cone 
with its base coincident with the base of the cylinder and axis coincident with the axis of the cylinder is 
filled with lead. The diameter of the base of the cone is 2 in and its height is Lin. Steel weighs 490 Ib/ft* 
and lead weighs 710 Ib/ft’. Locate the centroid with respect to the base. Ans. d =2.97in 


In Fig. 10-50. compute the distance from the left side of the composite mass to its center of mass. The 
large cylinder has a density of 7850 kg/m*, and the small cylinder has a density of 8500 kg/m’. 
Ans. d=299mm 


500 mm 400 mm 200 mm 





Fig. 10-50 
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In Fig. 10-31, determine the surface generated by revolving the arc of the semicircle of radius r about 
the v¥ axis. Note that the centroid of the arc of the semicircle is at distance «= d + 2r/z. 
Ans. S =277rd + 4ar° 


d 
d 


Fig. 10-51 Fig. 10-52 


Determine the volume generated by revolving a semicircular area of radius r about the v axis. Refer to 
Fig. 10-52. Ans. V=qwrd+i4ar 


Find the volume generated by revolving the ellipse x°/a* + y°/b* =1 about the line x = 2a. 
Ans. V =4m'a*b 


Figure 10-53 shows the flywheel on a small compressor. A cross section of the rim is assumed to be 
rectangular, with a semicircular groove of 5-in radius cut therein. Compute the distance from the center 
to the centroid of the cross-sectional area shown at A—A. Using this centroidal distance, determine the 
volume of the rim only. Ans. V=%9 ir 


A right triangle of base / and altitude r is revolved about its base through 360°. What volume does the 
triangular area generate? = Ans. V = 4ar7h 


Y . ee] alle 
oN rR 


A Section A-A 
A right triangle ABC is shown in Fig. 10-54. 





Uy, 


Fig. 10-53 Fig. 10-54 


(a) Locate the centroid of the three lines forming the sides. 
(6) Locate the centroid of the enclosed area. 


(c) Assume that masses of 3, 2. and 1 oz are concentrated at the points A, B, and C, respectively, and 
locate the mass center. 
Ans. (a) ¥ =3 in. ¥ =2in: (b) © = 2.67 in, v =3 in: (c) ¥ = 2.67 in. ¥ =1in 


A wall 6m high is subjected to water pressure on a vertical face. Where is the center of pressure of the 
water on the wall? Ans. 4m below the surface 


In Problem 10.101. what is the turning moment about the base of the water on a section of the wall 
12 m long and | m thick? Water has a density of 1000 kg/m‘. Ans. 4.23 10°N-m or 4.23MN-m 
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A beam 12 ft long carries a uniform unit force of 100 Ib per linear ft for a distance of 4 ft from the left 
end. From that unit force of 1001b per linear ft the force increases uniformly to a maximum of 300 1b 
per linear foot at the right end. What are the reactions at the ends? Ans. R, = 780 lb, Re = 1220 1b 


A beam is subjected to a uniform unit force of w lb/ft for one-third the length. The unit force then 
decreases uniformly to zero at the right end. What is the total force acting, and how is it distributed to 


the supports? Ans. P = 4wilb. R, = wl lb, Re = Swl lb 


The gate AB in a tank filled with water is inclined as shown in Fig. 10-55 and is 600mm wide 
(perpendicular to the view shown). The gate is hinged at B and clamped at A. Determine (a) the total 
normal force acting on the gate due to the water and (b) the horizontal clamping force needed at A. 
Ans. (a) 1LAKN, (6) 5.3 KN 





1500 mm 
e \ 400 mm 
ad 
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Fig. 10-55 Fig. 10-56 


Refer to Fig. 10-56. A plate covers a 300-mm square hole in the side of the tank, which is filled with oil 
having a density of 800 kg/m’. Two bolts at A and two at B are used to secure the plate. Find the force 
in each bolt. Ans. Force in each bolt at A = 179 N, at B=192N 


Suppose the plate in the preceding problem covers a circular hole 300 mm in diameter. Find the force in 
each bolt. Ans. Force in each bolt at A = 140 N, at B = 150 N 


A conercte dam has the cross section shown in Fig. 10-57. Determine the reaction of the ground on the 
bottom of a section of the dam 1ft long. Use the specific weight of water = 62.4 ]b/ft', of 
concrete = 150 1b/ft’. (Hint: Include in the free-body diagram the volume of water above the sloping 
face of the dam.) Ans. R, = 7020 1b, R, = 29,000 Ib at 5.64 ft to the right of A 





Fig. 10-57 
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A semicylindrical trough with a 3-ft radius is filled with fluid having a density of 100 Ib/ft’. A gate at the 
end of the trough holds the fluid within the trough. Determine the magnitude of the resultant force on 
the gate and its location relative to the top. Ans. F = 18001b, y = 1.77 ft below top 


Solve Prob. 10.108 if the face of the dam is flat instead of parabolic. 
Ans. R,, = 7000 Ib, R, = 31,000 Ib at 5.92 ft to the right of A 


Solve Prob. 10.109 if the cross section of the trough is triangular with a 3-ft depth and 3-ft width at the 
top. Ans. F=4S0\b, y =1.5ft 


In Fig. 10-58 what is the maximum height of dam and water before overturning is imminent? 
Ans. h=37.4ft 





Fig. 10-58 


Chapter 11 


Virtual Work 


1L1 VIRTUAL DISPLACEMENT AND VIRTUAL WORK 


A virtual displacement 5s of a particle is any arbitrary infinitesimal change in the position of the 
particle consistent with the constraints imposed on the particle. This displacement can be imagined; 
it does not have to take place. 

Virtual work 5U done by a force is defined as F, 5s, where F, is the magnitude of the component 
of the force along the virtual displacement 6s. 

Virtual work 5U done by a couple of moment M is defined as M &@, where 6@ is the virtual 
angular displacement. 


11.2 EQUILIBRIUM 


Equilibrium of a particle: The necessary and sufficient condition for the equilibrium of a 
particle is zero virtual work done by all the forces acting on the particle during any virtual 
displacement 6s. 

Equilibritun of a rigid body: The necessary and sufficient condition for the equilibrium of a 
rigid body is zero virtual work done by all the external forces acting on the body during any virtual 
displacement consistent with the constraints imposed on the body. 

Equilibrium of a connected system of rigid bodies: Defined as above for rigid bodies. Keep in 
mind that for a virtual displacement consistent with constraints no work is done by internal forces, by 
reactions at smooth pins, or by forces normal to the direction of motion. The external forces that do 
work (including friction if present) are called active or applied forces. 

Equilibrium of a system: Exists if the potential energy V* has a stationary value. Thus, if V is 
a function of one independent variable such as x then dV/dx = 0 will yield the equilibrium value(s) 
of x. 


113 STABLE EQUILIBRIUM 


Stable equilibrium occurs if the potential energy V is a minimum. If in Fig. 11-1(@) a bead is 
placed at the bottom of the frictionless wire bent as a circle, intuition indicates this is a position of 
stable equilibrium with the potential energy of the bead a minimum because any disturbance will be 
followed by a return to the bottom position. Using the x axis as a standard (datum), the potential 
energy of the bead any place below the x axis is 


V = —Wy = —-WVa? - x? 
Set dV /dx equal to zero to find the equilibrium position: 


wv Wr 
dx a? — x? 


*The potential energy V of a mass m at a distance A above any plane chosen as a reference plane (datum) is mgh. If m is 
below the datum plane, V is —mgh. 

The potential energy V of a spring with constant & and that is stretched or compressed a distance x from its unstressed 
position is $4x7, 
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(a) Stable Equilibrium (b) Unstable Equilibrium 
Fig. 11-1 


Hence, the solution needed here is x = 0 (the bead is then at the bottom). In determining the 
type of equilibrium, it is necessary to evaluate d?V dx? at the equilibrium position. Thus, 


“LV w Wx? 


J = + + 3 Ra 
dx? Va? _ x? (a? _ x73? 


and at x =0, d*V/dx? = +W/a (positive), showing stable equilibrium. 


11.4 UNSTABLE EQUILIBRIUM 


Unstable equilibrium occurs if the potential energy V is a maximum. If in Fig, 11-1(b) the bead is 
placed at the top of the wire, intuition indicates that this is a position of unstable equilibrium, with 
the potential energy of the bead a maximum. Using the x axis as a standard (datum), the potential 
energy of the bead any place above the x axis is 


V=+Wy =4+WVa? - x? 
Set dV/dx equal to zero to find the equilibrium position: 


dv___ Wx 
dx ae x? 


Hence, the solution needed here is x = 0 (the bead is then at the top). Note also that 


av Ww Wr? 


de Vex? (a — x’? 


and at x =0, d?V/dx? = —W/a (negative), showing unstable equilibrium. 


11.5 NEUTRAL EQUILIBRIUM 

Neutral equilibrium exists if a system remains in any position in which it is placed. For example, 
a bead can be located any place on a horizontal wire and will remain there. 
11.6 SUMMARY OF EQUILIBRIUM 


To determine the value(s) of the variable(s) for which a system is in equilibrium, express the 
potential energy V of the system as a function of the variable(s). In the foregoing discussion x was 
the variable. Then set dV/dx = 0 to determine the value(s) of x for equilibrium. Evaluate d’V /dx? to 
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ascertain the type of equilibrium: 


ad 

ae >0 equilibrium is stable 
av Sagan 

ae <0 equilibrium is unstable 
av 


mo = 0 equilibrium is neutral 
x 


Solved Problems 


11.1, A homogeneous ladder having a mass M and length / is held in equilibrium by a horizontal 
force P as shown in Fig. 11-2. Using virtual work methods, express P in terms of M. 


SOLUTION 


Assuming that x is positive to the right, the virtual work done by P for an increase 6x is —P 6x. 
since P is directed to the Ieft. 

Assuming that y is positive up, the virtual work done by the downward force of gravity for an 
increase dy ts — Mg dy. 

The total virtual work 5U is zero; hence 

5U = —P &x - Mg dy =0 (/) 
From the figure, x =/ sin @ and y = 3/ cos @. Then, 
5x = (cos @) 60 and dy = — (sin 8) 60 


Substituting these values into equation (7), gives P = $Mg tan 0. 





Fig. 11-3 


11.2. In the toggle device shown in Fig. 11-3, express the relationship between forces F and P in 
terms of angle 6. 


SOLUTION 


Assuming x positive to the right, the virtual work done by F for an increase 6x is —F 6x, because F 
is directed to the left. Assuming y positive up, the virtual work done by P for an increase dy is —P dy, 
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11.3. 
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because P is directed down. The total virtual work SU is zero: hence, 
8U = —F 6x — P By =0 (7) 
From the figure. x = 2f cos @ and y =/sin @. Then 
5x = —21(sin 8) 60 and dy = (cos 0) 50 
Substituting these values into equation (/) gives P = 2F tan 6. 
Using the method of virtual work, determine the relationship between the moment M applied 


to the crank R and the force F applied to the crosshead in the slider crank mechanism shown 
in Fig. 11-4. 





SOLUTION 


Assuming @ positive counterclockwise. the virtual work done by M for an increase 5@ is —M 60. 
Assuming x positive to the right. the virtual work done by F for an increase 5x is — F 6x. The total virtual 
work 6U is zero; hence, 


6U = —M 60 —- Féx =0 (7) 


But from the figure. x = Roeos 0+ {cos ¢. To express ¢ in terms of @, use h = R sin 6 =/ sin & and 
obtain cos ¢ = VI — sin’ é = V1 - (R/DY sin? @. 





Putting 
R? sin @ cos @ 
8x = —R(sin 0) 80 — Jo 
. ne) 1 V1—(Ry sin? 0 
Rcos@ 
into ation (7) gives M = FR(sin® [! +p | 
Sanat ewe (sin 11 + (RiP sin? 


See Fig. 11-5. Using the method of virtual work, determine the value of F to hold the frame in 
equilibrium under the action of force P. Each link is of length 2a, and 6 = 45°. 


SOLUTION 


Let @ be any angle in the analysis. Later the actual value 45° will be used. If there is an increase 60, 
P will rise doing negative work. The magnitude of the differential rise is |6(a cos @)| = asin 66. At the 
same time the F forces will do positive work. The magnitude of the differential movement of either F is 
5(a sin 6) = a cos 0 68. 

Thus, 6U = —P(a sin 8 6@) + 2F(a cos 6 6@) = 0. 

The solution is F = }P tan @; at 0 = 45°, F = 0.5P. 
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Fig. 11-6 


11.5. Three homogeneous links, each weighing 10 Ib, and each 6 ft long, are held in the equilibrium 
position by a 15-lb horizontal force. as shown in Fig. 11-6. Determine the values of @,, 62, and 
@, at the equilibrium position. 
SOLUTION 


For an increase 6x, the 15-Ib force will do positive work. For an increase dy,, Sy2, and dys, the 10-Ib 
weights will do positive work. Hence, 


6U = +15 & +10 Sy, + 10 &y, + 10 dy, = 0 
From the figure, 
x =6sin 8, + 6sin 6. + 6sin 6; 
y =3cos0, yo. = 6 cos @, + 3. cos 0, ys = 6 cos O, + 6 cos B, + 3 cos O3 
Hence, 6x = 6 cos @, 66, + 6 cos 6 66, + 6 cos 6. d@, 
dy, = —3 sin 8, 60, 
é6y. = —6sin 6, 66, — 3 sin @, 60, 
dy, = —6 sin @, 66, — 6sin 8 66, — 3 sin, 503 
Substituting. 5U = +15(6 cos @, 66, + 6 cos 6, 66, + 6 cos 6, 643) 
— 10(3 sin 6, 66,) — 10(6 sin @, 56, + 3 sin 6, 66.) 
— 10(6 sin @, 66, + 6 sin 6, 66, + 3 sin 6, 6@;) =0 
To solve for @,, allow only 66, to exist. This leads to 
(90 cos @, — 30 sin 6, — 60 sin 6, — 60 sin 8,) 68, =0 


from which tan @, = 90/150 or @, = 30°58’. 
To solve for @,, allow only 6@, to exist, and obtain 


(90 cos 6, — 30 sin 6, — 60 sin 62) 66, = 


from which @, = 45°. 
Similar reasoning yields (90 cos 6, — 30 sin @,) 66, = 0, from which 6, = 71°33’. 
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mancad = 11.6. The horizontal spring in Fig. 11-7 is compressed 5 in to the position shown. The coefficient of 
friction between the 100-lb block and the horizontal plane is 0.3. Using the method of virtual 
work, determine the moment M that must be applied to the vertical bar pivoted at the top in 
order to cause motion to the right. 
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k = 20 th/in 





SOLUTION 


Assume that the block moves a distance 6x to the right. Then the spring compresses from 5 to 
5 + &x in. Also, the bar rotates through an angular distance 6x/8. The normal force that the plane exerts 
on the block is 100 1b, and hence friction is equal to 30 lb. The total virtual work done is equal to the 
negative work of the friction. the negative work of the spring, and the positive work of the moment. 
Hence, 


z a: 
8U = —30 dx — \(20)[(5 + dx)? — 7] + M ae =0 
do fut Se 5x 
or —30 &x — 10(25 + 10 x + Sx" — 25) + M~ =() 
Since x is small, we neglect 6x°, and the expression becomes 
5x 
—30 &x — 100 6x + M 0 


Hence, = 1040 Ib-in. 


11.7. Using the principles of virtual work, determine the components of the pin reactions at A and 
B in Fig. 11-8(a). Neglect friction at all pins. The force at E is horizontal. 





Fig. 11-8 


yi 
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SOLUTION 


A free-body diagram in Fig. 11-8(6) shows the pin B removed and the frame given a virutal angular 
displacement 6@ about pin A. The virtual displacement of B to B’ can be thought of as a displacement 
dy down and a displacement 6x to the right. For the small angular displacement, all points on the 
member BDF move down an amount dy: hence, point C will undergo one-half the displacement of D. 
Since the bar BDE rotates through the angle 58, point F undergoes a horizontal displacement which is 
two-thirds that of point B (4 dx). The pin reactions at A do no work. The virtual work is 


8U = +98(3 by) - B, dy + B, 8x — 200(3 x) =0 
or 8U = (49 - B,) &y + (B, — 133) dx =0 


Now since 5x and Sy are completely independent and arbitrary virtual displacements, 5U will be zero if 
and only if 


49 - B, =0 and B, — 133 =0 


From these, B, = 49N up and B, = 133N to right. 
The equations of equilibrium can be applied as follows: 


SR=A,+B.+200=0 or A, =333N to left 
> =A, — 98+ B, =0 or A,=49Nup 


Without the method of virtual work, it would have been necessary to use several free-body 
diagrams of parts of the frame. 


Two weights W and w are supported as shown in Fig. 11-9 by a bar of negligible weight that is 
pivoted about an axis at O perpendicular to the plane of the paper. Discuss equilibrium. 


DISCUSSION 


If @ =0° is selected as the standard or reference configuration then, at any angle @, W has lost 
potential energy Wa(l —cos @) and w has gained wb(1 — cos @). The total potential energy V of the 
system at angle @ is 


V = —Wa(1 —cos 8) + wh(1 — cos 6) 
To study equilibrium, set dV /d@ = 0: 


dV 
— = —-Wasin@+ wb sin @=0 
dé 


This is satisfied when sin @ = 0 (8 =0°) or when wb = Wa (@ may then be any angle). 

To discuss stability, find d’V/d@" = ~ Wa cos @ + wh cos @. 

Next evaluate d°V/d@* for the two conditions of equilibrium. At @ = 0°, d?V/d@? = —Wa + wh. For 
stable equilibrium, the value must be positive; this obtains when wh >Wa. The othcr state of 
equilibrium occurs when wh = Wa, that is, when d?V/d@’ = 0: this means neutral equilibrium. 

To summarize, if wh > Wa, the system will be in stable equilibrium when @ = 0°. If wh = Wa, the 
system will stay in any position in which it is placed. 
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Fig. 11-9 Fig. 11-10 


11.9. A uniform bar of length / and weight W is held in equilibrium by a spring with constant k. 
When 6 = 0°, the spring is not stressed. Discuss equilibrium. 


DISCUSSION 


Refer to Fig. 11-10. Using @ = 0° as the standard or reference configuration, the bar in position 0 
has lost potential energy equal to WI(1 — cos @) and the spring has gained an amount 3kx’. From the 
geometry, x? = a? + F — 2a/ cos @ Hence, the potential energy V for the system at any angle 6 is 

V = -4WI(1 — cos @) + 5k(a? + P — 2al cos @) 
dV 
dé 
which will be zero for sin @ =0 (@ = 0°) or for k = 5W/a. 

Next find d’V /d@? = —}Wi cos 8 + kal cos 8. At @ = 0°, d?V/d@’ = —3WI + kal; this will be positive 
if k >4W/a. At any other angle, d°V /d@ =0 if k =4W/a. 

In conclusion, if k = 3W/a, the system will remain in any position in which it is placed. 


and = —1Wisin @+ kal sin @ 


11.10. In Fig. 11-11, the two identical gears rotate about frictionless pivots. A weightless 2-ft bar 
rigidly attached to the gear holds the 20-lb weight. The other gear is attached to a vertical 
spring with constant k = 12 Ib/in. Determine the angle(s) @ for equilibrium. 


SOLUTION 


If @ = 0° is used as the standard or reference configuration and the spring is unstressed, then for any 
other angle @ the weight loses a potential energy equal to Wi(1 — cos 6). The spring gains an amount 
£k(r@). The total potential energy of the system is 


V =—WI(1 — cos 6) + 3kr’6? 
Then, 
dV : av 3 
Fae OE je eee 
The first derivative will be zero if @ = 0° or if sin @ = (kr’/WD8@. 
At @=0°, @V/d@? = —WI +4 kr? = —20(2) + (144)(4Y = —4 (not stable). 
The other angle for equilibrium is determined from 
‘ kr 144) 
6=—_ 6=——— 0= 0. 
sin Wi é 20(2) 90 
which, by trial and error, is satisfied by @ = 44.1°. Then d?V/d@? = —20(2) cos 44.1° + 36 = +7.2, which 
indicates stable equilibrium. 
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k = 12 Ib/in 





Fig. 11-11 Fig. 11-12 


11.11. A uniform rope with mass M is placed on a sphere of radius r as shown in Fig. 11-12. Find the 
tension 7 in the rope when it is in a horizontal plane at a vertical distance b below the top. 
Use the method of virtual work. 
SOLUTION 
The rope is at a height y above the xz plane. Its length is / = 2ax = 22Vr°— y°. 
If the rope is given a virtual displacement é6y down, the virtual work donc is 
6U = +Mg dy + T dl =0 
2m(s)(—2y by) __—2ny by 
(r° — yy" (2br ae, by? 
_ Mg(2br—b’y” 
2n(r — b) 





Substituting é/ 





we obtain 


Supplementary Problems 


11.12. Using the method of virtual work, find the force T in the horizontal cross member in terms of the load P 
and the angle @. See Fig. 11-13. Ans. T= }Ptan@ 





Fig. 11-13 





11.13. In Fig. 11-14 the masses M, and M, arc held on the frictionless orthogonal planes by a rigid inextensible 
bar of length /. Find the equilibrium angle @. Ans. tan @=(M,/M,)cos 0, 
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11.14. Refer to Fig. 11-15. Using the method of virtual work, find the force P to hold the mass M in 
equilibrium, Ans. P=5Mg 





Fig. 11-15 Fig. 11-16 
11.15. In Fig. 11-16 the bars AB, AC, HK, and K? are a ft long. The other bars arc 2a ft long. The bars are 


connected by frictionless pins. Using the methed of virtual work, determine the relationship between P 
and Q. Ans. Q=4P 


11.16. In Fig. 11-17 a spring with its free end at A is stretched 2in from its unstressed position. At B it is 
stretched 4 in from its unstressed position. If the spring constant & = 10 Ib/in, find the work done against 
the spring force in moving the free end from A to B. Ans. U =60in-lb 





Fig. 11-17 Fig. 11-18 
11.17. A chain of weight W is placed on a right circular cone of height # and base radius r. Find the tension T 
in the chain when it is in a horizontal plane a distance b below the apex. Ans. T =Wh/2ar 


11.18. The two masses m7 and M are connected by a light inextensible cord. as shown in Fig. 11-18, on the 
smooth cylindrical surface. If the angle between their respective radii is 90°, determine the angle of 
equilibrium. Is it stable equilibrium? Ans. tan@=m/M:no 


11.19. Suppose the masses of the preceding problem are connected as shown in Fig. 11-19, Determine the angle 
of equilibrium. What type of equilibrium is it? Ans. sin @=m/M, unstable 


Ye 
eM 





S m 
Fi . 11-19 Fi . 11-20 
e S 
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11.20. 


11.21. 


11.22. 


11.23. 
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In Fig. 11-20 the 40-Ib homogeneous ladder rests on smooth surfaces. The spring is unstretched when 
6 =0°. Study equilibrium conditions if spring constant & = SO Ib/ft. 
Ans. @=0°, stable equilibrium: @ = 27.2°, unstable equilibrium 


Fig. 11-21 shows a Roberval balance in which %>r, and the weights of the members are considered 
negligible. What is the relation between R, and R, for equilibrium? Ans. R,=R2 


50 Ib , 





Fig. 11-21 Fig. 11-22 


Determine the angle @ for equilibrium of the three-bar linkage shown in Fig. 11-22. What type of 
equilibrium exists at that angle? Ans. @=7.59°, unstable 


A homogeneous bar has a mass of 50 kg and is 3m long as shown in Fig. 11-23. What are the values of 
the spring constant k to insure stable equilibrium? The spring is undeformed in Fig. 11-23. 
Ans. k>81.7N/m 


Fig. 11-23 


Chapter 12 





Kinematics of a Particle 


12.1 KINEMATICS 


Kinematics is the study of motion without regard to the forces or other factors that influence the 
motion. 


12.2) RECTILINEAR MOTION 


Rectilinear motion is motion of a point P along a straight fine, which for convenience here will 
be chosen as the x axis. Vector symbols are omitted in this part. 


(a) The position of point P at any time ¢ is expressed in terms of its distance x from a fixed origin O on the x 
axis. This distance x is positive or ncgative according to the usual sign convention. 

(b) The average velocity v,, of point P during the time interval between ¢ and ¢ + Ar during which its position 
changes from x to x + Av is the quotient 4x/Ar. Mathematically this is written 


_it 


At (7) 


Vay 
(c) The instantaneous velocity v of point P at time ris the Init of the average velocity as the increment of time 
approaches zero as a limit. Mathematically this is written 
Ariodx 


= lim =" 
. a Ar dt 


(d) The average acceleration a,, of point P during the time interval between ¢ and ¢ + A: during which its 
velocity changes from v to v + Av is the quotient Av/Ar, Mathematically this is written 


_ Av 

ar 

(e) The instantaneous acceleration a of point P at time ¢ is the limit of the average acceleration as the 
increment of time approaches zero as a limit. Mathematically this is written 


(7) 


ay 


a=lim eu eces (4) 
aude dt dr 
dudx du 
Also. OS ee Ui 
(f) For constant acceleration a — k the following formulas are valid: 
v=uyt kt (5) 
uv? =u) + 2ks (6) 
s=vuyl + $k? (7) 
s=\u+y,) (8) 


where uv, = initial velocity 
v= final velocity 
k = constant acceleration 
t= time 
s = displacement 
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(g) Simple harmonic motion is rectilinear motion in whch the acceleration is negatively proportional to the 
displacement. Mathematically this is written 


a=—-K*x (9) 


As an example, equation (9) is satisfied by a point vibrating so that its displacement x is given by the 
equation 


x=bsin wt (0) 


where b = amplitude in linear measure 
w = constant circular frequency in radians per second 
t= time in seconds 
Thus, since « =b sin wt. then v = dx/dt = wb cos wt and a = d?’x/de = —@*b sin wt = —w"x. That is. 
a= —K*x, where K = w, a constant, and the motion is simple harmonic. 


12.33. CURVILINEAR MOTION 
Curvilinear motion in a plane is motion along a plane curve (path). The velocity and acceleration 


of a point on such a curve will be expressed in (a) rectangular components, (b) tangential and 
normal components, and (c) radial and transverse components. 


12.4 RECTANGULAR COMPONENTS 


The position vector r of a point P on such a curve in terms of the unit vectors i and j along the x 
and y axes, respectively, is written 


r=xit yj 
As P moves, r changes and the velocity v can be expressed as 


dr dx, ay, 
Vee oS St] 
dt dt dt 


Using dx/dt = % and dy/dt = ¥ and dr/dt =£ as convenient symbols, we have 

V=r=xit yj (/7) 
The speed of the point is the magnitude of the velocity v: that is, 

W= VE +e 
If 6 is the angle which the vector v makes with the x axis, we can write 


y dy/dt dy 
6=tan''~=tan '———=tan'! 
adds" ax 





Thus, the velocity vector v is tangent to the path at point P (see Fig. 12-1). 
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The acceleration vector a is the time rate of change of v: that is, 


dv d*r dx, is d’y. 
SS ee ee ee =. 1 a 
aad de de des 


Using the symbolic notation a = ¥ =#, * = d?x/dr’, and y = d’y/dt’, we can write 
a=V=F=Kit jj (12) 
The magnitude of the acceleration vector a is 
lal = Vie? +? 
Do not make the mistake of assuming that a is tangent to the path at point P. 


¥ 





12.55 TANGENTIAL AND NORMAL COMPONENTS 


In the preceding discussion the velocity vector v and acceleration vector a were expressed in 
terms of the orthogonal unit vectors i and j along the x and y axes. respectively. The following 
discussion shows how to express the same vector v and the same vector a in terms of the unit vector 
e, tangent to the path at point P and the unit vector e, at right angles to e,. 

In Fig. 12-2, point P is shown on the curve at a distance s along the curve from a reference point 
Fy. The position vector r of point P is a function of the scalar quantity s. To study this relationship. 
let Q be a point on the curve near P. 

The position vectors r(s} and r(s) + Ar(s) for points P and Q, respectively, are shown as well as 
the change Ar(s), which is the directed straight line PQ. The distance along the curve from P to Q is 
As. The derivative of r(s) with respect to s is written 


dr(s) tim r(s) + Ar(s) — r(s) ee Ar(s) 
—= | eS ——— 
ds Aso As cea As 


As Q approaches P, the ratio of the magnitude of the straight line Ar(s) to the arc length As 
approaches unity. Also, in direction the straight line Ar(s) approaches the tangent to the path at P. 
Thus, in the limit, a unit vector e, 1s defined as follows: 


lA 
ds =€, (13) 
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Next consider how e, changes with s. As shown in Fig. 12-3(a), the center of curvature C is a 
distance p from P. 


coi Te 


Ae, 1 unit 


x- the 


(8) (e) 





Fig. 12-3 


If we assume point Q is close to P, the unit tangent vectors at P and Q are e, and e, + Ae,, 
respectively. Since the tangents at P and Q are perpendicular to the radii drawn to C, the angle 
between e, and e, + Ae, as shown in Fig. 12-3(5) is also A@, Because e, and e, + Ae, are unit vectors, 
Ae, represents only a change in direction (but not magnitude). Thus the triangle in Fig. 12-3(b) is 
isosceles and is shown drawn to a larger scale in Fig. 12-3(c). From Fig. 12-3(c) it should be evident 
that 


——=sin} A@~4A@ from which |Ae,| = Ad 


But from Fig. 12-3(a@), As = p A@; hence, we can write As = p |Ae,|. Thus, 
. {Ae 1 
lim —— =-— 
Aso As Pp 


Also, in the limit Ae, is perpendicular to e, and is directed toward the center of curvature C. Let e, 
be the unit vector that is perpendicular to e, and directed toward the center of curvature C. Then 
de |Ae,| 1 


—= fi = 14 
Gs ae ee pe uo) 





The velocity vector v may now be given in terms of the unit vectors e, and e,. Using equation 
(73), and noting ds/dt =5s is the speed of P along the path, we can write 
dr drds 
v=—=——=Se, 15 
ad dsdt a 
The acceleration vector a is the time derivative of the velocity vector v defined in equation 
(15): 


dv. _de, 
a= —_= e o— 

a eG, 

de, _de,ds 


But, 
dt ds dt 
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and from (1/4) this may be written 


BES 
dtp” 
§ 
Then a=Se,+—e, (16) 
p 


Note that § along the tangent is the time rate of change of the speed of the point. 


12.6 RADIAL AND TRANSVERSE COMPONENTS 


The point P on the curve may be located with polar coordinates in terms of any point chosen as 
a pole. Figure 12-4 shows the origin O as the pole. These polar coordinates are useful in studying the 
motion of planets and other central force problems. The velocity vector v and the acceleration vector 
a are now derived in terms of unit vectors along and perpendicular to the radius vector. Note that 
there is an infinite set of unit vectors because any point may be chosen as a pole. 

The radius vector r makes an angle ¢ with the x axis. The unit vector e, is chosen outward along 
r. The unit vector e, is perpendicular to r and in the direction of increasing @. 

Since the vector r is r units long in the e, direction, we can write 


r=re, (17) 
The velocity vector v is the time derivative of the product in equation (77): 
=r=re,+ re, 
where é, = de,/dt. 


Ae, 
e. + Ae, 


() 


Seg 
& + Aey ‘od 


(e) 





Fig. 12-4 Fig. 12-5 


To evaluate é, and é,, allow P to move to a nearby point Q with a corresponding set of unit 
vectors e, + Ae, and eg + Aeg as shown in Fig. 12-S(a). 

Figures 12-5(b) and (c) illustrate these unit vectors. Since the triangles are isosceles, we can 
deduce the following conclusions by reasoning similar to that used in the explanation of e, and e,, 
vectors: de, in the limit has a magnitude d¢ in the e, direction, and de, in the limit has a magnitude 
d¢@ in the negative e, direction. Hence, 


. de,d¢d_, 


_ degdd _ 
er dd dt Ges . 


ES gece 





— de, 


and 
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where ¢ is the time rate of change of the angle ¢ that the radius vector r makes with the x axis. 
The velocity vector vy may now be written 


v=fe, + rde, (8) 
The acceleration vector a is the time derivative of the terms in equation (18): 
a=Fre, + Fé, +rde, + rdeg + rey 
= Fe, + rhe, + rde, + rbe, — rdé’e, 


where ¢ is the angular acceleration (time derivative of the angular velocity ¢). Collecting terms, this 
becomes 


a=(¥ —rd)e, + (276 + rd)jeg (19) 


As a special case of curvilinear motion consider a point moving in a circular path of radius R. 
Substituting R for r in equations (8) and (19), noting R = R =0, we obtain 


v= Rdes (tangent to the path) (20) 
a= —Rd’e, + Rdbe, (21) 


Thus, the acceleration has a tangential component of magnitude Rdé and a normal component 
directed toward the center of magnitude Rd’. 


12.7 UNITS 


Units have been omitted purposely in the foregoing discussion. The following table lists the units 
used in the U.S. Customary (so-called engineering) System and in SI. 


Symbol Engineering Units 


ft m 
ft/s or fps m/s 
m/s" 





ft/s’ 





radians (rad) radians (rad) 





rad/s rad/s 





rad/s” rad/s” 





Solved Problems 


12.1. A rocket car moves along a straight track according to the equation x = 3r° +1 + 2, where x is 
in feet and ¢ is in seconds, Determine the displacement, velocity, and acceleration when 
r=4s. 
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SOLUTION 
x =3047+2=3(4)" +442 = 198 ft 


d 9 2 
va Fr =F +1 = 94) +1 = 145 fis 
dv 
= = 4) =72 
a ai 181 = 18(4) = 72 ft/s 


12.2. In Problem 12.1, what is the average acceleration during the fifth second? 
SOLUTION 


The velocity at the end of the fifth second is v = 9(5) + 1 = 226 ft/sec. Hence, the change in 
velocity during the fifth second is 226 ft/s — 145 ft/s = 81 ft/s. 
The average acceleration is 
_ Av 8 ft/2 


= —=81 ft/s? 
Be a gas Pee 


vi 


Marea =: 12.3. A point moves along a straight line such that its displacement is s = 81? + 21, where s is in 
meters and 7 is in seconds. Plot the displacement, velocity, and accelertaion against time. 
These are called s-t, v-1, a-1 diagrams. 


SOLUTION 


Diffcrentiating s = 8 + 21 yields v = ds/dt = 162 + 2 and a = du/dt = d’s/dr = 16. 

This shows that the acceleration is constant, 16 m/s’. 

To determine values for plotting, use the following tabular form, wherc ¢ 1s in seconds, s is in 
meters, and v is in meters pcr second. 


ee [= wD oe 


0 





These data are plotted in the s, v, and a diagrams on the next page. Some valuable relationships 
may be deduced from these diagrams. The slope of the s—r curve at any time z is the height or ordinate 
of the v-r curve at time ¢. This follows since v = ds/dt. 

Again, the slope of the v-r curve (in this particular case the slope is the same at any point of the 
straight line. i.e.. 16 m/s”) at any time ¢ is the ordinate of the a-z curve at any time #. This follows since 
a = dv/dt. 

The two equations just given may also be written as 


adt=dv and vdt=ds 


Integration between proper limits yields 


[aa-| du =u-— vy and [ va=f ds = 5 — Sp (Z) 
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where fi, a dt = area under a-t diagram for time interval from f, to? 
Ji, udt = area under v-t diagram for time interval from 1, to 1 

v — v, = change in velocity in same time interval f, to 4 
§ ~ So = change in displacement in same time interval £, to 0. 


s(m) 


uv (m/s) 





16 


a (m/s?) 


5 
t (8) 


The first equation in (/) states that the change in the ordinate of the v-r diagram for any time 
interval is equal to the area under the a-? diagram within that time interval. A similar statement may be 
made for the change in the ordinate of the s~r diagram in the second equation in (/). 


An automobile accelerates uniformly from rest to 60 m/h in 28s. Find its constant 
acceleration and its displacement during this time. 


SOLUTION 


The following data are given: v, = 0, v = 60 mi/h = 88 ft/s, f= 28s. 
To determine the acceleration, which is a constant k, apply the formula v = uv, + kt. 


vy _ (88 — Q) ft/s o 
kan —— = 3.14 ft/s’ 
; IRs 14 ft/s 


To determine the displacement using only the original data, 
+ Uy 88 + 0) ft/s 
Se ee OE nea h 
2 2 
A particle moves with rectilinear motion. The speed increases from zero to a ft/s in 3s and 
then decreases to zero in 2 s. 
(a) Plot the v—1 curve 
(b) What is the acceleration during the first 3s and during the next 2s? 
(c) What is the distance traveled in the 5s? 
(d) How long does it take the particle to go SO ft? 
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SOLUTION 


(a) The plot of the v-t curve is shown in Fig. 12-6. 





3 2 #(s) 
=] =a 
Fig. 12-6 


(b) The acceleration is the time derivative of the velocity, which is the slope of the v—s curve. 


Thus, 
dv 30 ‘ 
atr=38 a= =—=10ft/s 
dt 3 
1 30 4 
atr=Ss goss = -—15 ft/s” 


dt 
(c) The velocity is the time derivative of the displacement. Thus. 


ds 
v=— ds=vdt as= fod 
dt 


The integral of u dt is also the area under the v-r curve. Thus. 
for®=5 — s =(30)(3)/2 + (30)(2)/2 = 75 ft 


(d) The distance traveled in the first 3s is 45 ft as calculated from the area under the v—t curve. The 
velocity is given by the equation of the v-t curve for the region f= 3 tor = 5s. Thus. for the added 
5 ft traveled, the area under the v-r curve is the area under the shaded trapezoid, which is the sum 
of the rectangle and triangle. Or 


(30-150) + (151) 5 =5. 
Solving the resulting quadratic equation, 1 =0.175s. Note that the other solution of the quadratic 


equation is 3.826s, which is greater than 2s, the maximum value that ¢ can have. Hence the total 
time is T=3+0.175 =3.175s. 


12.6. A balloon is rising with a velocity of 2 m/s when a bag of sand is released. If the height at the 
time of release is 120 m, how long does it take the bag of sand to reach the ground? 


SOLUTION 
The sand is rising at the same rate as the balloon at the instant of release. Hence 


Vy = +2 m/s y=120m g=a=98m/s° 


#4 


& 


ath 
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First solve using the ground as the datum (y =0), with up being positive. (Nore: y =0 as the sand 
reaches the ground.) 


VEHVWtul+ har’ 


O= +120 + 2r + 4(-9.8)2 


This yields 1=5.16s 
Next solve using the balloon as the datum. Use up as positive. (Note: y = —120 as the sand reaches 
the ground.) 


y=Votupt + jar 
-120=0+4 21 + 4(-9.8)° 
This, of course, yields 
r=5.16s 


A ball is projected vertically upward with a velocity of 80 ft/s. Two seconds later a second ball 
is projected vertically upward with a velocity of 60 ft/s. At what point above the surface of the 
earth will they meet? 


SOLUTION 


Let ¢ be the time after the first ball is projected that the two meet. The second ball will then have 
been traveling for -— 2s. The displacements for both balls will be the same at time &. 
Let s, and s, be the displacements of the first and second balls, respectively. Then 


5, = (vat — sgt? and S2 = (uo)a(t — 2) — 2g(t - 2) 
Equating s, and s, and substituting the given values of (uo), and (vo)2, we obtain 

80r - 16.1 = 60(t -2)-16.10e-2)7 or 1=415s5 
Substituting this valuc of ¢ in the equation for s, (or 52), the displacement is 


5, = BO ft/s x 4.14 5 — 4(32.2 ft/s?)(4.14 s)? = 54.6 ft 


A ball is thrown at an angle of 40° to the horizontal. With what initial speed should the ball be 
thrown in order to land 100 ft away? Neglect air resistance. 


SOLUTION 


Choose the x y axes with the origin at the point where the ball is thrown. By neglecting air 
resistance the x component of the acceleration is zero. The y component of the acceleration is —g. 
From equation (7) with a, = 0 and a, = —32.2 fis, 


X=uUyf and y =vo,f ~ 3(32.2)0° 
Given that when x = 100, y =0 and vo, = va cos 40°, Ug, = vo sin 40°, the above equations become 
100 = va cos 40°(1) 
0 = vesin 40°(0) — 3(32.2)r 


Solving the first equation for vp, substituting in the second equation and solving for ¢ gives = 2.28. 
Substituting this value in the first equation yields 


Up = 57.3 ft/s 


A particle moves along a horizontal straight line with an acceleration a = 6W/s. When t =2 s, 
its displacement s= +27 ft and its velocity v= +27 ft/s. Calculate the velocity and 
acceleration of the point when 1 =4 s. 


CHAP. 
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v (ft/s) s (ft) 


a (ft/s”) 





SOLUTION 


Since the acceleration is given as a function of the displacement, use the differential equation 
ads =vudv. Then 


[oorras=f udu or 3s** =$u7+C, 


Since v = +27 when s = +27, C, =0 and v = 357". 

Next use u=ds/dr to obtain ds/s**=3 dt: from this, 3s'* =3r+C,. Substitute the condition 
§ = +27 when ¢ =2 to obtain C, =3 ands =(¢ + 1)". 

The equations are therefore s=(t+1)', v=3(t+1)¥. a=6(¢+1). When 1=4s, s=125 ft, 
v=75 ft/s, and a = 30 ft/s’. 

A plot of these quantities against time is shown above. Note that the ordinate of the v—! curve at 
any time ¢ is the slope of the s—r curve at the same time. Also, the ordinate of the a—1 curve at any time f 
is the slope of the v-r curve at that time. 


A particle moves on a vertical line with an acceleration a=2Vv. When t=2s, its 
displacement s = 64/3 ft and its velocity v = 16 ft/s. Determine the displacement, velocity, 
and acceleration of the particle when f =3 s. 


SOLUTION 


Since a = dv/dt, then 2Vv = du/dt. Separating the variables, 2 dr = dv/v'. Integrating, 21 + C, = 
2u'*. But v = 16 ft/s when f = 2s: hence, C, = 4. 

The equation becomes t+2=v'? or v=(t+2) =ds/dt. Then ds =(¢+2)' dt. Integrating, 
s=(r+2)'+Cy. But s = 64/3 ft when ¢ = 2s: hence, C, = 0. 

The equations are therefore 5 = 3(¢ + 2)’, v= (e+ 2), and a = 2(¢ + 2). 

When ¢ = 3s, =41.7 ft. v = 25 ft/s, and a = 10 ft/s’. 
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12.11. The acceleration of a point moving on a vertical line is given by the cquation a = 12¢ — 20. It is 
known that its displacement s = —10 m at time ¢=0 and that its displacement s = +10 m at 
time tf =5 s. Derive the equation of its motion. 


SOLUTION 
Integrate a = dv/dt = 121 - 20 to obtain v =6r° — 201+ C,. Integrate this once more to obtain 
§=2F-10P + Ct4+C.. 
The constants of integration may now be evaluated. Substitute the known value of s and r: 
—10 = 2(0F — 1000Y + C,(0) + C2 or C.=—-10 
+10 = 2(5)° — 10(5)° + €,(5) — 10 or C,=+4 
The equation of motion is s = 2 — 10° + 4¢— 10. 


12.12. In the system shown in Fig. 12-7(a) determine the velocity and acceleration of block 2 at the 
instant. 


= 6ftis 


| 5 are 





ay=4 ftia® 


(a) (b) 
Fig. 12-7 


SOLUTION 


Figure 12-7(b) is drawn to show the position of each weight relative to the fixed support. The 
length of the cord between the weight 1 and point A is a constant and equals one-half the circumference 
of the top pulley plus x, +x. The length of the cord between weights 2 and 3 is a constant and equals 
onc-half the circumference of pulley A plus x.~- * +x; - x. 

Thus. x, +. = constant; x, + x; — 2x = constant. Time derivatives then show 


¥,48=0(/)  ¥:4+%,-2%=0 (3) 
¥,4+%=0(2) ¥)4+%,-2% =0 (4) 


Calling the upward direction positive and substituting *,—=6ft/s into equation (/), we find 
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x= —6ft/s. Substituting this value together with x, =3 ft/s into equation (3). we find ¥,= 2% —4,= 
2(—6) — (3) = —15 ft/s (down). 
Similar reasoning for the accelerations shows 


K=4+2 and x, = 2% —%,=2(+2)-(-4) =8 ft/s" 


12.13. Show that the curvature of a plane curve at point P may be expressed as 


1 xy — xy 


Pp (x? + y?)*? 
where p is the radius of curvature, X and y are the x and y components of the speed of P, and 
X¥ and ¥ are the x and y components of the magnitude of the acceleration of P. 








SOLUTION 
From the calculus, the curvature of any curve y = f(x) at that point P ts 
1 d’ylax? 
ae 24372 (1) 
p {1+ (dy/dxy] 
er dy _dydt ay aa a d (“) _d (2) dt_d (2) d _ xe = 5x 
dx dtdx x dx* dx \dx/—  dt\dx/ dx) dt \X/ xX X¥ 


Substituting in (7), we obtain the required equation. 


12.14. A particle describes a path y = 3.6x”, where x and y are in meters. The velocity has a constant 


x component of 2 m/s. Assume that the particle is at the origin at the start of the motion and 
solve for the components of displacement, velocity, and acceleration in terms of time. 


SOLUTION 


Since dx/dt = 2 m/s, we can integrate to obtain x = 2+ C,. But x =0 at r=(0: hence. C, = 0. 


Thus x =2tm 
Also, y = 3.6x? = 3.6(2r)? = 14.41? m. Thus, 


1 
© = 28 81 m/s 
dt 
. d’x d’y 7 
Finally, ae 0 and Ae = 28.8 m/s 


12.15. A particle describes the path y = 4x? with constant speed v, where x and y are in meters. 
What is the normal component of the acceleration? 


SOLUTION 


8u" 


@yldx? 8 oe. 
fl+6axr7ye 





{s* 


and a, = 


is e 
p p 


12.16. A particle moves on a path with a velocity vector of v = 3¢7i — 4¢j + 2k in/s. 


(a) Determine the coordinates of its position after 4s. 
The particle is at the origin when 1 = 0. 
(6) Determine the equation of its path. 


(c) Determine the projection of the velocity vector in the direction of the vector n= 4i+ j — 3k when 
t=4s. 
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SOLUTION 


(a) 


(6) 


(c) 


The position vector is the integral of the velocity vector. This can be seen from the definition of 
velocity 


v=dr/dt so that = [ var= ri 20) 420k 


At t(=4s, r=64i-—32j+8kin. The coordinates of the position at 1r=4s are then x = 64in, 
y = —32 in and y = 8in. 

AL any time ¢ the so-called parametric equations of position are given by the coefficients of i, j, and 
k ine. Thus, x =@, y = —20, and z = 2¢. Eliminating ¢ from these parametric equations yiclds 


pax"? y= 22 (2) =) 


(fe 


< 


~\2 
or 2S 4 ~ (5) =0 
x y 2 


Combining equations gives 


the equation of the path. Let the reader show that at ¢= 4s this equation is satisfied. 
The unit vector in the desired direction is 
ee 4i+ j— 3k 
‘V4 +7 + (37 
Hence, the projection of v on n at ¢=4s is 


4i+j-3k 
v-e, = (“=.= - [3(4)7i — 4(4)j + 2k] = 33.3 in/s 


12.17. A particle moves along the path whose equation is r = 26 ft. If the angle 6 = 7? rad, determine 
the velocity of the particle when @ is 60°. Use two methods. 


SOLUTION 


A plot of the path is shown in Fig. 12-8(a) with unit vectors e,, along r and eg perpendicular to r 


and in the direction of increasing 6. 


e, 
€e 


(a) 
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(a) Polar coordinates. See Fig. 12-8(b). 
Since 6 =F, @ = 21; since r = 26 = 27, F= 41. 
The velocity vector v at 6 = 2/3 rad is found as follows: 


xz, 
Osa or 1=1.023s 


v= Fe, + re, = 4(1.023)e, + [2(1.047)}[2(1.023) Jey = 4.09e, + 4.28e, 
and uv = V(4.09)? + (4.28) = 5.92 ft/s with @, = 30° + tan” ' (4.09/4.28) = 73.7°. 
(b) Cartesian coordinates. See Fig. 12-8(c). 
x =rcos 6=26cos6 y=rsin@=26sin 6 
= 28 cos t? =2' sin’ 
Then X= 4tcosr’ + 2r°(-sin #’)(2r) = — 1.66 ft/s 
y=4rsin ? + 2° (cos F)(2t) = +5.68 ft/s 


at ¢ = 1.023 (cos? = cos 2/3, sin’ = sin 2/3). Hence, 
v= V(=1.66)" + (5.68) = 5.92ft/s with, = tan! = 73.7" 


vst 


maneet 12.18, In the preceding problem determine the acceleration of the particle using the same two 
methods. 


SOLUTION 


(a) Polar coordinates. See Fig. 12-9. 
a=(¥ —r@)e, + (276 + ré)eg = —4.77e, + 20.94e, 
Since 6=P, 0 = 21, 6=2; r=20 =2P, f= 41, F=4; 1 = 1.0238 at 6= 27/3. Thus, 
a =V(—4.779 + (20.947 = 21.5 ft/2? with = @, = 30° — 12.8° = 17.2° 





oO 
Fig. 12-9 Fig. 12-10 


(b) Cartesian coordinates. See Fig. 12-10. 
Continuing the time derivatives and evaluating at 1 = 1.023 (f° = 2/3). 
¥ =4cosr + 4r(—sin 7)(21) + 12°(—sin ?) — 4r°(cos #7)(20) = —20.52 ft/s? 
¥=4sine? + 4r(cos )(2t) + 12r°(cos °°) + 41°(—sin t°)(22) = +6.34 ft/s? 





6.34 
Hence, a= V(—20.52) + (6.347 =21.5 ft/s? with 6, =tan'! Siaay 17.2° 
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12.19. In the Stotch yoke shown in Fig. 12-11 the crank OA is turning with a constant angular 
velocity w rad/s. Derive the expressions for the displacement, velocity, and acceleration of 
the sliding member. 





4 


Fig. 12-11 


SOLUTION 


Let B represent the position of the left end of the slider when 6 = 0°. The displacement x is written 
x = OB —1- OA cos 6. When the crank is horizontal, OB =/1 + OA, and hence 


x=1+0OA~—I-—OAcos @= OA(I — cos 6) 


Let OA=R. Also, since the crank is turning with constant angular velocity w, the expression wt 
may be substituted for 6. Differentiating x = R(1 — cos wr) yields 
dx dv 


v=—=Rwo sin wt and a=—= Rw’ coswt 
dt dt 


12.20. In Fig. 12-12, the oscillating arm OD is rotating clockwise with a constant angular velocity 
10 rad/s. Block A slides freely in the slot in the arm OD and is pinned to block B, which 
slides freely in the horizontal slot in the framework. Determine, for @ = 45°, the total velocity 
of pin P as a point in block B using (a) Cartesian coordinates and (b) polar coordinates. 





Fig. 12-12 


SOLUTION 


Note that the total or absolute velocity of P as a point in block & can only be horizontal, since it is 
a point in B and all points in B move horizontally. But as a point in block A it has this same velocity 
also. 
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(a) Let x = distance of P from C. Then x =0.5 tan @ and vp, = dx/dt = 0.5(sec” 6) d6/dt. When @ = 45°, 
up = 0.5(sec” 45°)10 = 10 m/s. 

(b) Let p=distance of P from O, which will be used as a pole in studying the motion. Then 
p =0.5 sec 6. 


The radial component of the velocity along OP is dp/dt = 0.5 sec 6 tan @d@/dt. For @ = 45°, 
this becomes 0.5 sec 45° tan 45° X 10 = 7.07 m/s. This component is directed outward along OP. 

The transverse component of the velocity is pd6@/dt=O0.5sec@d6dt. For @=45°, this 
becomes 0.5 sec 45° X 10 = 7.07 m/s. This component is perpendicular to the arm OP and acts down 
to the right because w is clockwise. eh tee 

The two components are shown to the right of the figure. Hence. v, = V(dp/dty + (p d@/dty = 
10 m/s and is horizontal. 


12.21. The bar AB shown in Fig. 12-13 moves so that its lowest point A travels horizontally to the 
right with constant velocity v, =5 ft/s. What is the velocity of point B when @ = 70°? The 
length of the bar is 6.24 ft. 


SOLUTION 


Let x and v be the distances of A and B from point O at any me during the motion. Since 
x+y?=P, then 


2x e + 2y oes 0 
dt” dt 
dy xdx ; 
and Vy = = —-— = —(cot @)(v,) = — 1.82 ft/s 
dt yat 


The minus sign indicates that B is traveling down. Note that v, is independent of /. 





Fig. 12-13 Fig. 12-14 


12.22. In the guick-return mechanism shown in Fig. 12-14, the crank AB is driven at a constant 
angular velocity w rad/s. The slider at B slides along the rod OP, also causing it to oscillate 
about the hinge O. In turn, OP slides in and out of the slider at P and also moves the second 
slider pinned at P along the horiozntal slot. A cutting tool attached to this second slider will 
be subjected to a reciprocating motion. The cutting tool reaches the extremes of its horizontal 
travel when OP is tangent to the crank circle at B, and B,. Cutting occurs while the crank pin 
moves from 8, counterclockwise to B,. The return stroke occurs in the remaining arc from B, 
to B;. Since the speed is constant, the times of the working and return strokes are 
proportional to the angles traversed. The cutting stroke occurs during the larger angle and 
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hence takes the longer time. The return stroke is faster: hence, the name quick-return 
mechanism is appropriate. Determine the expressions for displacement, velocity, and 
acceleration of the cutting tool at P. 


SOLUTION 


From the figure, 
BC OC 
Let OD =I, AB=R, OA=d. Then BC = Rsin 6, OC = OA —- AC =d — Ros 6. Substituting in 
the original expression in x, 











x [ Risin @ (1) 
= ——— or x=—— — 
Rsin@ d-Rcosé 7 d—Rcos @ 
ana _ dx Ri{(d — R cos 6) cos @d6/dt — sin 6 (R sin @.d6/dt)] 
oT dt (d — Ros 6)? 
Since d6/dt is the angular velocity w, this equation becomes 
v _ Rla(d cos 6 — R cos’ 6 - R sin” 6) or v—-Rlw dcos @~ R < (2) 
(d — Rcos 6) (d — Rcos 6y 
dv (d — R cos 6)'(-d sin 6 d6/dt) — (d cos 6 — R)[2(d — R cos @)R sin 6d6/dr] 
and a=—=Rlw 4 ae 
dt (d — Rcos @) 
_ —Rlw? sin 6(d? — 2R? + Rd cos 6) (3) 
7 (d — Ros 6)" : 


Equations (7), (2), and (3) give the displacement. velocity, and acceleration for any value of the 
angle 6. This information is necessary to design the members of the mechanism to withstand the 
accelerating forces involved. 


Determine the linear displacement, velocity, and acceleration of the crosshead C in the slider 
crank mechanism for any position of the crank AR which is rotating at a constant angular 
velocity w rad/s. 


SOLUTION 


Let C, be the extreme left position of the crosshead, which travels horizontally along the centerline 
as shown in Fig. 12-15. It is evident from the figure that x =C,A — CA and CA =CD+ DA. 





Fig. 12-15 
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When C is at Cy, B is on the centerline; hence, C)A =/ +R. Also, CA =/cos 6 + 
R cos @. Then 


x=/1+R—-Icos¢?—Rcosé@ 
The relation between ¢ and @ is derived from the right triangles ADB and DCB: 
h=Ising =Rsin@ 
Then sin 6 =" sin 6 and cos b= Vin wind = 1% sino 
and the displacement is 


R2 
ra1+R-1y]1—S sin? 0- Ros 6 


Differentiation of this expression with respect to time is somewhat involved because of 
the radical. However, an approximation of the radical that is sufficiently accurate when 
R/l<} is obtained by using the first two terms of the power series expansion of the square 


root term: 
| R? L/R* 
1 op sin’ 6~1 ~3 (=>) sin? 6 


Making this substitution, the displacement becomes 
Bes R* 
x=I+R-I+ 7 sin 6é-—Rcosé@= Ri ~ 60s 6) + 5 sin’ @ 


Differentiation yields 


d d@ R? d@ R 
v= = Rsin 0S +5 2sin 8 cos OF = Ru( sin @ +> sin 26) 

du d@ R dé R 
and =—=R ( eater <) = i a ) 
a di @ cos 07 + 5,2.008 207 Ra“( cos 6 + 7 COS 28 


A point P moves on a circular path with a constant speed (magnitude of its linear velocity) of 
12 ft/s. If the radius of the path is 2 ft, study the motion of the projection of the point on a 
horizontal diameter. Refer to Fig. 12-16. 


Up = 12 ft/s 





Fig. 12-16 
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SOLUTION 


Point A is the projection on the horizontal diameter of point P. Assume the origin is at the center 
of the circle. The displacement x of the point A is the projection of the radius vector OP on the x axis 
(along the horizontal diameter). 

Since the line OP sweeps out equal angles in equal times (the angular velocity is constant), the 
expression for @ may be written @ = wt. The x coordinate of P is therefore 


x = OP cos 8 = 2 cos wt 


The angular velocity of the radius is w = v/r = 12/2 = 6 rad/s. Then x = 2 cos 6f¢ and 


a. 


dx : v 
ee and a= —=-—72 cos 6t 


S| 


The equation for a may be rewritten a = —(36)(2 cos 61) = —36x. But this means that point A 
moves so that its acceleration a is negatively proportional to its displacement x. Since this is the 
requirement of simple harmonic motion, it is evident that if point P moves on a circular path with 
constant speed, the projection of point P on a diameter moves with simple harmonic motion. 


Plot the displacement, velocity, and acceleration of point A in Problem 12.24 against time. 


SOLUTION 


The amplitude of the displacement x is the maximum value, which occurs when cos 6f assumes its 
maximum value of unity (either plus or minus). The amplitude is therefore 2. 

The amplitude of velocity v is 12, and the amplitude of acceleration a is 72. 

The period is the time 7 to complete one cycle. It is evident that the motion will repeat itself after 
the radius vector OP has gone through a complete revolution @ = 27 rad. Equating the function 6r to the 
value of @ = 2a for a cycle vields 


2 
6rad/s x T = 2n rad or 1 =s=1.05s 


It is now possible to correlate the angle @ with time 4 For example, when @ = 7/2 or 90°, 7 is 
one-fourth of a revolution, that is 4 * 1.05 s = 0.263 s. Proceeding in this fashion. draw up a table as 
follows. 


cos 6f sin 6f 
or cos @ | or sin@ x =2cos 6t v=—12sin 6: —72 cos 6 





0 + 1.000 0 +2.00 
0.088 +0).866 +0.500 +1.73 
0.175 +0.500 +0.866 + 1.00 
0.263 0 + 1.000 0 

0.350 ~0.500 +0.866 — 1.00 
0.438 — 0.866 +0.500 —1.73 
0.525 — 1.000 0 —2.00 
0.612 —0.866 —0.500 ~1.73 
0.700 —0.500 0.866 ~—1.00 
0.788 0 1.000 0 

0.875 +0. 500 —0.866 + 1.00 
0.962 + 0.866 —0.500 +1.73 
1.05 + 1.000 0 +2.00 
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The plotting of these points provides a visual picture of the motion during one cycle. Naturally, as 
time increases, these curves duplicate in succeeding cycles. The following graphs indicate the motion 
during one cycle. 







Velocity v (ft/s) Displacement x (ft) 


Acceleration a(ft/s?) 


12.26. A flywheel 1.2 m in diameter accelerates uniformly from rest to 2000 rpm in 20 s. What is its 
angular acceleration? 


SOLUTION 

In the analysis of this problem, first note that a constant acceleration is involved. This means that 
the formulas for constant acceleration may be used. These are similar in angular motion to those in 
rectilinear motion; that is, w replaces v, a replaces k, and @ replaces s. 

The wheel starts from rest; hence, w)=0. The three known quantities are wy, w, t. The quantity 
sought is angular acceleration a. The formula involving these four quantities is 

WO =W,)+ at 

A word of warning is in order regarding units: it is recommended in SI to use w in rad/s and a in rad/s? 

when 7 is in seconds 
2000 rev rad rad 





wy =0 SON PIN ee a eg 
Hente: as @ — Wy _ 209 rad/s — 0 rad/s = 105 rad 
t 20s s? 
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12.27. In Problem 12.26, how many revolutions does the flywheel make in attaining its speed of 
2000 rpm? 
SOLUTION 
To determine the number of revolutions @, select the equation expressing the relation between @ 
and the three given quantities w,, w, 1 Of course, a formula may be used involving the angular 
acceleration a just determined, but it is advisable to proceed with data given in the problem to derive 
the value @ independently of the a, which could by chance have been found incorrectly. 
@ = }(w + wy)t = (209 rad/s + 0 rad/s)(20 s) = 2090 rad 
To express @ in revolutions, 
2090 rad 
aS Sn tadiiey = 333 revolutions 
The same result is obtained using w in rev/s as follows: 
_ (2000/60) rev/s + 0 rev/s 
2 


@ Xx 20s = 333 revolutions 


12.28. Determine the linear velocity and linear acceleration of a point on the rim of the flywheel in 
Problem 12.26, 0.6 s after it has started from rest. 


SOLUTION 

The velocity of a point on the rim is found by multiplying the radius by the angular velocity. 

The angular velocity is w = wy + at = 0 + (10.5 rad/s’)(0.6 s) = 6.30 rad/s. 

The magnitude of the linear velocity of a point on the rim when ft = 0.6s is 

uv = rw = (0.6m)(6.30 rad/s) = 3.78 m/s (tangent to the rim) 

To determine the acceleration completley, use the normal and tangential components. The 
tangential component a, is a, =ra = (0.6 m)(10.5 rad/s’) = 6.3 m/s’. The normal component a, is 
a, = rw” = (0.6m)(6.3 rad/s)’ = 23.8 m/s’. Figure 12-17 illustrates these components for any point P on 
the rim. 


a, = 63 m/s? 


@, = 23.8 m/s? 





Fig. 12-17 


The total acceleration a is the vector sum of the two components a, and a,. Let ¢ be the angle 
between the total acceleration and the radius. The normal acceleration a, is directed toward the center 
of the circle. 


a= Vai + az = V6.3) + (23.87 = 24.6 m/s" 


a , 63 iy 
=te a ——=(0, ad = 14. 
@& = tan fe tan 33.8 0.259 rad = 14.8 


12,29. A uniform slender rod is 4 ft long and rotates on a horizontal plane about a vertical axis 
through one end. If the rod accelerates uniformly from 40 to 60 rpm in a 5-s interval, what is 
the linear speed of the center of the rod at the beginning and end of that time interval? 
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SOLUTION 


The speed of the center is v = rw, Thus the speeds at the beginning and end of the time interval 
are, respectively, 


4 
“ 7 rad/s) = 8.38 ft/s 





Ug = rw, = (2 An( 


60 X 27 
60 





Ue = rw, = (2 fn( rad/s) = 12.6 ft/s 


12.30. In Problem 12.29, determine the normal and tangential components of the acceleration of the 
center of the rod 2s after acceleration begins. 


SOLUTION 
The uniform acceleration @ at any time during the 5-s interval is 


120 0 
Or Wy oh oh 


t 5 


a= 


= 0.419 rad/s’ 


The angular velocity w after 2s is 
W = Wp + at = Hr + 0.419(2) = 5.03 rad/s 
The components of the desired acceleration are 
a, = ra = 2(0.419) = 0.838 ft/s 
a, = rw” = 2(5.03)° = 50.6 ft/s” 


12.31. A wheel 200 mm in diameter coasts to rest from a speed of 800 rpm in 600 s. Determine the 
angular acceleration. 


SOLUTION 
Given w, = 800 rpm = 83.8 rad/s, w = 0, ¢ = 600s, then 


_@—@ _ —83.8rad/s 
= 1 600s 





= —0.14 rad/s* (deceleration) 


The acceleration is negative. This means that the angular velocity is in one direction, while the 
angular acceleration is oppositely directed, thereby indicating a slowing down of the wheel. 


12.32. A wheel accelerates uniformly from rest to a speed of 200 rpm in 3s. It then totates at that 
speed for 2 s before decelerating to rest in 4 s. How many revolutions does it make during the 
entire time interval? 


SOLUTION 
From 1=0tor=3: 8, = 4(wy + w)t = $(0 + 200/60 rev/s) (5s) = 0.83 rev. 
From t=} tof = 23: 6, = wt = (200/60 rev/s)(2 s) = 6.67 rev. 
From 1 = 2} to rest: 6; = (wo + w)t = 4(200/60 rev/s + 0)(4 s) = 0.56 rev. 


Total number of revolutions @ = 6, + 6, + 6, = 8.06 rev. 


12.33. Two friction disks are shown in Fig. 12-18. Derive the expression for the angular velocity ratio 
in terms of the radii. 


wie 


Mathcad 
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SOLUTION 


The linear velocities of the mating points A and B on the two wheels are equal. If this were not 
true, the wheels would slip relative to one another. 
The linear velocities of points A and B are, respectively, 


vu, = Ryo, Un = Ry. 


But uv, = vy if the drive is positive, i.c., without slip. Then 





Rw, =R 6 Sie 
= r Sh 
11 2W2 is. Ry 
¥ v Uy = 1.62 mje 
ee . 
v oO A 
Fig. 12-18 Fig. 12-19 


12.34. A point P moves on a circular path in a counterclockwise direction so that the length of arc it 
sweeps out is s=1°+3. The radius of the path is 4m. The units of s and ¢ are m and s, 
respectively. Determine the axial components of velocity (v,, v,) when f= 1s. Refer to Fig. 
12-19. 


SOLUTION 


The distance AP is traversed in 1s, or AP=s=1'+3=4m. By inspection, x =4cos@ and 
y =4sin @. Differcntiating, v, = (—4 sin @) d@/dt and vp = (4 cos @) d@/dt. 

These may be evaluated provided that @ is found as a function of time. The relation s = r@ yields 
6=s/r=(t°+3)/4, where @ must be in radians. Differentiate to obtain d@/dt =0.75t?, When t=1s, 
@=1 rad and d@/dt = 0.75 rad/s. 

Substitution yields v,=—252m/s and v,=1.62m/s. The negative sign indicates that the x 
component of the velocity is directed to the left. The y component of the velocity is directed up. 

The total velocity v = Viv)? + (v,)? = 3.0 m/s. This could be obtained directly from v =r d@/dt = 
4(.0751?) when t= 15, or from s = 7° +3 and hence v = ds/dt = 32°. 


12.35. In Problem 12-34, determine the axial components of the acceleration a, and a, when t= 1 s. 


SOLUTION 


Differentiate the expression for v, to obtain a, = ~4 cos @(d@/dt)* — 4 sin @ d’@/dt’. 

Since d@/dt =0.75t’, then d?@/dt? = 1.51. 

Att=1s, a, = —4(cos 1)(0.75)” — 4(sin 1)(1.5) = —6.27 m/s’, i.e. to the left. 

Similarly, a, = —4 sin @(d@/dt) + 4 cos 6 d?@/dt? = +1.35 m/s’, i.e., up. 

The total acceleration a = V(a,)° + (a,)’ = 6.41 m/s”. 

This could be obtained also by combining the tangential component a, and the normal component 
a, of the acceleration. These are a,=ra =rd?@/dt? =4(1.St) or 6m/s*, and a, = rw? = r(d@/dty = 
4(.075)* or 2.25 m/s”. Hence, a = V(a,)° + (a,)? = 6.41 m/s’. 

Note that a, = d?s/dt? = 6t and a, = v?/r = 91°/4 give the same results with ¢ = 1. 





12.36. The x and y components of the displacement in feet of a point are given by the equations 
x=4°-3r y=r-10 


Determine the velocity and acceleration of the point when 1 = 2 s. 
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SOLUTION 
The velocity components obtained by differentiation are 


dx 2 
=—=8r-3 = 3" 
U, dt VY, 


Atr=2s, v, = 13 ft/s and v, = 12 ft/s. Hence, 


5 5 ‘ 12 
v= V(v,) + (vu, = 17.7 ft/s and 6, =tan tYse tan ' a = 42.7° 


where 6@, is the angle between the total velocity and the x axis. 
A second differentiation yields the acceleration components: a, = du,/dt =8 and a, = dvu,/dt = 61. 
Atr=2s, a, =8 ft/s’ and a, = 12 ft/s’. Hence 


5 . 4 a 12 
a=V(a,y + (a,y = 14.4 ft/s? and dé, =tan ' * tan | om 56.3° 
a 


12.37. An automobile is moving south with an absolute velocity of 20 mi/h. An observer at O is 
stationed 50 ft to the east of the line of travel. When the automobile is directly west of the 
observer, what is the angular velocity relative to the observer? After moving 50 ft south. what 
is its angular velocity relative to the observer at O? 


SOLUTION 


As indicated in Fig. 12-20, the velocity v,,. of the automobile at A relative to O is 20 mi/h or 
29.3 ft/s. 
However, the linear velocity of A relative to O (in this case it is perpendicular to OA) is the 
product of the distance OA and the angular velocity of A relative to O. Then 
Vaio = OA X Wao 
29.3 ft/s = 50 ft X waco and @, ¢ = 0.588 rad/s 
For the next part of the problem note that the absolute velocity vg of the vehicle at B is still south 


20 mi/h (29.3 ft/s). The component vy. (velocity of B relative to O) is perpendicular to the arm BO: 
hence, vz... = 29.3 cos 45° = 20.8 ft/s. Then 


Upo=OBXwpo 20.8 ft/s =(S0V2Et)\(wee) and wyn = 0.294 rad/s 


A 50 ft O 
v,(=Uy;0) = zoel 






50 ft 





vg = 20mi/h 


Fig. 12-20 Fig. 12-21 


12.38. A boat is traveling 12 mi/h due east. An observer is stationed 100 ft south of the line of 
travel. Determine the angular velocity of the boat relative to the observer when in the 
position shown in Fig. 12-21. 
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SOLUTION 


Select unit vectors i and j in the east and north directions, respectively. Let r be the position vector 
of the boat relative to the observer O. Then 


r= xi + 100j = 100 tan 61 + 100j 
The velocity v of the boat is 
v=r= 100(sec” @)(6)i + Oj 
Since the speed uv = 12 mi/h = 17.6 ft/s and @ = 30°. 
17.6 = 100(sec? 30°)8 or w = 6=0.132 rad/s clockwise 


12.39. The motion of a point is described by the following equations: 
v, =20r+5 vy = r—20 


In addition it is known that x =5 m and y = ~15 m when t = 0. Determine the displacement, 
velocity, and acceleration when ¢ = 2 s. 
SOLUTION 


Rewriting the given equations as uv, = dx/dt=20¢+5, uv, =dy/dt = — 20 and integrating, the 
expressions for x and y are x = 10? + 51+C,, y =4¢°- 201+ C2. 

To evaluate C,. substitute x = 5 and ¢ =0 in the x equation. Then C, =5. 

To evaluate C,, substitute y = —15 and ¢ =O in the y equation. Then C, = —15. 

Substituting the values of C, and C., the equations for displacement become 


x=10°4+51+5  y=hr-201-15 
Differentiate v, and v, to obtain the equations for acceleration: 


du, 20 du, » 
aS foc as 
‘dt 


a ; dt 


Substituting ¢=2s in the expressions for displacement, velocity, and acceleration, the following 
values are obtained: x = 55m, y = —53m: v, = 45 m/s, v, = —16 m/s; a, = 20 m/s’, a, = 4 m/s". 

The magnitudes and directions of the total displacement, velocity, and acceleration can be found by 
combining their components as before. 


12.40. The 100-mm-diameter pulley on a generator is being turned by a belt moving 20 m/s and 
accelerating 6 m/s’. A fan with an outside diameter of 150 mm is attached to the pulley shaft. 
What are the linear velocity and acceleration of the tip of the fan? 


SOLUTION 


In Fig. 12-22 point A on the pulley has the same velocity as the belt with which it coincides at the 
instant. Hence, the angular velocity w of the pulley (and also of the fan keyed to the same shaft) is equal 
to u/r = 20/0.05 = 400 rad/s. The linear velocity of the fan tip vy, = (0.075)(400) = 30 m/s. 


B 


A 


Hs 


Fig. 12-22 
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The tangential component of the linear acceleration of point A is equal to the acceleration of the 
belt; that is, a, = ra or 6 =(0.0Sa. From this, the angular acceleration a of the system is 120 rad/s’. Then 
the tangential component of the acceleration of point B is (0.075)(120) = 9 m/s*. 

Of course it has a normal component that equals rw” = (0.075)(400)" = 12 000 m/s’. 

Hence, the magnitude of the linear acceleration is a = V(12 000)" + (9)? = 12000 m/s’. 





A ball is thrown at an angle of 40° to the horizontal. What height will the ball reach if it lands 
100 ft away? Neglect air resistance. 


SOLUTION 


Choose the x and y axes with the origin at the point where the ball is thrown. Neglecting air 
resistance, the x component of the acceleration is zero. The y component of the acceleration is —g. 
From equation (7) with a, =0 and a, = —32.2 ft/s, 


X=uyt and y=vuat— 3(32.2)0 
Given that when x = 100, y = 0, va, = vy cos 40° and uy, = vy sin 40°, the above equations become 
100 = v, cos 40° (4) 
0 = uy sin 40° (t) — 4(32.2)F 


Solving the first equation for vy, substituting this in the second equation and solving for f gives £ = 2.28 s. 
Substituting this value in the first equation yields vy = 57.3 ft/s. The maximum height occurs at one-half 
the distance. Therefore, for t = 1.148, Yaax = 57.3 sin 40° (1.14) — 4(32.2)(1.14)° = 21.1 ft. 


Supplementary Problems 


If a car moves at the rate of 30 mi/h for 6 min, then 60 mi/h for 10min, and finally 5 mi/h for 3 min, 
what is the average velocity in the total interval? Ans. 61.3 ft/s 


A jet-propelled object has straight-line motion according to the equation x = 2° — f° — 2, where x is in 
meters and f is in seconds. What is the change in displacement while the speed changes from 4 m/s to 
48 m/s? Ans, Ax =44m 


A body moves along a straight line so that its displacement from a fixed point on the line is given by 
s = 3 + 21. Find the displacement, velocity, and acceleration at the end of 3s. 
Ans. 33 ft, 20 ft/s, 6 ft/s* 


The motion of a particle is defined by the relation s = r — 3t* + 21° — 8, where s is in meters and f is in 
seconds. Determine the velocity s and the acceleration § when tf =2s. 
Ans. $= +4m/s, 5 = +16m/s* 


A motorbike travels along a straight road between two points at a mean speed of &8 ft/s. It returns at a 
mean speed of 44 ft/s. What is the mean speed for the round trip? Ans. 58.7 ft/s 


An automobile accelerates uniformly from rest to 72 km/h and then the brakes are applied so that it 
decelerates uniformly to a stop. If the total time is 15s, what distance was traveled? 
Ans. d=150m 
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A bullet is fired with a muzzle velocity of 600 m/s. If the length of the barrel is 750 mm, what is the 
average acceleration? Ans. 240km/s° 


An automobile is accelerating from rest at a uniform rate of 8 ft/s’. How long will it take to reach 
30 mi/h and in what distance? Ans. 5.558, 121 ft 


A stone is dropped from a balloon that is ascending at a uniform rate of 30 ft/s. If it takes the stone 10s 
to reach the ground, how high was the balloon at the instant the stone was dropped? Ans. 1310 ft 


A person in a balloon rising with a constant velocity of 4m/s propels a ball upward with velocity of 
1.2 m/s relative to the balloon. After what time interval will the ball return to the balloon? 
Ans. t=0.2455 


A stone is dropped with zero initial velocity into a well. The sound of the splash is heard 3.63 s later. 
How far below the ground surface is the surface of the water? Assume that the velocity of sound is 
1090 ft/s. Ans. s = 193 ft 


Child A throws a ball vertically up with a speed of 30 ft/s from the top of a shed 8 ft high. Child B on 
the ground at the same instant throws a bali vertically up with a speed of 40 ft/s. Determine the time at 
which the two balls will be at the same height above the ground. What is the height? 

Ans. t=0.8s.h = 21.7 ft 


A truck, traveling at constant speed, passes a parked police car. The policeman gives chase immediately, 
accelerating at a constant rate to 80 mi/h in 10s, after which he maintains a constant speed. If the police 
car overtakes the truck in one-half mile what is the constant speed of the truck? Ans. v=65 mi/h 


A radar-equipped police car noles a car traveling 70 mi/h. The police car starts pursuit 30s after the 
observation and accelerates to 100 mi/h in 20s. Assuming the speeds are maintained on a straight road. 
how far from the observation post will the case end? Ans. x = 13.700 Ft 


An automobile accelerates uniformly from rest on a straight level road. A second automobile starting 
from the same point 6s later with initial velocity zero accelerates at 6m/s* to overtake the first 
automobile 400 m from the starting point. What is the acceleration of the first automobile? 

Ans. a=2.62m/s* 


Plane A leaves an airport and flies north at 120 mi/h. Plane B leaves the same airport 20 min later and 
flies north at 150 mi/h. How long will it take B to overtake A? Ans. €= 1.33h 


A particle moves on a straight line with the acceleration shown in the graph in Fig. 12-23. Determine 
the velocity and displacement at time ¢=1, 2, 3, and 4s. Assume that the initial velocity is +3 ft/s and 
the initial displacement is zero. 

Ans. v, = +1 ft/s. s, = +2 ft: vo = +3 ft/s. 5. = +4 ft: v, = —1 ft/s, s,= +5 ft, vs = —3 ft/s. s, = +3 ft 


| acceleration (ft/s?) 





—4 
Fig. 12-23 


CHAP. 12] KINEMATICS OF A PARTICLE 223 


12.59. 


12.60. 


12.61. 


12.62. 


12.63. 


12.64. 


12.65. 


12.66. 


12.67. 


12.68. 


A particle of dirt falls from an elevator that is moving up with a velocity of 3 m/s. If the particle reaches 
the bottom in 2s, how high above the bottom was the elevator when the particle started falling? 
Ans. s =13.6m 


A bullet is fired vertically upward with a speed of 600 m/s. Theoretically, to what height would the 
bullet ascend” Ans. 184km 


A ball is thrown vertically upward with a speed of 30 ft/s from the edge of a cliff 50 ft above sea level. 
What is the highest point above sea level reached? How long does it take the ball to hit the water? With 
what velocity does it hit the water? Ans. h = 64.0 ft. 6 = 2.935. v = 64.3 ft/s 


A particle moves with an acceleration @ = —6v, where a is in ft/s" and wv is in ft/s. When ¢=Os, the 
displacement s = 0 and the velocity v = 9 ft/s. Find the displacement, velocity. and acceleration when 
r=(.5s. Ans. sy = 1.43 ft. § =v = 0.448 ft/s, ¥ =a = 2.69 ft/s” 


A body moving with velocity vu, enters a medium in which the resistance is proportional to the velocity 
squared. This means a = —kv*. Determine the expression for the velocity in terms of time 1. 
Ans. v= 1/(kt+ If/vy) 


The speed of a particle is given by v = 22° + 5°, What distance does it travel while its speed increases 
from 7 to 99 ft/s? Ans. 5 = 83.3 ft 


A particle moves to the right from rest with an acceleration of 6 m/s* until its velocity is 12 m/s to the 
right. It is then subjected to an acceleration of 12 m/s* to the left until its total distance traveled is 36 m. 
Determine the total elapsed time. Ans. t=4.7358 


Water drips from a faucet at the rate of 6 drops per second. The faucet is 8 in above the sink. When one 
drop strikes the sink, how far is the next drop above the sink? Ans. he = 7.75 in 


A particle moving with a velocity of 6m/s upward is subjected to an acceleration of 3 m/s’ downward 
until its displacement is 2m below its position when the acceleration began. The acceleration then 
ceases for 3s. The particle is then subjected to an acceleration of 4 m/s* upward for 5s. Determine the 
displacement and the distance traveled. Ans. s = —7.4m relative to start, d = 62.2m 


The velocity—time curve for a point moving on a straight line is shown in the graph in Fig. 12-24. How 
far does the point move in the 2s? Ans. x =5.09 ft 


velocity (ft’s) 





1 2 
time (5) 


Fig. 12-24 
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An object moves on a straight line with constant acceleration 2 m/s’. How long will it take to change its 
speed from 5 to 8 m/s? What change in displacement takes place during this time interval? 
Ans. t=158,d=9.75m 


The motion of a particle along a straight path is given by the acceleration a = 1° — 21? +7, where a is in 
ft/s’ and t is in seconds. The velocity is 3.58 ft/s when t= 1s and the displacement is +9.39 ft when 
t=1s. Calculate the displacement. velocity. and acceleration when f = 2s. 

Ans. 5 = 15.9 ft, v = 9.67 ft/s, a =7 ft/s? 


A point moves in rectilinear motion along the x-axis. Given v=x'* m/s, determine the position, 
velocity, and acceleration at: =4s. Att =0, v=1 m/s. Ans. x =9m,uv=3m/s,a= m/s 


In the system shown in Fig. 12-25, determine the velocity and acceleration of block 3 at the instant 
considered. Ans. v3 = 10.5 ft/s up. a; = 5.0 ft/s* up 


If 
na 






mye, 2 40 itl 4 
a, = 2, — 1S ftis* | 
By =, =2.5 itis | 
a) = %, = 20Kis* | 


Fig. 12-25 


A point moves along the path y = 4x° with a constant speed of 8 ft/s. What are the x and y components 
of the velocity when x = 3 ft? What is the acceleration of the point when x = 3 ft? 
Ans. x = 3.58 ft/s, vy = 7.16 ft/s, a = 3.82 ft/s? 


A particle moves along the curve y = 4x’ +2. When x =2 in. the x-component of the velocity is 3 in/s. 
What is the total velocity Ans. v= 12.4in/s, 776° 


A point has a normal acceleration of 120 ft/s’ when traveling on a circular path with a constant 
peripheral speed of 80 ft/s. What is the radius of the circle? Ans. r+ =53.3 ft 


A point P moves at a constant speed v in a counterclockwise direction along a circle of radius a as 
shown in Fig. 12-26. Selecting a pole O at the left end of the horizontal diameter, derive expressions for 
the radial and transverse components of the acceleration. (Hint: r = 2a cos 6.) 

Ans. a, = —(v*/a) cos 6, ag = —(v"/a) sin 6 


v = constant 





Fig. 12-26 Fig. 12-27 
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In the preceding problem show that total acceleration is v/a, which is the normal component for 
circular motion of a point with constant speed (there is no tangential component). 


In the slider crank mechanism shown in Fig. 12-27, the crank is rotating 200 rpm. Determine the velocity 
and acceleration of the crosshead when @ = 30° Ans. v=7.6m/s, a =260 m/s” 


In Problem 12.78, determine the velocity of the crosshead when @ = 90°. What is the angular velocity of 
the member connecting the crosshead and the crank? Ans. v=12.6m/s, zero 


A particle oscillates with an acceleration a = —kx. Determine k if the velocity v =2 ft/s when the 
displacement x = 0, and v = 0 when x = +2 ft. Ans. k=~1 


A particle moves with simple harmonic motion with a frequency of 30 cycles/min and an amplitude of 
6mm. Determine the maximum velocity and acceleration. 
ANS. Vmax = 18.8 mM/S, Gmax = 59.2 mm/s" 


A body having simple harmonic motion has a period of 6s and an amplitude of 4ft. Determine the 
maximum velocity and acceleration of the body. Ans. in ft/s, $7 ft/s? 


A particle having a constant speed of 15 ft/s moves around a circle 10 ft in diameter. What is the normal 
acceleration? Ans. 45 ft/s? 


The normal acceleration of a point on the rim of a 3 m-diameter flywheel is a constant 15 m/s’. What is 
the angular speed of the flywheel? Ans. 3.16 rad/s 


A point moves on a path 3 m in diameter so that the distance traversed is s = 317. What is the tangential 
acceleration at the end of 2s? Ans. 6m/s* 


A particle moves on a 4-in-radius circular path. The distance, measured along the path, is given by 
s =8r in. What is the magnitude of the total acceleration after the particle has traveled around the 
circular path once? = Ans. a = 667 in/s” 


The flywheel of an automobile acquires a speed of 2000rpm in 45s. Find its angular acceleration. 
Assume uniform motion. Ans. 4.65 rad/s" 


A rotor with a 0.592-in diameter is spinning 2,000,000 rpm in a high-vacuum chamber. What is the 
normal component of the acceleration of a point on the rim? — Ams. a, = 1.08 x 10° ft/s? 


a point moves on a circular path with its position from rest defined by s =1°+ 5, where s and ¢ are 
measured in meters and seconds, respectively. The magnitude of the acceleration is 8.39 m/s? when 
t= 0.66s. What is the diameter of the path? Ans. d=10.8m 


A horizontal bar 1.2m long rotates about a vertical axis through its midpoint. Its angular velocity 
changes uniformly from 0.5 rad/s to 2 rad/s in 20s. What is the linear acceleration of a point on the end 
of the bar 5s after the speedup occurs? = Ans. a, = 0.045 m/s’, a,, = 0.46 m/s” 


Particle P travels on a circular path with radius 2.5m as shown in Fig. 12-28. the speed of P is 
decreasing (the tangential component of the acceleration is thus directed opposite to the velocity vector) 
at the instant considered. If the total acceleration vector is as shown, determine the velocity of P and 
the angular acceleration of the line OF at that instant. 

Ans. v=6.07 m/s, 6, = 135°: a =3.4 rad/s” 
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wy = 2rad/s 


A rh = 3radis* 





Fig. 12-29 


Disk A drives disk B without slip occurring. Determine the velocity and acceleration of the weight D, 
which is connected by a cord to drum C, which is keved to disk B as shown in Fig. 12-29. 

Aas. Up = 2.40 in/s up, a, = 3.60 in/s* up 

The angular acceleration of a rotor is given by a = Kr '*, where a is in rad/s" and 1 is in seconds. When 
r=1s, the angular velocity v = 10 rad/s and the angular displacement @ = 3.33 rad. When 1 = Os. the 
angular displacement 6 = —4rad. Determine 6, w. and @ when r=4s, 

Ans. @= 46.7 rad. w = 18 rad/s. a =2 rad/s” 


The displacement in meters of a point is described in terms of x and y components as follows: 
x=2P St y=4or 


Determine the velocity and acceleration at the end of 4s. 
Aus. v, =21 m/s, v, = 39.2 m/s: a, =4 m/s. a, = 9.8 m/s" 


A bicycle rider travels 250m north and then 160m northwest. What is the rider's displacement? What 
distance does the rider cover? Ans. 5 = 381m. 72.7° north of west: d=410m 


Car A is moving northwest with a speed of 100 km/h. Car B is moving cast with a speed of 60 km/h. 
Determine the velocity of A relative to 8B. Determine the velocity of B relative to A. 
Ans. Van = —131i+ 70.7j km/h, ve 4 = 131i -— 70.7) km/h 


Body A has a velocity of 15 km/h from west to east relative to body B, which in turn has a velocity of 
50 km/h from northeast to southwest relative to body C. Determine the velocity of A relative to C. 
Ans. UVa = 40.8 km/h, at 60° southwest 


Refer to Fig. 12-30. A rotating spotlight is at a perpendicular distance / from a horizontal floor. The 
light revolves a constant N revolutions per minute about a horizontal axis perpendicular to the paper. 
Derive expressions for the velocity and acceleration of the light spot traveling along the floor. Let 6 be 
the angle between the vertical line / and the light beam at time ¢. 

Ans. & =0.10SIN sec’ @, ¥ = 0.022/N" sec’ 6 tan @ 





| . 
x \ ‘ Spot on floor 


Fig. 12-30 
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12.99. A particle moves in a straight line such that its v-¢ curve is as shown in Fig. 12-31. How far has it gone 
after 10s? What is the acceleration at 9s? Ans. s = 120 ft. a = —-8 ft/s’ 


6 


v (ft/s) 


3 5 2 2 (8) 
Fig. 12-31 


12.100. A particle moves with rectilinear motion. Given the a—s curve shown in Fig. 12-32, determine the 
velocity after the particle has traveled 30 m if the initial velocity is 10 m/s. Ans. v=20m/s 


a (mis?) 


15 15 s (™m} 
Fig. 12-32 
12.101. A particle moves in a straight line with an a—1 curve shown in Fig. 12-33. The initial displacement and 
velocity are zero. At wha! time and with what displacement will the particle come to rest again? 


Ans. 1=10s.x =29.3m 


a (ms?) 


ifs} 


Fig, 12-33 


12.102. A particle moves in rectilinear motion such that its a-s curve is as shown in Fig. 12-34. If, initially, s = 0 
and v = 4m/s, what is the velocity when the position is 8 m? 12 m? Ans. v=10.6 m/s, v = 12 m/s 
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ai{mis?} 


8 6 stm 
Fig. 12-34 


A particle at rest starts to move on a circle of 2-ft radius. Its tangential component of acceleration, as a 
function of arc distance, increases linearly from zero to 10 ft/s’ in one trip around the circle, after which 
the tangential acceleration remains constant. What is the velocity and what is the normal component of 
the acceleration after the second trip around the circle? Ans. v= 19.4 ft/s. a, = 188 ft/s” 


A projectile is fired at an elevation angle of 30° with an initial speed of 1500 ft/s. Neglecting air 
resistance, determine the range. time of flight and maximum altitude of the projectile. 
Ans. R=60,400 ft, 2 = 46.68, h = 8760 ft 


A shell from a mortar is fired onto a 300 ft-high plateau 6000 ft away. How far beyond the edge of the 
plateau will the shell strike if the initial speed is 800 ft/s and the elevation of the mortar is 60°? 
Ans. x = 11,000 ft 


In Prob. 12.105 how close to the base of the cliff can the mortar be placed so that the shell will just clear 
the edge of the cliff? Ans. x = 176Tt 


A batter hits a ball, giving it a velocity of 100 ft/s at 40° to the horizontal. One second after the ball is 
hit, a fielder standing in the direct path of the ball at a distance of 250 ft starts running after the ball at a 
constant speed. How fast must be run to catch the ball? Ans. v=18.7 ft/s 


A point moves on a path such that its position vector is given by r=e"i+40e “jm. Determine the 
velocity and acceleration of the point when r= 2s. Ans. v = 1091 — 5.41j m/s, a = 2181+ 5.41j m/s” 


A particle moving on a curve has a velocity of v=2i+ (2t+20)jm/s. At r=2s the position is 
4i + 75jm. What is the equation of the path? = Ans. vy = ix° + 10x +31 


In Prob, 12.109 what is the acceleration at x =0? Ans. a=2jm/s° 


Given the acceleration vector as a= fi+ 2rj — 3k m/s”, what is the velocity vector at ¢ = 2s. The velocity 
vector at f= 1 sec is v=i+j+k m/s. Ans. v= 3i+4j- 2k m/s 


In Prob. 12.111 what is the component of the acceleration vector in the direction of the velocity vector 
at t = 2s? (Nore: This is the tangential component of the acceleration.) Ans. a,=5.27in{s” 


Chapter 13 





Dynamics of a Particle 


13.1. NEWTON’S LAWS OF MOTION 


A particle will maintain its state of rest or of uniform motion (at constant speed) along a straight line 
unless compelled by some force to change that state. In other words, a particle accelerates only if an 
unbalanced force acts on it. 





2. The time rate of change of the product of the mass and velocity of a particle is proportional to the force 
acting on the particle. The product of the mass 7m and the velocity v is the linear momentum G. Thus, the 
second law states 

d(mv) dG 
F=K “= K— 
dt dt 
If m is constant, the above equation becomes 
dv 
F= Km — = Kma 
dt 
If suitable units are chosen so that the constant of proportionality K = 1, these equations are 
dG 
F=— or F=ma 
dt 

3. To every action, or force, there is an equal and opposite reaction, or force. In other words, if a particle 
exerts a force on a second particle then the second particle exerts a numerically equal and oppositely 
directed force on the first particle. 

13.2. UNITS 

(a) Units depend on the system. In most engineering work, the value of K in the above formulas is made equal 
to unity by proper selection of units. The two fundamental units assigned in the U.S. Customary System 
are Ib for force and ft per sec per sec or ft/s* for acceleration. The unit of mass is then the derived unit in 
terms of these two. In the case of a freely falling particle near the earth's surface, the only force acting is its 
weight W. Its acceleration is the acceleration of gravity g (assumed to be 32.2 ft/s” for most localities in the 
United States). The equation of the second law is then written (vector notation is not used, since this is 
straight line motion) 

W = Kma or W =(1)me 
Then m= MED ie aS 
git/s’ g ft 
This derived unit of mass is called a slug. 
(b) In SI units, the value of K is 1 in the above equations because of the coherence of the system. Thus, 


F=ma 
where m= mass in kilograms 
a= acceleration in m/s” 


F = force in newtons 
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13.35 ACCELERATION 


The acceleration of a particle may be determined by the vector equation according to Newton's 
law 


> F=ma =m 


where > F = vector sum of all the forces acting on the particle 
m= mass of the particle 
a = F = acceleration 


13.4 D’ALEMBERT’S PRINCIPLE 


Jean D’Alembert suggested in 1743 that Newton’s second law of motion, as given in Section 
13.3, could be written 


> F-ma=0 


Thus. an imaginary force (called an “inertia force’), which is collinear with  F but oppositely 
sensed and of magnitude za, would if applied to the particle cause it to be in equilibrium. The 
equations of equilibrium would then apply. Some authors state that the particle is in dynamic 
equilibrium. Actually the particle is not mn equilibrium, but the equations of equilibrium can be 
applied. 


13.5 PROBLEMS IN DYNAMICS 


The solutions of problems in dynamics vary with the type of force system. Many problems 
involve forces which are constant; Problems 13.1] through 13.16 are examples of this type. In other 
problems, the forces vary with position (rectilinear or angular); Problems 13.17 through 13.22 are 
examples of this type. The subject of vibrations is built on force systems that vary not only with 
distance but also with velocity. Problems 13.23 and 13.24 deal with forces that vary with ms first and 
second powers of the velocity. 

The subject of ballistics is introduced in an elementary manner in Problem 13.25, which deals 
with the motion of a projectile under the action of the constant force of gravity. To this solution may 
be added retarding forces that vary with the velocity of the projectile. 

An object is said to be moving with central force motion if the force acting on the object is always 
directed through a central point. Satellites and planets are examples of central force motion. These 
are discussed in Problems 13.26 through 13.31. 


Solved Problems 


In solving problems, the vector equation F= ma is replaced by scalar equations using components. In the 
diagrams, vectors are designated by their magnitudes when the directions are apparent. 


13.1. A particle weighing 2 Ib is pulled up a smooth plane by a force F as shown in Fig. 13-1(a). 
Determine the force of the plane on the particle and the acceleration along the plane. 
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(a) (b) 


Fig. 13-1 


SOLUTION 


The free-body diagram is shown in Fig. 13-1(b). The acceleration a is shown as a dashed vector 
acting parallel to the plane and upward. If the value obtained is negative, this indicates that the 
acceleration acts parallel to the plane but downward. 

It is important to keep in mind that the force system shown acting on the particle is not in 
equilibrium. If it were in equilibrium, the particle would not accelerate. 

Applying Newton’s laws, there result two equations along the x and y axes chosen, respectively, 
parallel and perpendicular to the plane. 


w : 2 
SE=—a, or  1.5cos10°—2sin 30° =—— a, 
g 32.2 


w 
SE=—a, or — 15sin10°-2cos30°+N, =0 
g 


Assuming that the particle does not leave the plane, its velocity in the y direction is zero. Therefore 
a, must also be zero. 

The second equation yields the force of the plane on the particle, N, =1.471b. From the first 
equation, a, = 7.68 ft/s’. 


13.2. A particle having a mass of 5 kg starts from rest and attains a speed of 4 m/s in a horizontal 
distance of 12 m. Assuming a coefficient of friction of 0.25 and uniformly accelerated motion, 
what is the smallest value a constant horizontal force P may have to accomplish this? Refer to 
Fig. 13-2. 





SOLUTION 


Equation of motion in the horizontal direction: } F = P — 0.25N, = ma. 
By inspection, N, = 9.8 x5 =49N. 
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To determine the acceleration a, apply the kinematic equation v” = uv, + 2as. Hence, 


4 m/s)? ; 
q = AY _ 0.667 mys? 
2(12 m) 


Substituting into the original equation, P = 5(0.667) + 0.25 x 49 = 15.6.N, 


13.3. A mass of 2 kg is projected with a speed of 3 m/s up a plane inclined 20° with the horizontal. 
Refer to Fig. 13-3(a). After traveling 0.8 m, the mass comes to rest. Determine the coefficient 
of friction and also the speed as the block returns to its starting position. 


19.6N 
2x 9.8=19.6N 
BN 
50° N 50° HN Aw 
(a) (b) 


Fig. 13-3 


SOLUTION 


In the free-body diagram of Fig. 13-3(a), friction is shown acting down the plane. By inspection, the 
normal force N = 19.6 cos 20° = 18.4 N. To determine the acceleration a, apply the kinematic equation 
v’ =u, + 2as. Hence 

o-(43Y ‘ 
= = 5.63 
2(0.8) me 


Summing forces parallel to the plane (up being positive) yields 
—19.6 sin 20° — u(18.4) = 2(—-5.63) 


Thus, uw = 0.25. 
To solve for the return speed, refer to Fig. 13-3(6), which shows the frictional force acting up the 
plane. Using the down direction as positive, the equation of motion becomes 


+19.6 sin 20° — 0.25(18.4) = 2(a) 


Hence, a = 1.05 m/s? down the plane. 
Finally, 
v? = vat 2as or v? = 0 + 2(1.05)(0.8) 
From this, 


v=1.3 m/s 


vst 


Maret §=—:13.4.. An automobile weighing 1800 Ib goes around a 2000-ft curve at a constant speed of 40 mi/h. 
If the road is not banked, what frictional force must the road exert on the tires so that they 
will maintain motion along the curve? 
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13.5. 


13.6. 


SOLUTION 


In Fig. 13-4, O is the center of the curve 2000 ft from the automobile. The forces acting on the 
automobile are its weight W; the normal force N, which is equal to W: and the friction force F. 
Assuming to the left is positive, the equation of motion becomes 


Ww Wu 1800 Ib (58.7 ft/s)’ 


F=u— —— F=— SG = 96.3 Ib 
2 pope: 22f/s 2000 °° 
gets ae 
ol o—r 
=a 
N 
Fig. 13-4 Fig. 13-5 


A small block of mass m is on a rotating turntable at a distance r from the center as shown in 
Fig. 13-5. Assuming a coefficient of friction 4. between the mass and the turntable, what is the 
maximum linear velocity the mass may have without slipping? 


SOLUTION 


The only force acting horizontally is the friction F, which equals p.N. 
Sum forces along the radius: © F = ma, or F = ma,,. 
Since the normal force N between the block and table is equal to mg and a,, = v7yr, 


ho 


mv 
emg =— or v= Vyer 
r 


Figure 13-6 indicates a particle of mass m that can move in a circular path about the y axis. 
The plane of the circular path is horizontal and perpendicular to the y axis. As the angular 
velocity w increases, however, the particle rises, which means that the radius r of its circular 
path also increases. The mass and cord are called a spherical (sometimes conical) pendulum. 
Derive the relationship between 6 and w for constant angular velocity, and find the frequency 
in terms of @. 


SOLUTION 


Assume that the constant angular velocity of the particle (or of its cord /) is w radians per second. 
The angle @ is the angle between the cord and the y axis. The forces acting on the particle are the force 
of gravity and the tension 7 in the cord. 

Since the particle is moving with constant angular velocity, its only linear acceleration is the normal 
component a,, directed toward the center of the path (i.e., toward the intersection of the horizontal plane 
of travel and the y axis). 
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Fig. 13-6 


Summing forces along this normal, > F, = T sin 6 = ma,,. 
Since a,, = rw = (i sin 6)w’, this equation becomes 


T sin 9 =m(isin 0)w” () 


Summing forces in the y direction, > F, = T cos @- mg = ma, =0 or T = mg/cos 6. 
Substituting this value 7 into equation (7). 


& 
l cos @ 








= sin@=m(isin @)w* or 


If 6 is known, this equation can be solved for the necessary angular velocity w to maintain @ 
constant. Or, if w is known, @ may be found. 
Since w is constant for a given angle 6, 


wrad/s 1 Lg 


fi SS ES a SH 
nequeney 2nrrad/rev 27 V icos 6 


This is the frequency about the y axis. 


13.7.. A block, assumed to be a particle and weighing 10 Ib, rests on a plane which can turn about 
the y axis. See Fig. 13-7(@). The length of the cord / is 2 ft. What is the tension in the cord 
when the angular velocity of the plane and block is 10 rev/min? 





Fig. 13-7 
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SOLUTION 


From the free-body diagram of the block shown in Fig. 13-7(6), r = 2 cos 30° = 1.732 ft. 
The only acceleration present is the normal component a,, directed horizontally toward the v axis: 


10 rev/min X 27 rad/rev 


“=L91 fs: 
60s/min ) is 


a, = rw? = (1.732 10 


Sum forces horizontally along the radius r and along the y axis to obtain the following equations: 


: w 10 
> Ff, = T cos 30° - N sin 30° =— a, ==>5 x 1.91 (1) 
g " 322 
Ww 
SF =N cos 30° + T sin 30° - 10=— a, =0 (2) 
g 


Solve equation (2) for 
1g ee 


cos 30° cos 30° 


Substituting into equation (/), 
10 sin 30° 


T 3 Oo ( oo T ) z 1 
nosa0 cos 30 cos 30° sit 30 


10 
32.2 





* 1.91 or T = 5.52 Ib 


13.8. The 4-Ib object at B in Fig.13-8(a) moves in a circular, horizontal path under the action of a 
cord AB and a rigid bar BC, which can be considered weightless. At the instant B has a speed 
of 6 ft/s, what are the forces in the supporting members AB and BC? 


4 , 
6 18 ft/s 





(b) (c) 





Fig. 13-8 


SOLUTION 


The free-body diagram in Fig. 13-8(b) shows the object under the action of its weight. tension T, 
and compression C. The normal acceleration is v?/r = (6)’/2 = 18 ft/s’ directed to the left. Summation 
of forces yields the following equations: 


SE, = T cos 40° + C cos 20°- 4=0 


a 


D> f= T sin 40°— C sin20° = 
r 





4 
=-X18=2.24 
& 
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The solution of these equations yields 
T =4.01 Ib and C =0.99 1b 
Another solution, using D’Alembert’s Principle and the “inertia force’, is shown in Fig. 13-8(c). 
The figure is the free-body diagram with the inertia force, ma, =(4/g)(18), acting on the particle 


outwardly from the center of rotation. Thus, 


> F.=T cos 40° + C cos 20° - 4 =0 
besos ; 4 
SF, = -T sin 40° + Csin 20° + — x 18 =0 
g 


The solution of these equations yields 
T =4.01 Ib and C =0.99 Ib 


In circular motion, the inertia force is called the centrifugal force. The centrifugal force is often 
erroneously thought of as an actual force. It is not! 


In a device as Atwood’s machine, two equal masses M are connected by a very light 
(negligible mass) tape passing over a frictionless pulley as shown in Fig. 13-9(a). A mass m 
whose magnitude is much less than M is added to one side, causing that mass to fall and the 
other of course to rise. The time is recorded by an inked stylus resting on the tape and 
vibrating. Study the motion. 


\ | 


|o Ie 
| { 
Mg (M+ mg 


(5) (¢) 





Fig. 13-9 


SOLUTION 


The free-body diagrams of the two mass systems are shown in Fig. 13-9(b) and (c). The same 
tension 7 is acting on each system through the tape because the friction of the pulley is assumed 
negligible. 

The equations of motion, using the same acceleration (otherwise the tape would have broken or 
become slack) for the two free-body diagrams, are 


 F=T — Mg =Ma (1) 


S F=Mg+mg-T=(M+m)a (2) 


vit 


Mathcad 
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13.10. 


13.11. 


Add equations (/) and (2) to eliminate the tension 7 and obtain 


_ om 
2M+m 





mg = 2Ma + ma or a g 


This expresses the relation between the acceleration of gravity g at the locality where the 
experiment is performed and the acccleration a of the masses as determined by measurement of distance 
and time on the tape. 


Figure 13-10 shows a 2-kg mass resting on a smooth plane inclined 20° to the horizontal. A 
cord which is parallel to the plane passes over a massless, frictionless pulley to a 4-kg mass 
which will drop vertically when released. What will be the speed of the 4-kg mass 4 s after it is 


released from rest? 
2x9.8=19.6N : \ 
op r i, 
a 
Gbps 
~ 


tke 4x98=392N 


i 
(a) (6) {c) 
Fig. 13-10 


SOLUTION 


The free-body diagrams are shown in Fig. 13-10() and (c). Both bodies have the same magnitude 
of acceleration. The tension 7 acting on each free body is the same. 
The equations of motion are 


SD & = T — 19.6 sin 20° = 2a 
SUF =30.2-T =4a 
Adding, the acceleration is 
a=5.42m/s" 


The velocity of the 4-kg mass after 4s is 


v=vot at =04 5.42(4) = 21.7 m/s 


Blocks A and B, weighing 20 and 60 lb, respectively, are connected by a weightless rope 
passing over a frictionless pulley as shown in Fig. 13-11(a). Assume a coefficient of friction of 
0.30 and determine the velocity of the system 4 s after starting from rest. 

SOLUTION 


Free-body diagrams are drawn for bodies A and B [see Fig. 13-11(b) and (c)}. Summing forces 
perpendicular and parallel to the planes. the equations of motion are 


5 . 20 
SF =N,— 20 cos 30 355 = 0 (1) 
> F\=T — 20sin 30° — 0.30N, = cr (2) 
32.2 
SF We 66s OS Oy 20 (3) 
eee 32.2 
: ; 60 
> F =60sin 60 — T — 0.30N2 =~ a (4) 


32.2 
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“a 





O32 
60 Ib 





(a) {b) {e) 
Fig. 13-11 


Solve equations (J) and (3) for MN, and N2. Substitute these values in cquations (2) and (4) and add 
the two equations to eliminate T. This yields an acceleration a = 11.1 ft/s’. 
Applying the kinematics equation v = v, + af, v = 0 + 11.1(4) = 44.4 ft/s. 


13.12. Refer to Fig. 13-12(a). Determine the least coefficient of friction between A and B so that slip 
will not occur. A is a 40-kg mass, B is a 15-kg mass, and F is 500N, parallel to the plane, 
which is smooth. 


iw” 


55 x 9.8 = 529 ow 15 x 98 


wn = 147 


ae 





Na 
ia} (5) (e} 


Fig. 13-12 


SOLUTION 


To determine the acceleration a of the system, draw a free-body diagram of the two masses taken 
as a unit as shown in Fig. 13-12(6). Summing forces along the plane, 500 — 539 sin 30°=55a or 
a=4.19 m/s’. 

Draw a free-body diagram of B as shown in Fig. 13-12(c). Sum forces along the acceleration vector 
and perpendicular to it to obtain 


> F, = —147 cos 30° + Ng cos 30° — Nz sin 30° = 0 (1) 
> Fi = MN» Cos 30° + Nz sin 30° — 147 sin 30° = (15)(4.19) (2) 


Multiply the first equation by cos 30° and the second by sin 30°. Then add to obtain N, = 178N. 
Substituting into either equation (/) or (2), w = 0.30. 


CHAP. 13] DYNAMICS OF A PARTICLE 239 


13.13. A horizontal force P=70N is exerted on mass A = 16kg as shown in Fig. 13-13(a). The 
coefficient of friction between A and the horizontal plane is 0.25. B has a mass of 4 kg and the 
coefficient of friction between it and the plane is 0.50. The cord between the two masses 
makes an angle of 10° with the horizontal. What is the tension in the cord? 


— ie 


16 ™ #.8 = 157 N 





(a) (b) (e) 
Fig. 13-13 


SOLUTION 


The equation of motion from the two free-body diagrams are [see Fig. 13-13(b) and (c)]: 


> F, = 10 — T cos 10° — 0.25N, = 16a qd) 
> F.=N,— 157 - T sin 10°=0 (2) 
> B, = T cos 10° — 0.50Nz = 4a (3) 
> R,=Npg — 39.2 + T sin 10° =0 (4) 


Substitute N, in terms of 7 from equation (2) into equation (/). Substitute Ng in terms of T from 
equation (4) into equation (3). Eliminate a between these two new equations to obtain T = 20.5N. 


13.14. A box is dropped onto a conveyor belt inclined 10° with the horizontal and traveling 10 ft/s. If 
the box is initially at rest and the coefficient of friction between the box and the belt is 3, how 
long will it take before the box ceases to slip on the belt? 


SOLUTION 
Refer to Fig. 13-14. The equations of motion for the box are 
> F. =0=N-—W cos 10° 
S R=iN-Wsin ieee; 
& 
Solving these equations, we get a = 4.98 ft/s”. 
To find the time that will elapse before slipping ceases, use 
Vv =v t at 
10=0 + 4.987 
Thus, t=2.00s 
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Fig. 13-14 Fig. 13-15 


13.15. In the system shown in Fig. 13-15, the pulleys may be considered massless and frictionless. 
The numbers indicate the masses in kilograms. Determine the acceleration of each mass and 


the tension in the fixed cord. 


SOLUTION 


By continuity and the assumptions of no mass for the pulleys and cords, we can state 27, = T, and 
273 = T,. Also the cords over pulleys A, B, and C are constant in length. Hence, 


(41 — X%4) + 2 — X4) = Ky (43 — Xp) + 44 — X58) = Kz Xa+Xy = Ky 


where K,, Kz, and K; are constants. 
Second derivatives yield 


a,+a,=2a, a;+ a, =2a,z a,+a,=0 


The equations of motion, assuming downward as the positive direction, are 


1x 9.8-T,=a, (1) 
2x 9.8 —T, =2a, (2) 
3X9.8—-T,=3a, (3) 
4X 9.8 — Ty = 4a, (4) 


Substitute 7, = 7/2 into equation (/) and then multiply by 2. Substitute 7, = 74/2 and a, =2a,—a, 
into equation (2). These equations become 


27; 
2x9.8——*= 2a, (7’) 
Tr 
2x 9.8 — >= da, — 2a (2') 
Add these two equations to get 
4X9.8-157%,=4a, (5) 


Substitute 73 = 7,/2 into equation (3) and then multiply by 4. Substitute 7, = 7/2 and a,= 
2a, — a, = —2a, — a, into equation (4) and multiply by 3. These equations become 


47, 
4x3 X98 —5?= 12a, (3') 


35 
3X 4x9.8— 5? = 3[4(-2a, -a,)] (4') 
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Add these two equations to get 
24x 9.8 -—3.5T, = —24a, (6) 


Combine equations (5) and (6) to find 7, = 37.6N. 
To find the accelerations of the masses, substitute 7, = 7, = 7,/2 = 18.8 into equations (7), (2), (3), 
and (4). These yields 


a,=-9.0m/s* — (up) 

a, = 0.4 m/s’ (down) 
a3 = 3.53 m/s” (down) 
a4 = 5.1 m/s’ (down) 


The tension in the fixed cord is 27, = 75.2 N. 


13.16. Two masses of 14 kg and 7 kg connected by a flexible inextensible cord rest on a smooth 
plane inclined 45° with the horizontal as shown in Fig. 13-16(a@). When the masses are 
released, what will be the tension T in the cord? Assume the coefficient of friction between 
the plane and the 14-kg mass is } and between the plane and the 7-kg mass is 3. 





7x98 068.68 





14% 08 = 137.2 N 





(a) (b) (e} 
Fig. 13-16 


SOLUTION 


Free-body diagrams of the two masses are shown in Fig. 13-16(6) and (c). 
The equations of motion for the 14-kg mass are as follows, where the summations are parallel and 
perpendicular to the plane: 


> A= 137.2 sin 45° - F, -— T = 14a (1) 
SF, =N, — 137.2 cos 45° =0 (2) 
The equations of motion for the 7-kg mass are as follows: 
> y= T + 68.6sin 45° - R=7a (3) 
> F, = N;— 68.6 cos 45° = 0 (4) 


Assume that both masses are moving. Of course, if the friction is great enough, the upper mass may 
not move. 
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(5) 


242 
(6) 


From equation (2), N, = 137.2 x 0.707. Then F, = 4N, = 24.3. 
68.6 X 0.707. Then Fy = 3N, = 18.2. 


Substituting these values into equations (7) and (3), the following equations result: 


From equation (4), N; 
137.2 + 0.707 — 24.3 — T = 14a 


T + 68.6 X 0.707 — 18.2 =7a 


Multiply equation (6) by 2 and subtract from equation (5) to obtain T = 4.0N. 


13.17. A particle of weight W is suspended on a cord of length / as shown in Fig. 13-17(a) 


Determine the period and frequency of this simple pendulum. 





(a) 
Fig. 13-17 


The only forces acting on the particle are its weight vertically down and the tension 7 in the cord. 


SOLUTION 
The position of the particle at any time ¢ may be specified in terms of the angle 6. 
Choosing as the x axis the tangent to the path of the particle in the position shown in Fig. 13-17(5), 


the equation of motion becomes 
> F.=-W sin 6 =—a, 
& 


Thus, the acceleration is zero when @ is zero, i.e., at the lowest position of the particle. 
The above differential equation may be solved by noting that a, is tangent to the path and may 
a, =la 





2 


therefore be written 
—£ in @= 
dt 


‘ Ww 
—W sin @=-—la = 2 
g g dt 


where @ = angular acceleration of the cord and particle. Then 
WwW de 
or 

The solution of this differential equation is simplified by using a series expansion for sin 6. 


e° e ra 
3! 


NGO at ey at 
For small angular displacements, sin @ is approximately equal to 6 expressed in radians. Thus, for small 





displacements, the equation of motion becomes 
eps 
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13.18. 


The solution as derived in the theory of differential equations is in the form of sines and cosines: 
6=Asin lies Is, 
Vi Vi 


The constants A and B can be evaluated in a given problem by using the boundary conditions. 

The frequency w in radians per second is Veil. The frequency f is (1/22)Vgfi Hz (cycles per 
second). 

Incidentally, a cycle is the motion of the particle from a starting point through all possible positions 
back to the same point. A cycle is complete when the particle moves, let us say, from its top left position 
to its right position and back to its top left position. 

The time to complete one cycle is called the period 7. This is then the reciprocal of the frequency f 


1 l 
pS ee d 1 
f(cycles per second) f pes Aa 


Consider the motion of a particle of mass M resting on a smooth horizontal plane as shown in 
Fig. 13-18(a). It is attached to a spring that has a constant of K in force units per unit 
deformation. Displace the mass a distance x» from its equilibrium position (spring tension or 
compression is zero at equilibrium position) and then release it with zero velocity. Study the 
motion. 


Mg 





{a} {b) 
Fig. 13-18 


SOLUTION 


Figure 13-18(b) is a free-body diagram showing the particle in a position a distance x from 
equilibrium. Acting on the particle in the horizontal direction is the force 7 in the spring, which is 
stretched the distance x. 

Within the clastic limit of the material, it is assumed that the tension in the spring is proportional to 
its change in length from the unstressed position. Then 


T = Kx 
where 7 = spring force 
K =constant 
x =change of length 
A summation of forces horizontally yields > F, = —T = Ma,. 


Note that forces directed to the left, and distances to the left of the rest position, are assumed 
negative. In this case, the distance x is to the right: hence, @, is written positive. Tension T is to the left, 
i.c., negative. 

Substituting 7 = Kx and a, = d*x/dt’, the above equation becomes — Kx = M(d?x/dt’) (a simple 
harmonic motion). This differential cquation is similar to the one found in Problem 13.17. Its solution is 
in the form of sines and cosines: 


x=Asin [ire Bes \e 
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The values of A and B can now be calculated. The value of x is x» when ¢ is zero: hence, 


K K 
Xy=Asin \[Ko+ Boos [Ko=o+e and B=xXxa 


_ 1K |K 
and x =Asin Vi! + Xp COS it 


To evaluate A, it is necessary to differentiate x with respect to time, since the other known 
condition is that the velocity uv is zero when the time f¢ is zero: 


8g [Roe [Rg Bein fK, 
Oda ONMO NM NM VM 


When t =0, v =0 and sin VK/M 0 =0. Then 0 = AVK/M cos 0 — 0, and A =0. The equation of motion 
is x =xycos VK/M1. Of course, if the initial velocity had some value other than zero, say u,, then 


A=volVK/M. 


13.19. In Problem 13.18, (a) find the frequency f and period 7 of the system if the mass M has a 
weight of 12 oz and the spring constant is 2 oz/in, and (b) find the frequency if the mass M is 
0.34 kg and the constant K is 22 N/m. 











SOLUTION 
1 [K 1 [2fi6lbsin x 12(32.2) in/s? 
(a) = " = = 1.28] 
foam on \ 12/16 Ib aoe 
! : 0.782 d | 
— =U Seconds per cycle 
f 1.28Hz ee 
(b) ga i- L Ve: : 22(kg-m/s'Vim _ opi, 
2n VM 2n\034kg 227 VV 0.34kg 


13.20. A particle of mass m rests on the top of a smooth sphere of radius r as shown in Fig. 13-19(a). 
Assuming that the particle starts to move from rest, at what point will it leave the sphere? 


Qo x mr°e 
a 
ph 
oy f 
Na mg ‘ 
6 
Na mg 
(a) (5) (c) 


Fig. 13-19 
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SOLUTION 


Let @ be the angular displacement at any time ¢ during its travel. The free-body diagram indicates 
the only two forces acting on the particle, i.e., the plane reaction along the radius and the weight mg [see 
Fig. 13-19(6)]. 

The equations of motion found by summing forces along the radius and the tangent are 


> B= —Na+ mg cos @ = mrw? (J) 
3S) = mg sin @ = mra. (2) 


A third equation is necessary for a solution. This is the one expressing a relationship among 0, w, 
and a; and for review it is derived here. 
Eliminating dt from w = d@/dt and a = dw/dt yields 


ad@=adu (3) 
From equation (2), a = (g/r) sin @ Substituting into (3), (g/r) sin 6 d@ = w dw. Then 


“4 


6 o 
[ Esin oao=[ odw or £1 - cos @) = (4) 
io lO r 2 


At the position of departure from the sphere, the normal reaction N, will be zero. Equation (/) 
now becomes 


mgcos@=mrw? — or ® cos 6=a° (5) 


Replacing w? in equation (4) by its value in equation (5), we obtain 
Ga — cos 0) = > cos 6 cos @ = 3 @ = 0.841 rad or 48.2° 
r r 


For an alternate solution, let Fig. 13.19(c) be the free-body diagram showing the two inertia forces 
mre and mrw’. The resulting equilibrium equations become 


3) F, =N, cos @— mg + mra’ cos @ + mra sin @ = 0 
3) 5, = N, sin @ + mre” sin @ — mra cos @ =0 


When the particle leaves the sphere, N,=0. Eliminating w* from the simultaneous equations gives 
a =(g/r)sin@ Eliminating a from the equations gives w* =(g/r)cos @ Using Equation (7) and 
substituting for a gives equation (4). Substituting for w” yields 


£1 — cos 6) =~ cos @ 
r 2r 


This equation gives @ = 48.2°. 


13.21. A particle of mass m slides down a frictionless chute and enters a ‘‘loop-the-loop™ of diameter 
d. What should be the height / at the start in order that the particle may make a complete 
circuit in the loop? 

SOLUTION 


A free-body diagram of the particle at any time in its travel down is shown in Fig. 13-20(b). The 
equations of motion parallel and perpendicular to the plane are 


SS) y= mg sin @ = ma (4) 
3) F, =N — mg cos @=0 (2) 
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(a) 0) 
Fig. 13-20 


From equation (/), the acceleration is a =g sin @ This value of a is now substituted into the 


kinematics equation ads = vdv, where s refers to displacement along the plane. Then g sin @ds = udu 
and 


. v 2 
i gsin ods = [ udu or gsin Gs =— (3) 
0 i 2 

At the bottom of the plane the speed is found by substituting 4/sin @ for s in equation (3): 


- h v? 
gsin@ = - 


= 2 4 
sin@ 2 re ag (4) 


This indicates that the speed at the bottom of the smooth incline is independent of the slope of the 
incline and is the same as if the particle fell vertically downward. 


Next draw a free-body diagram of the particle at the top of the loop (see Fig. 13-21). 


Na 


Fig. 13-21 


The forces acting are the gravitational force mg and the force of the loop along the vertical radius. 
Since the minimum speed is the one with which we are concerned, the value of N, in this case is zero. 
Expressed somewhat differently, as the speed vu increases, the normal acceleration a, increases. To 
provide this increasing value of a,, the reaction N, must increase also, because > F, = ma,,. 

In determining the speed at the top of the loop, use the fact just determined that the motion on a 
smooth path (such as the plane or the side of the loop) is equivalent to vertical motion under the 


acceleration of gravity only. Hence, the particle loses speed in moving up the side of the loop in an 
amount equal to the loss in straight-line vertical motion: 


29 
Viop = Ubot 7 2ed 
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13.22. 


But the speed at the bottom v,,, has been expressed in equation (4) in terms of height h. Then 
Uiop = 2gh — 2gd = 2g(h -— d) 


A summation of forces along the vertical radius when the particle is at the top results in the 
following equation, since N, = 0: 


mvj, 4mg 
2 = mga" or mg = (h-d) 


Hence, h = 5d/4. This means that the particle must leave at this height (or above) in order that a 
minimum speed be obtained. Otherwise, the particle will not follow the circular path at the top, but 
rather will ‘jump across.” 


A flexible chain of length / rests on a smooth table with length c overhanging the rounded 
edge, as shown in Fig. 13-22(a). The system, originally at rest, is released. Describe the 
motion. The chain weighs w lb/ft. Assume that the chain maintains contact with the table 
surfaces. 


my 





wer 


(a) (b) (c) 
Fig. 13-22 


SOLUTION 


The free-body diagrams of the two pieces of the chain are drawn with the same tension T shown 
acting on each piece. See Fig. 13-22(b) and (c). The equations of motion are 


aW-*) | _w(l-x)d"x 


T 
g ge de (1) 
wx  wxd?x 
wx Sp ae (2) 
Add (1) and (2) to obtain 
wi d?x dx g 


ae —iaty 


Maes g dr? ode 


(This is not simple harmonic motion. Why?) 
The solution of this second-order differential equation is x = ae~®"' + Be 
To evaluate the constants A and B, note the initial conditions, namely x = c and v = 0. Substituting 
x =c when 1=0, we get c=A+B. = Es 
Differentiate x with respect to t: v = dx/dt = AVg/le™®"'— BV g/le*®"". 
Substituting the condition v = 0 when = 0, we get A — B =0. 


-Vete 
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Solving simultaneously A ~ B = 0 and c=A + B, we get A = B = 5c. 

The solution of the problem is x = bce’®"' + bce7¥#"" 

The exponential functions should be evaluated for any given time to determine the length x of the 
overhang. See Appendix C for a computer solution. 


13.23. An object of weight W falls in a medium with the resistance R proportional to the velocity. 
This is approximately true for slowly moving objects. Study the motion. 


SOLUTION 


The free-body diagram of the object shows the weight W acting down and the retarding force R 
acting up (see Fig. 13-23). Assuming that x, x, and * are positive in the downward direction, the 
differential equation of the motion is 


W Wd 
+W -ki=—¥ =— S 
g g dt 
Rewriting this equation and then integrating, 
dx kg kg 
: = 2d Z -in(W/k —x)=-2t+ 
Wik —x wit and In(W/k -— x) w C, 


Assuming X =X, when t =0, —In(W/k — X)) = C, and 
Wik -x 
=e 


—In(W/k ~ 2) = “Er — in (Wik — Xu) or Wik ~X, Cae 
from which 
$= 7a = eH yg ther (1) 
Since the limiting velocity x,,,, OCCUIS as [> &, 
Xmax = _ (2) 


To determine the distance x as a function of time, write (7) as 


WwW i 
dx = - (1 -—e @"™) dt + Xpe 4" dt 





Integrating, 
w Ww 
eo (—W/kg)e" 02" + X0(-— W/kg)e OP" 4+ C, 
Assuming x = 0 when ¢ = 0, 0=0 + W?/k’g — Wi /kg + C. and 
xX=~- tt we e haw Wx eRe we + Wie 
kok’g kg k’p kg 
Using W/k = X.nax. this expression is regrouped as 
Ww 1 
= (XmaxXo aa Xinax)(1 —e ny (3) 
kK 8 


ae 





Fig. 13-23 Fig. 13-24 
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13.24. An object of mass m falls in a medium with the resistance R proportional to the square of the 
speed. This is approximately true for high-speed objects. Study the motion. 


SOLUTION 


The free-body diagram of the object (Fig, 13-24) shows the gravitational force mg acting down and 
the retarding force RK acting up. Assuming that x, x, and % are positive in the downward direction, the 
differential equation of motion is 


dx dx dx 
+mg — ki? = mk =m——=m—xX 
dx dt dx 


Rewriting this equation and integrating, 
x dx k 


k 
Fae) ae ae and —2 in (glk — X°) = x + C, 


Assuming x =X, when x = 0, —4 In (mg/k — x3) = C, and 


k 
—}in (mg/k — x’) =— x — 4 In (mg/k — x2) 
m 


Then ee 7 nme or aoa = (78 — x3)e seks 
and x= ri (1 —e CK) + gle Chine (1) 
The limiting velocity occurs as x > <; thus, 
na = fe (2) 


13.25. A projectile of mass m is given an initial velocity vg at an angle @ with the horizontal. 
Determine the range, the maximum height, and the time of flight, assuming that the projectile 
hits on the same horizontal plane from which it is fired. Neglect air resistance in this solution. 


SOLUTION 


The horizontal line is chosen as the x axis. The range is r. The projectile is shown in Fig. 13-25 at 
some point (x, y) along the path. The only force acting is its weight mg. 


ve 
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13.26. 
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The equations of motion in the x and y directions are 
> Fo=0=mt and > Fo = —mg = mii 


from which ¥ = 0 and ¥ = —g. 
Integrating, ¥ = C, and ¥ = —gt + C.. But ¥ has constant value v,,cos @; and at 1=0, ¥ =u, sin @ 
Hence, 


Xx =u, cos @ and ¥ = —gie+vy,sin@ 
Another integration yields 
x =(v, cos @)t + Cy and y =(u, sin @)t — Sgt + C, 
Since x = 0 and y = 0 when ¢ =0, C,=C, =0, and the equations of motion are 
x = (vy cos O)t and ¥ =(u, sin @)t — be? 


To obtain the equation of the path in Cartesian coordinates, eliminate ¢ from the equations. This is 
most easily done by solving the x equation for ¢ and substituting its value into the v equation. 
Substituting ¢ = x/(v, cos @) into the + equation yields 


3 


x 1 x g& 2 
> 27-3 HK tane = r 
yscos@ 2° ucos @ 





y =vysin @ oA 
2u,, cos’ @ 
which is the equation of a parabola. 
To determine the time of flight, equate ¥ to zero. The height is zero at the beginning of the motion 
and also when the projectile hits the ground. 


y =0=(u, sin @)t — Sgt = (uy, sin 6 — 3g) 


The values of ¢ that satisfy this equation are ¢=0 (beginning of flight) and ¢ = (2u,,sin @)/g (time of 
flight) obtained from v, sin @ = }gz. 
The range may be calculated by substituting this value of ¢ into the x equation of motion: 


2u,y sin @ Ua 
x =r=u,cos @| -———_ 


=— sin 2@ (range) 
, 8 


Note that the maximum range for a given initial velocity uv, is achieved when sin2@= 1]. or when 
2@ = 90°. Thus @ should be 45° for maximum range for a given v,. 

The maximum height can be determined either by assuming that it occurs at half the time of flight 
(theoretical considerations only) or by solving for the time + when the y component of velocity is equated 
to zero. Assume that the time is half the time of flight. Substituting this value into the + equation results 
in 








. v,sin@\ 1 /ussin@y vu,sin’ @ : : 
h=v,sin of ) = e( ) - (maximum height) 
g 2 g 2g 


A particle of mass 77 moves under the attraction of another mass M [see Fig. 13-26(a)], which 
we shall assume to be at rest. Study the motion of the mass #7, noting that the distance 
between the two particles is not necessarily constant. 


SOLUTION 


The particle m has radius vector r with respect to mass M. The unit vectors e, and e, for the polar 
coordinate system are shown. A free-body diagram of mass mi contains only the attractive force F. which 
is in the negative e, direction [see Fig. 13-26(b)]. According to Newton's law of gravitation. this central 
force is 


M 
F=-G—Se, (1) 
r 
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m 
Ka a ‘@ 
(b) 
Fig. 13-26 
where G is the universal gravitational constant: 
G = 6.658 x 10 '' m*/(kg-s’) in Sl] 
G = 3.43 x 10 *Ib-fC/(slug)’ in the engineering system 
In polar coordinates, the acceleration a is (see Section 11.6) 
a=(¥ —rd’)e, + (ré + Ide, (2) 
Substituting from equations (7) and (2) into 
F=ma (3) 
: GMm . ae $s - 
gives —--3— e, = tm(F — rd je, + m(rd + 2rd )e,, (4) 
me 
Equating coefficients of e, and then of e, to zero, 
rd + 2rd =0 (5) 
ae M a3 
a r= (? rd’) (6) 
r 
Equation (5) is identical with 
Id_,. 
~7 (rd) =0 (7) 
rdt 
Integrating (7), rd=C a constant (8) 


Note that in Fig. 13-27 the radius vector r sweeps out an area dA as it rotates through the angle dé. 
The differential area dA is approximately equal to r(r dé) = 4r’ dd. Dividing by dt, 
dA_1,d¢d_1,._ ,. 
a Pa ='¢ 
dt 2’ dt 2° a 
Thus, the radius vector r sweeps out equal areas in equal times. 
Next solve cquation (6) to determine the path of mass m. For a convenient solution, let r = 1/1: 
then dr/du = —1/u" and 


._drdudg _ —ldu : 


r — =. 
dudé dtu? db 
But from equation (8), ¢ = C/r? = Cu: then 





= _lduo. 2 apt 

widd n dd 
di dr dd ( au Cu 
and yas —=[(- se 2=-C 7-5 
on Tat dd dt dot)" "ae? 
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d—rcos¢ 


Directrix 





Fig. 13-27 Fig. 13-28 


Substituting into equation (6), we obtain 


‘ i ee 
~GMu = Cw mm — Cw 
@u _GM 


or aha = 
dd Cc 


(9) 


As an intelligent guess, the solution of (9) might be of the form 
u=Acosd+B (70) 
This form must be substituted into (9) to determine the necessary conditions to make it a solution; thus, 


du : @u 
dé =-Asind dé? =—-Acosd 


GM 
and -Acos¢+Acoséd+B= @ 


Hence, 8 = GM/C’, and the solution of (9) is 


2 


M 
uA cos d +7 whee (//) 
r 





Equation (//) represents a conic section, which from analytic geometry is the path of a point that 
moves so that the ratio of its distance from fixed point M (a focus) to its perpendicular distance from a 
fixed line (the directrix) is a constant e (the eccentricity), Figure 13-28 illustrates the distances involved 
in the definition 


r 


ae a i2 
wd - 10s é (72) 
Equation (/2) can be solved for 1/r. yielding 
1 1 1 
=-cosd + — (13) 


r ad ed 


The following table lists the types of conics (curves) with their e valucs. 


a 






ve) 
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Comparison of equations (//) and (73) indicates that 





1 GM C 
— od = —--: 14 
ave | ey me 
The equation of motion is 
1 #1 GM 
u=~=-cos¢+—— (15) 
rod ne 


13.27. In the preceding problem the path of a planet #1 around the sun M is elliptical (eccentricity 
e <1). The sun is at one of the foci of the ellipse. Show that the period 7 (time for a complete 
revolution of the planet around the sun) is given by 





ee 2na*? 
VGM 
where a =semimajor axis of ellipse 
G = gravitational constant 
M = mass of sun 
SOLUTION 
The path is an ellipse with semimajor axis a and semiminor axis b. Figure 13-29 shows that 
f+tyge=2a (/) 
Also, from equation (73) of Problem 12.26. 
rod oe ed ( 


When @ = (0°, r= g: and when ¢ = [80°. r =f. Thus. (2) becomes 








11 ., 1 tte 1 1 1 l-e 
ea ea aE an Pee ee ag 
Solving these two equations for f and g and substituting into (/), we find 
ed ge Oy oe eee (3) 
lt+e l-e a 
But by equation (/4) of Problem 13.26, ed = C*/GM. Hence. (2) becomes 
tO GMa 
The area A of the ellipse is A = zab = na°V1 — e*. Thus. 
fgg ces (4) 
VGMa_ VGM 2 





Fig. 13-29 
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Equation (4) gives the area swept out in one complete revolution, or in time 7. This area is also the 
product of the constant rate dA/dt and ume T: A = (dA/dt)T. Finally, substituting dA/dt = C/2 as 
determined in Problem 13.26, we have 


Ce Drieec 2a? 


A= =o) = > 
2 VGM2 VGM 


13.28. Convert the gravitational constant G = 6.658 x 10° cm*/g- s’ into the equivalent in engineer- 





ing units. 
SOLUTION 
: 3. x 10 * fy)’ : 
Gide * seer ei Oe aye 
275 (2.205/32.2)10 © slug-s” slug-s" 
Since | slug = 1 Ib-s*/ft. 
I a a pec ol 
slug-s* (Ib-s*/ft)s?Ib-s* 
4 . ft” 
Thus G = 3.43 x10 * — 
Ib-s" 


13.29. The satellite shown in Fig. 13-30 was fired from point A on the surface of the earth. The 
burnout point at which all fuel is expended is at P, which is 5000 mi from the earth’s center C, 
Assume the velocity at P is vu) and that it is perpendicular to the earth’s radius extended. 
Determine the value of vy so that the satellite’s orbit is (a) circular and (b) parabolic. 


Yo 
\ 
A 
y P 
A 
Fig. 13-30 
SOLUTION 
(a) From equation (&) in Problem 13.26, 
C=rd =r(rdb) = rv, = (S00 X 5280), (1) 


The solution of the differential equation (9) in problem 13.26 is given in equation (//) as 
1 GM 
“w=-=Acosdt+—, (2) 
r Cc 


The solution of equation (/3) in the same problem is given as 


1 J 1 
eg te ee 3 
r d Eee ed 
Hence, we see 
i 1 GM 
A= and ==> (4) 
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13.30. 


13.31. 


which combine to give 


a 





AC” 
pei 5 
°" GM oF 
where M, the mass of the earth, is 4.09 x 10" slugs. 
Substituting into equation (2) above, we find 
1 (3.43 x 10 *)(4.09 x 107°) 
SP eT ae oO te eee Ce ea 6 
5000 x 5280 4 °°S (5000 x 5280v,)° ” 
1 5.31 X ie) 
eee 7 
a 4 so00 om va " 
Substitute e = 0 (for circular orbit) and the value of A from equation (7) into equation (5) to 
find 
1 5.31 x10) C 
0= ( ~—) (8) 
5000 x 5280 Vo GM 
Equation (8) can only be satisfied if 
: 10" 
is 5.31 x 0 if 
Vo 
Thus Up = 23,000 ft/s or 15,700 mi/h 


(b) If the path is to be parabolic then e = 1. Substituting e = 1 into equation (5), we get 
z 1 5.31 X10) C 

S000 x 5280 ( ve ) GM 

1 5.31 x 10° (5000 x 5280)*v;, 

~ 5000 x 5280 ( (3.43 x 10 *)(4.09 x 107°) 


1 











Up 
This simplifies to 
Vo = 32,500 ft/s or 22,200 mi/h 


Note that a vu, greater than this last value will yield an eccentricity greater than 1, which means that 
the satellite will depart on a hyperbolic path and never return to earth. 


A satellite with all fuel expended is at a point 500 mi from the earth’s surface and is traveling 
with a velocity of 36,000 ft/s in a direction perpendicular to an earth radius extended. 
Determine the eccentricity of the orbit. Assume the earth has a radius of 3940 mi. 
SOLUTION 

Equation (12) of Problem 13.26 can be written as ed — er cos ¢ = r. From this, we can write 

7 ed _ C/GM 
a +ecosh ltecosd 
Our initial conditions are (a) r = 3940 + 500 = 4440 mi and (b) 6 =0. Also. C= rd= r(vq) = 4440 x 
5280v), G = 3.43 x 107", and M = 4.09 x 10”. Hence, with vy = 36,000 ft/s, we can write equation (/) as 
(4440 x 5280 x 36,000)?/(3.43 x 10 *)(4.09 x 107°) 
lt+e 

_ 4440 x 5280 x (36,000)? 
~ (3.43 x 107*)(4.09 x 102°) 
From this, the eccentricity of the orbit is e = 1-17, and the path is hyperbolic. 


(7) 





4440 x 5280 = 


or lt+e 


Given that the period 7 for the passage of the earth around the sun is 1 yr and that the earth 
at its perihelion is 91,340,000 mi from the sun and at its aphelion is 94,450,000 mi from the 
sun, determine the mass M of the sun. Assume 1 yr = 365 days, and ignore the effects of the 
other planets. 
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SOLUTION 


Figure 13-31 shows the earth in both its near and far positions (perihelion and aphelion, 
respectively). The semimajor axis a of the elliptical orbit is obtained by adding the two distances and 
dividing by 2; this gives a = 92.9 x 10° mi. Using the formula derived in Problem 13.27 


4a? 4092.9 x 10° x 5280)° 












M = 13.7 10" sl 
GT? (3.43 X 10-*)(365 x 24 X 3600)" sage 
| 
Earth 
at perihelion f \Earth at aphelion 


; 


94.45 x 10° mi 
91.34 < 10° mi 


Fig. 13-31 


Supplementary Problems 


13.32. An automobile weighing 4000 Ib is accelerated at the rate of 3 ft/s’ along a horizontal roadway. What 
constant force F (parallel to the ground) is required to produce this acceleration? Ans. 373 1b 


13.33. A body is projected up a 25° plane with an initial velocity of 15 m/s. If the coefficient of friction between 
the body and the plane is 0.25, determine how far the body will move up the plane and the time required 
to reach the highest point. Ans. 17.7, 2.365 


13.34. A meteorite weighing 1000 lb is found buried 60 ft in the earth. Assuming a striking velocity of 1000 ft/s, 
what was the average retarding force of the earth on the meteorite? Ans. F =265,000Ib 


13.35. Two particles of the same mass are released from rest on a 25° incline when they are 10m apart. The 
coefficient of friction between the upper particle and the plane is 0.15, and between the lower one and 
the plane it is 0.25. Find the time required for the upper one to overtake the lower one. 

Ans. t=4.745 
13.36. Refer to Fig. 13-32. An automobile weighing 2800 Ib and traveling 30 mi/h hits a depression in the road 


which has a radius of curvature of 50 ft. What is the total force to which the springs are subjected? 
Ans. N=61701b 


{ wa 


la. NS 
N IS 


Fig. 13-32 Fig, 13-33 
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13.37. 


13.38. 


13.39. 


13.40. 


13.41. 


13.42. 


13.43. 


13.44. 


13.45. 


13.46. 


A small bob of 25-g mass is whirled in an assumed horizontal circular path on a string 400mm long as 
shown in Fig. 13-33. What is the tension in the string when the constant angular speed is 30 rad/s? 
Ans. T=9.0N 


A 90-lb weight has a velocity of 30 ft/s horizontally on a smooth surface. Determine the value of the 
horizontal force that will bring the weight to rest in 4s. Ans. 21.01b 


The ball of a conical pendulum weighing 10 lb hangs at the end of an 8-ft string and describes a circular 
path in a horizontal plane. If the weight is swung so that the string makes an angle of 30° with the 
vertical, what is the linear speed of the ball? Ans. 8.63 ft/s 


Two masses of 40 and 35 kg, respectively, are attached by a cord that passes over a frictionless pulley. If 
the masses start from rest, find the distance covered by either mass in 6 s. Ans. 11.8m 


A 40-kg mass is dragged along the surface of a table by means of a cord which passes over a frictionless 
pulley at the edge of the table and is attached to a 12-kg mass. If the coefficient of friction between the 
40-kg mass and the table is 0.15, determine the acceleration of the system and the tension in the 
cord. Ans. 1.13 m/s’, 104.N 


A block A has a mass of 8 kg and is at rest on a frictionless horizontal surface. A 4-kg mass B is attached 
to a rope as shown in Fig. 13-34. Determine the acceleration of the mass B and the tension in the cord. 
The pulley is frictionless. = Ans. @ = 3.27 m/s* down. T = 26.2N 





Fig. 13-34 Fig. 13-35 


Two blocks are connected as shown in Fig. 13-35. The coefficient of friction between block A and the 
plane is 0.30. The pulley is frictionless. Determine the tension in the rope. Ans. T =13.0Ib 


A block B rests on a block A, which is being pulled along a smooth horizontal surface by a horizontal 
force P. If the coefficient of friction between the two blocks is 4, determine the maximum acceleration 
before slipping occurs between A and B. Ans. a= pg. 


A 20-lb box is dropped onto the body of a truck moving 30 mi/h horizontally. If the coefficient of friction 
is 0.5, calculate how far the truck will move before the box stops slipping. Ans. s=120ft 


The 90- and 80-Ib weights in Fig. 13-36 are attached to ropes passing over pulleys. Neglecting the weight 
of the pulleys and cords and assuming no friction, compute the tensions in the cords. Note that the 
length of the cord passing over the pulleys is constant. 


Xz + (x2 — c) +x, = constant — 2 half-circumferences 


Ans. T, = 52.8 |b, T, = 106 Ib 
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Fig. 13-36 Fig. 13-37 


13.47. In the system of pulleys and weights shown in Fig. 13-37, let x,, x2, x3 be the positions of the 1-, 2-, and 
3-Ib weights, respectively, during any phase of the motion after the system is released. Neglect the 
masses of the pulleys and the cords, and assume no friction. Determine the tensions 7, and 7. 

Ans. T,=1.41 1b, 7% = 2.82 lb 


13.48. Refer to Fig. 13-38. The weights A and B are 15 and 55 Ib, respectively. Assume that the coefficient of 
friction between A and the plane is 0.25 and that between B and the plane is 0.10. What is the force 
between the two as they slide down the incline? In the free-body diagrams, P is the unknown force 
between A and B. Ans. P=1.35Ib 


S. 


So\ 15 Ib 56 Ib Ne 


Fig. 13-38 





13.49. Two solid blocks resting on a smooth plane are connected by a string as shown in Fig. 13-39. Determine 
the maximum force P that can be applied to the 8-lb block if the maximum strength of the string is 
0.5 Ib. Consider the blocks as particles. Ans. P=2.35 lb 


P 
" 


Fig. 13-39 
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Do Problem 13-49 using D’Alembert’s Method. 


The two blocks A and 8 in Fig. 13.40 are connected by a flexible weightless cord. The coefficient of 
friction between the blocks and the turntable is 0.35. The weights of blocks A and B are 10 1b and 20 Ib, 
respectively. If the turntable rotates about a vertical axis with a constant angular speed, determine the 
speed at which the blocks begin to slide. Also find the tension in the string. 

Ans. wo =2.6rad/s, T=9.8lb 





Fig. 14-40 


While the two blocks shown in Fig. 13-41 are at rest, a 5-lb force is applied to the top block. The 
coefficient of friction between the two blocks is 0.20 and the floor is smooth. (2) Determine the 
acceleration of each block. (b) Determine the time that elapses before the right edge of the top block 
lines up with the right edge of the bottom block. = Ans. a, = 9.66 ft/s*. a, = 3.22 ft/s’, r= 0.285 





Fig. 13-41 


In Problem 13.52, find the accelerations if the 5-lb force is replaced by a 1.5-lb force. 
Ans. Both blocks have acceleration 1.61 ft/s 


In Problem 13.18, the mass M is displaced a distance x) from equilibrium and released with initial 
velocity vp. Show that the equation of motion is x = vgVM/K sin VM/Kt + xy cos VM/Kt. 


At what height above the earth’s surface must a 1.8-m pendulum be in order to have a period of 2.8 s? 
Assume g = 9.8 m/s’ at the earth’s surface and the gravitational force varies inversely as the square of 
the distance from the earth's center. Take the radius of the earth as 6450 km. Ans. 257km 


vile 


Mathcad 
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In Problem 13.21, assume the mass is 14 kg and the diameter of the loop is 12 m. Determine the vertical 
reaction of the track on the mass when the mass is at the top of the loop for (a) A =15m and (b) 
h=18m. Ans. (a) N=0. (b) N, =137N 


A chain 32.2 ft long is stretched with one-half its length on a smooth horizontal table and the other half 
hanging freely. If the chain starts from rest. find the time for the chain to leave the table. See 
Fig. 13-22. Ans. t= 1.32s 


A body of mass 1.5 kg falls in a medium where the resistance is R = kx and k = 0.7 (N-5)/m. What is the 
terminal velocity? Ans. Xmas, = 21 m/s 


A particle of mass 77 is projected vertically upward with a velocity vu, in a medium whose resistance is 
kv. Determine the time for the particle to come to rest. Ans. t+ (n/k)tIn (1 + kug/mg) 


A particle of mass m is projected vertically upward with a velocity vu, in a medium whose resistance is 
ku*. Determine the time for the particle to come to rest. Ans. t= Vnifkgtan"' weVk /mg 


The planet Mars at its aphelion in its orbit is 154.8 x 10° mi from the sun. At its perihelion it is 
128.8 X 10° mi away. Show that the time for one complete revolution by the methods of this chapter is 
close to the actual value of 687 days. 


The Soviet satellite Sputnik I had a mass of about 83 kg and orbited on a path around the earth that 
varied between 220 and 900km above the surface of the earth. Using the radius of the earth as 6340 km, 
show that the time for a revolution is about 1.5 h. 


The spherical plastic balloon satellite Fcho 1 was orbited on a path that varied from 945 to 1049 mi from 
the earth’s surface. Show that the time for a revolution was initially about 2 h. 


A satellite with all fuel cxpended is at a point 300 mi from the earth’s surface and is traveling with a 
velocity of 30,000 ft/s in a direction perpendicular to an extended radius of the earth. Determine the 
type of path which the satellite will follow. Ans. e¢ = 0,434, path is elliptical 


At what point on a journey from the earth to the moon will the attractive forces of the two masses on 
the spaceship be equal? Take the mass of the moon as 0.012 times that of the mass of the earth, and the 
distance from the earth to the moon as 239,000 mi. Ans. d = 216,000 mi from the carth’s center 


Given the period of the earth around the sun as 365 days and the perihelion and aphelion as 
91.3 x 10° miles and 94.4 x 10° miles, respectively, determine the eccentricity of the earth's orbit. 
Ans. e =0.017 


A weather satellite is to be placed in a circular orbit around the earth at an altitude of 300 miles. Its 
initial velocity in orbit is parallel to the earth’s surface. What should this initial velocity be? 
Ans. vy = 17,000 mi/h 


Referring to the satellite in Problem 13.64, find the maximum altitude and the velocity at that 
altitude. Ans. h = 6800 mi, v = 8100 mi/h 


Communication satellites complete a circular orbit around the earth in one day. They are seen to be 
Stationary relative to the carth. Determine the necessary altitude and velocity for a communication 
satellite. Ans. h = 22,300 mi, v = 6870 mi/h 


Chapter 14 


Kinematics of a Rigid Body in Plane Motion 


14.1 PLANE MOTION OF A RIGID BODY 


Plane motion of a rigid body takes place if every point in the body remains at a constant 
distance from a fixed plane. In Fig. 14-1, it is assumed that the XY plane is the fixed reference plane. 
The lamina shown is representative of all laminae that compose the ngid body. The Z distance to 
any point in the lamina remains constant as the lamina moves. 

It is customary to select an arbitrary point B in the body as the origin of a non-rotating reference 
frame xyz. 

The position vector r, of any point A (fixed or moving) in the lamina may now be written in 
terms of the position vector rg of B and the vector BA, which is labeled p. Thus, 


r4=—rgt+p 


If, as a rigid body implies, AB is constant the time rate of change of p is that given in equation 
(20) of Chapter 12. Thus, we can write 


VA =F4g=fgt+p=ipg t pwes V) 


where i, = linear velocity of pole B relative to the fixed axes X, Y and Z 
w = magnitude of angular velocity of p about any line parallel to the Z axis 
€, = unit vector perpendicular to p and in the direction of increasing @ (as indicated by the 
right-hand rule, this is counterclockwise about the z axis). 
The acceleration a, may next be found by applying equation (2/) in Chapter 12: 


a4 = V4 =T, = Fx — pw’e, + paey (2) 


where F, = linear acceleration of pole B relative to the fixed axes X, Y and Z 
e, = unit vector along p directed from B toward A 
e, = unit vector as specified in equation (7) above 
a = magnitude of angular acceleration of p about any line parallel to the Z axis. 





Fig. 14-1 
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An alternative method of writing equations (7) and (2) may be developed as follows: 
w=¢k=ok and a= k= wk= ak 
where w and a will be positive if they are in a counterclockwise direction about the z axis as viewed 
from the positive end of the axis (right-hand rule). 

Then in equation (/) the term pwe, may be replaced by the cross product ow X p. which is 
identical with it. (See Problem 14.1.) Likewise, in equation (2) the component of the acceleration 
paes, is equivalent to «Xp. The component - pw7e, is identical with wX (wp). These 
substitutions give 

Va=Vatwaxp (3) 


a, =a, + woX (wx p)taxXp (4) 

Equations (3) and (4) may also be written 
Va-Vat Van (5) 
A, = an t+ aay, (6) 


where v,., and a,.4 are the relative velocity and relative acceleration that A possesses as it rotates 
around B, which as we have seen is moving with respect to the X, Y, and Z reference frame. 


14.2. TRANSLATION 


Translation is motion in which the line p from 8 to A does not rotate. Thus, as the lamina 
moves, every straight line in the lamina 1s alwavs parallel to its original direction. 


143 ROTATION 


Rotation is motion in which the base point 8 is fixed. Extending this to the rigid body, there is a 
line through B parallel to the Z axis that is fixed in the X, Y, and Z system. To describe this motion, 
the velocity vy and acceleration a, in equations (/) and (2) or in equations (3) and (4) are equated 
to zero. 


14.4 INSTANTANEOUS AXIS OF ROTATION 


The instantaneous axis of rotation is that line in a body in plane motion (or the body extended) 
that is the locus of points of zero velocity. It is perpendicular to the plane of motion (parallel to the 
Z axis in our system). All other points in the rigid body rotate about that line at that instant. It 1s 
important to realize that the position of this line of zero velocity in general changes continuously. To 
locate the instant center / for a lamina that has an angular velocity «9, write the velocity expressions 
for any two points A and C in the body in terms of / as the base point. (See Fig. 14-2). Thus, 


Va= Vv, tox py 
¥o =~ Vp + OX Pc 


But v, is zero because / is the instant center. Hence, ¥,, = w X py, and ¥.- = w X py. These equations 
mean p, is perpendicular to v, (/ is on p,) and that p;, is perpendicular to v, (/ is on p,-). Therefore 
the instant center / is the intersection of the perpendiculars to v,, and ¥,.. 
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145 CORIOLIS’ ACCELERATION 


In Section 14.1, the velocity and acceleration of a point in the rigid body was derived when the 
relative reference frame xyz was nonrotating. Figure 14-3 shows the lamina, in plane motion, where 
the pole B is the origin of a rotating reference frame. The acceleration of P is given by 


Bp = Appan + Ay + 2 X Vpppah (7) 


where Qppan = acceleration of P relative to the path considered as fixed—use components 
tangent and normal to the path 
ay = acceleration of that point M that moves along the path and with which P 
coincides at the instant : 

Ypipath = Velocity of P relative to the point M/ that is on the path and with which P 
coincides at the instant (this velocity can only be tangent to the path along 
which the particle is moving in the body) 

© = angular velocity of the path (or lamina) 
2w  Vpipan = Coriolis’ component, the direction of which is obtained by visualizing the 
rotation in the plane of the lamina of Vp,,a, through a right angle in the same 
sense as a. 
It can be seen in equation (7) that referring the acceleration to rotating axes gives rise to a third 
term in the acceleration equation. The velocity equation is unchanged. This third term is called the 
Coriolis component of acceleration, named after the French engineer and mathematician Gustav 
Coriolis (1792-1843). The Coriolis component of acceleration arises from the fact that p, measured 
in the rotating reference frame, is defined with respect to ijk. The unit vectors ijk change directions 
and hence have derivatives. 
The proof of Coriolis’ law is as follows. 
In the lamina shown parallel to the fixed XY plane in Fig. 14-3, let 


R = position vector of base point B 

r= position vector of point P, which is moving on some path on the lamina 
p = radius vector of P with respect to base point B 

« = angular velocity of the lamina about the Z axis 


Let i and j be unit vectors along the x and y axes, which are fixed in the lamina and hence rotate 
with angular velocity wk (note o is the same about either z axis or Z axis). Since i and j rotate, 
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there is a time change in these unit vectors. In Section 12.6, it was shown that the time rate of change 
of a unit vector is a vector that is at right angles to the unit vector and has a magnitude equal to the 
angular speed w. Thus, i= wj = w Xi and j = —wi = w X j. Now write 


r=Rit+p (8) 


Next take the time derivative of equation (8), obtaining 


r=Rt+p (9) 
But in terms of the moving axes, 

p=xi+ yj (10) 
aad P= Kit $j + x14 yj = Vepan + w X p 


where Xi + Yj = Vpipan and xi + yj = x(w X i) + y(w X i) = w X (xi + yj) = w  p. 
Thus, we can rewrite equation (9) as 


F=R+ OX P+ Verpan (71) 


Note that the first two terms on the right-hand side of equation (//) give the absolute velocity of the 
point M that is fixed on the path but coincides with P at the instant [refer to equation (3)]. Equation 
(1) may be expressed as 


Ve = Vay + Vpipath (12) 


To derive the expression for the acceleration of P, take the time derivative of equation (9) but 
express p as Xi + vj +o X p: 


dw) dR) da... 
a oe eB tale xp) 


Thus, F=R+xi+jpj+xit+yptaxptwxp 
=R + appan + @ X (Xi+ pj) +X p t+ @ X (Xi + Fj + w X p) 
F=R+ appa + OX Veipatn + OX P + OX Vpipan + @ X (@ X p) (13) 


The first, fourth, and sixth terms on the right-hand side of equation (/3) give the absolute 
acceleration of the point M that is fixed on the path and that coincides with P at the instant {refer to 
equation (4)]. Equation (73) can be written 


ES By + Bpipath + 2a x YVpipath 


which is equivalent to equation (7). 


Solved Problems 


As in previous chapters, vectors in the diagrams are identified only by their magnitudes when the directions are 
evident by inspection. 


14.1. Determine the linear velocity v of any point p in the rigid body rotating with angular velocity 
o) about an axis as shown in Fig, 14-4. 
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14.2. 





Fig. 14-4 


SOLUTION 


Select any reference point O on the axis of rotation. The radius vector p for point P relative to O is 
shown. The velocity vector v for point P is tangent to a circle that is in the plane perpendicular to the 
axis of rotation. The magnitude of the vector v is the product of the radius of the circle and the angular 
specd w. It is apparent from the figure that the radius of the circle is p sin 6. Hence, the magnitude of v 
is pw sin @. 

By the definition of the cross product, w X p has the same magnitude pw sin @ and is perpendicular 
to the plane containing p and w. Hence, we conclude 


v=oxXp 


In the plane motion of the lamina shown at the beginning of this chapter, w is perpendicular to the 
plane of the lamina and p is in the plane of the laminar, hence, v = w X p is in the plane of the lamina 
and is perpendicular to p. 


A flywheel 500 mm in diameter is brought uniformly from rest up to a speed of 300 rpm in 
20 s. Find the velocity and acceleration of a point on the rim 2 s after starting from rest. 


SOLUTION 


This problem illustrates the application of the cquations of rotation. 
First determine the magnitude of the angular acceleration @ that obtains until operating speed is 
attained. 


a 27(300/60) rad/s — 0 = 1.57 rad/s? 
t 20s 


Next determine the angular speed of the wheel 2s after starting. 
W, = Wo + at = 0+ (1.57 rad/s’)(2 s) = 3.14 rad/s 

The speed of a point on the rim is 

v = rw = (0.25 m)(3.14 rad/s) = 0.785 m/s 
The magnitude of the normal acceleration of a point on the rim is 

a, = rw” = (0.25 m)(3.14 rad/s)’ = 2.46 m/s” 
The magnitude of the tangential acceleration of a point on the rim is 

a, = ra = (0.25 m)(1.57 rad/s”) = 0.39 m/s” 
The magnitude of the total acceleration of a point on the rim 1s 


a = Va +a? = V(2.46) + (0.39) = 2.49 m/s? 
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The angle between the total acceleration vector and the radius to the point is 


7 2.46 2 
6=cos )““=cos '2— = 0.155 rad or 8° 
a 2.49 


Figure 14-5 indicates the acceleration result. 





A ball rolls 2m across a flat car in a direction perpendicular to the path of the car. In the 
same time interval during which the ball is rolling. the car moves at a constant speed on a 
horizontal straight track for a distance of 2.5 m. What is the absolute displacement of the 
ball? 


SOLUTION 


The vector equation for the absolute displacement s, of the ball B in terms of the absolute 
displacement s, of the car C is 
Sp =Spc +8 


The displacement s,. of the ball relative to the car is 2 m at right angles to the track. The absolute 
displacement of the car is 2.5 m along the track. Figure 14-6 indicates these relations. 
The absolute displacement s, of the ball is the sum of the two given vectors. Its magnitude is 


84 = Vise + (se = VOY + (2.5F = 3.2m 


The angle that the vector s, makes with the track is @=tan '(s_¢/5-) =tan '(2/2.5) = 0.675 rad or 
38.7°. 


Automobile A is traveling 20 mi/h along a straight road headed northwest. Automobile B is 
traveling 70 mi/h along a straight road headed 60° south of west. See Fig. 14-7(a). What is the 
relative velocity of A to B? Of B to A? 


SOLUTION 
The vector equation relating the velocities is 
Vi=Van t Vy 
The equation may also be written as follows by subtracting v,, from both sides: 
Van =Va7 Ve 


The vector subtraction is performed by adding the negative of v, to v, as indicated in Fig. 14-7(b). 


CHAP. 14] KINEMATICS OF A RIGID BODY IN PLANE MOTION 267 


o=74.4° 





20.9 mi/h 





70 mi/h 
(a) (0) (e) 
Fig. 14-7 


Use the following tabular setup to find the magnitude of the x and y components of vy x. 


Va 


—20 x 0.707 +20 X 0.707 
Vx 






















+70 X 0.500 +70 X 0.866 


The magnitude of the x component of v4, is +20.9mi/h and the magnitude of the + component is 
+74.8 mi/h. See Fig. 14-7(c). Then 


Van = V(20.9" + (74.8) = 77.7 mish 


The angle that v,,, makes with the easterly direction is 8 =tan ' (74.8/20.9) = 74.4°. 
To determine the velocity of B relative to A, it is necessary to subtract v,, from v, as indicated in the vector 


equation 


Vera Ve Va 


Figure 14-8 indicates the subtraction. 
Again use a tabular setup. 


+20 x 0.707 —20 X 0.707 


The magnitude of the x component of vg,4 is —20.9mi/h and the magnitude of the + componcnt is 
—748 mi/h. It is apparent that v,,, is the negative of vj,z. 
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wind speed = 20 mi/h 


295° T.C. 





Fig. 14-8 Fig. 14-9 


An airplane pilot determines from a sectional map that the true course over the ground 
should be 295° to a destination 95 mi away. There is a south wind of 20 mi/h (blowing from 
the south). Airspeed (speed relative to the air which is moving north 20 mi/h) is 120 mi/h. 
What should be the pilot’s true heading to accomplish the task and how long should it take, 
assuming no change in the wind? 


SOLUTION 


Figure 14-9 shows the true course of 295° measured clockwise from the true north line. The wind 
speed 20 mi/h is drawn to the north from O, the point of departure. A graphical solution is perhaps the 
easiest. Swing an arc, from the arrow end of the wind vector, with a radius 120 mi/h long. This intersects 
the true course line in point C. 

It is seen from the velocity triangle that OC = OW + WC. This is merely the statement that the 
velocity of the plane along the true course line (its magnitude is called ground speed or absolute speed) 
is equal to the plane velocity relative to the wind (its magnitude is called airspeed) plus the velocity of 
the wind to the ground. 

From the figure, the angle between the airspeed line WC and the true north ts 286°. This is the true 
heading T.H.. or the direction along which the fore and aft line of the plane should be placed. 

The ground speed OC scales 127 mi/h. Hence the estimated time of flight is 95 mi divided by 
127 mi/h, or 45 min. 


Correcting for magnetic deviation and variation, a pilot calculates the plane’s true heading to 
be 58°. Airspeed is 250 mi/h, Several checkpoints indicate that the plane is making good a 
true course of 63° at a ground speed of 295 mi/h. Determine the wind direction and 
magnitude. 


SOLUTION 


Draw the true heading line at an angle of 58° with the true north line as shown in Fig. 14-10. Along 
it, draw OP to scale as 250 mi/h. Draw the true course line at an angle of 63° with the true north line 
through Q. Along it, draw OW to scale as the ground speed 295 mi/h. But OW = OP + PW. This is 
interpreted as follows: the absolute velocity of the plane equals its velocity relative to the air plus the 
velocity of the air (wind vector) or Upc; = Up + Vac. 

To seale, PW is approximately a S0-mi/h wind from the west or from 270°. 


The rod of length / moves so that the velocity of point A is of constant magnitude and 
directed to the left. Determine the angular velocity w and angular acceleration @ of the rod 
when it makes an angle @ with the vertical as shown in Fig. 14-11. 
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SOLUTION 


The absolute velocity v,, of point A should be expressed in terms of the relative velocity of A to B 
(v,, x) because this term will introduce the desired quantity os: 


Va =Van t Vp 


The table indicates the known parts of the vectors. 


horizontal 


lw (w unknown) 

















1 rod 


vertical unknown 


The unknowns are the two magnitudes. Draw a vector triangle starting with v,, which is known 
completely. Draw a line through one end of v,, perpendicular to the rod, and draw a vertical line through 
the other end to close the triangle as shown in Fig. 14-12. 

Label the vertical leg vy and the leg perpendicular to the rod vu, , as indicated. In the right triangle, 
U4, = U,/cos 8. But v4 4 = lw. Hence, w = vy.4/f = uy/l cos 8. 

Since v, , is directed up to the left, A must turn clockwise about B; that is, w is clockwise. 

Now determine the angular acceleration a. The magnitude of the tangential component of A 
relative to B is fa. The equation is a, = (a, 4), + (a1 4), + an- 






AL Centerline of rod 





(04,0), = la 


Fig. 14-12 Fig. 14-13 
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a, none 0), since v, = constant 





(ain) 1 rod le (a unknown) 





(a4 ae along the rod lw" (w = v,/l cos @) 





ay vertical unknown 





The two unknowns are listed. The sum of the three vector quantities on the right side of the vector 
equation must equal zero. In Fig. 14-13, start with the known (a, ,),, and through its end points draw two 
lines, one perpendicular to the rod and the other vertical. e.. making an angle 6 with (a, ,),.. Note that 
the acceleration (a, ,),, Must be directed from A to B. 

In this right triangle, (a, ,), =/a =/w* tan 8. Hence, a = w* tan @ = (uv), tan @)/(F cos’ @). This is 
clockwise because the tangential component (a, ,), indicates that A accelerates around & in a clockwise 
direction. 


14.8. The ladder of length / makes an angle @ with the vertical wall, as shown in Fig. 14-14(a). The 
foot of the ladder moves to the right with constant speed v,. Determine @ and 6 in terms of 
Via, i, and @ 





d 

B 
i 
F, 
A 

oO Fa 

(a) (d) (©) 

Fig. 14-14 
SOLUTION 


Let i and j be unit vectors along and perpendicular to the ladder: they move with the ladder. In 


vector notation, F 
r,=0, tli 


Taking the time derivative, we have 
r=',+li 
In the above equation, F, is v,. which is known completely. Also, i is 6j (the time derivative of a 
unit vector was stressed in Chapter 12), and f, can only be vertical. Figure t4-14(5) shows. this 
relationship. Thus, 
UA 7 
cos8= % or o= —- l 
10 {cos 8 of 
Since /6j is in the positive j direction, 8 is positive (ladder is moving counterclockwise ). 
The derivative of equation (/) with respect to time is 
_vatan@ 
P cos’ 0 
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@ could also be obtained by differentiating tf, =f, + 16j, which yields 
F, =F, + (0j -— (6° (3) 
In (3), F, is zero because f4 is constant, Fy can only be vertical, the j component (magnitude /6) is 
positive, and the i component [magnitude /6’ = v4/(/ cos’ @)] is negative. Figure 14-14(c) shows these 
relations. Then 


ti 16 e ~  vatan@ 
asst ee ir me ane 
v2,/(1 cos’ @) P cos @ 


which is identical with equation (2). Since /6j is in the positive j direction, @ is positive (the ladder is 
accelerating counterclockwise). 


_ Note that @ in equation (/) agrees (as it should) with the magnitude of w in Problem 14.7. Also, the 
@ in equation (2) equals the magnitude of a in Problem 14.7. 


vl 
-% 14.9. A rod 2.5 m long slides down the plane shown in Fig. 14-15 with v, = 4 m/s to the left and 


a, = 5 m/s? to the right. Determine the angular velocity @ and the angular acceleration @ of 
the rod when 6 = 30°. 


SOLUTION 


As in Problem 14.7, 
Vn =Van t Vp 
The table indicates what is known. 


lve along the 45° line 


Draw the vector triangle to fit the vcctor equation given above (see Fig. 14-16). 
Measurement yields v.., = 2.93 m/s. Hence w = v,,9/1 = 1.17 rad/s. is clockwise. 
To determine a, use the vector equation a, = (a,.5), + (a,n), + ag with the following table. 


(@an)n along the rod from lw? 
AtoB 2.51.17) = 3.42 m/s? 


Draw the vector polygon to fit the above table. First draw a,. (See Fig. 14-17.) Then through the 
tail of this vector draw (a,,,),-. Through the head of the vector a, draw a line along a 45° line, and 
through the head of the vector (a,.,), draw a perpendicular to the rod in the 30° plane. 

The value of (a,,,), is 2.75 m/s”. Hence, a = 2.75/2.5 = 1.1 rad/s’. a is counterclockwise. 

Note: A computer solution to Problem 14.9 is available in Appendix C. 
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a Centerline of ews 
igo - 





ee of rod 


Fig. 14-15 Fig. 14-16 Fig. 14-17 





wl, 14.10. In the slider crank mechanism shown in Fig. 14-18, the crank is rotating at a constant speed of 
120 rpm. The connecting rod is 24 in long and the crank is 4 in long. For an angle of 30°, 
determine the absolute velocity of the crosshead P. 





Fig. 14-18 


SOLUTION 


The angular speed of the crankpin C is 120 rpm. Then w = 22(120/60) = 4a rad/s. 

The linear speed of the crankpin C is therefore v = rw = (4/12)(4z) = 4.19 ft/s. 

Figure 14-19 indicates this velocity in a direction perpendicular to the crank. 

The component of this velocity along the connecting rod PC will next be determined. 

Angle @ must first be found. The figure indicates that @ = 90° ~ 30°— B. But 8 may be found by 
using the sine law in the triangle PCO: 


4 24 
sin 8 sin 30° 








from which B = 4.8° and 6 = 60° — 4.8° = 55.2°. Hence, the component of the velocity of C along the 
connecting rod is 4.19 cos 55.2° = 2.39 ft/s. 

But all points on the connecting rod must have the same velocity along the rod otherwise the rod 
would be either crushed or pulled apart. Hence, point P, which is a point on the rod, has a velocity 
component of 2.39 ft/s along the rod. However, its total velocity is along the line of travel of the 
crosshead. Then 


_ 2.39 ft/s _ 2.39 ft/s 
ve cosB 0.9965 








= 2.40 ft/s 





Fig. 14-19 
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14.11. In Problem 14.10, determine the velocity of the crosshead by graphical means. 


SOLUTION 


Use the vector equation vp = Vp + Ve. 

In Fig. 14-19, v, is shown perpendicular to the crank at C. Its length is 4.19 ft/s. 

The absolute velocity of point P is along the line of travel of the crosshead (horizontal in this 
figure). The velocity vp... of P to C is perpendicular to the line joining P and C (the connecting rod). The 
vector equation for this problem contains three vectors, each of course with magnitude and direction. If 
four of the six quantities (counting direction and magnitude as two quantities per vector) are known, the 
other two may be found. 


The table indicates that the magnitude of v, may be found, since four of the six quantities are 
known. 

First draw the one vector vy, that is known both in magnitude and direction. Through one end of ¥,- 
draw a horizontal line and through the other end draw a line perpendicular to the connecting rod. The 
choice of ends is immaterial. Both are shown in Fig. 14-20. 

Measurement to scale yields v, equal to 2.40 ft/s. 





Parallel to travel of P 






Perpendicular to 

ti Perpendicular to 
eoinecne rea connecting rod 

=4, Ue 

19 ft/s Vpig 
Line of 
travel of P 
Fig. 14-20 


14.12. In Problem 14.10, determine the velocity of the crosshead by use of instant centers. 


SOLUTION 


The instant center of the connecting rod relative to the frame is the point about which all points in 
the rod appear to rotate at that instant. Point C is a point on the crank and on the rod. Its absolute 
velocity (relative to the frame) is the same whether it is a point on the crank or the rod. However, as a 
point on the crank, its velocity is perpendicular to the crank. Therefore, since its velocity is the same 
when it is considered as a point on the rod, the instant center for the rod is somewhere along the crank 
extended. (The velocity of a point in rotation is perpendicular to the radius drawn to it from the center 
of rotation.) 

Similarly, point P is a point on the crosshead and on the connecting rod. As a point on the 
crosshead, its velocity is horizontal. Hence, as a point on the rod, its velocity is the same (i-e., 
horizontal). The instant (instantaneous) center for the rod is therefore on a perpendicular to the line of 
travel of the crosshead, ie., on a vertical line through P. 

The instant center / is at the intersection of the vertical line through P and the crank extended, as 
shown in Fig. 14-21. 

Since / is the center of rotation for all points on the rod, it follows that the linear velocity of a 
particular point is perpendicular to the line joining / and the point, and the magnitude of the velocity is 
proportional to the distance of the point from /, i.e., center of rotation. 
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CT y= 419 ft/s 


Fig. 14-21 


These facts are utilized in a graphical solution as follows. Swing an arc with radius /C until it 
intersects the line connecting / with the point whose velocity is desired, te., P. /C’ equals /C. Draw the 
vector 4.19 ft/s perpendicular to 1C’ at C’. Draw a gauge line from / to the tip of this vector. The 
velocity of point P is drawn from P perpendicular to /C’ out to the gauge line. Its value is 2.40 ft/s. 


Determine the angular velocity of the connecting rod, referring to Problem 14.11. 
SOLUTION 


Direct measurement of the figure in Problem 14.1] yields v,., = 3.68 ft/s. 
Then the angular speed of the rod is found by dividing v,, by the length of the rod. 


vp, 3.68 ft/s 
= - = - = — =1.84rad/s 
w ] ont rad/s 


w 1s counterclockwise. 


Referring to Problem 14.10, find the acceleration of the crosshead in the slider crank 
mechanism. 


SOLUTION 


Since the angular velocity of the crank is constant, the linear acceleration of point C consists of only 
the normal component directed toward the center O. Its magnitude is rw”. 


(a), = rw’? = §(4AnyY = 52.6 ft/s? 
Yhe acceleration of P, which is horizontal, is determined by the following vector equation: 
(a) = (apc) + (& ) 

The acceleration a,, of point P relative to point C is one of rotation. [tis well to write it in terms 
of its tangential and normal components, which are respectively perpendicular and parallel to the 
connecting rod. The equation now becomes 

(8p) = (8 a + (8p): + (8c) 


where a and ¢ denote normal and tangential components. Eight elements are involved, and the equation 
may be solved if no more than two of these elements are unknown. Tabulate the elements as follows. 
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a along crank 52.6 ft/s” 





(apc), 1 connecting rod a 





(ap), along connecting rod (length of rod) X (wu) 





ap horizontal 2 





Note that the magnitude of the normal component (a>, ),, is actually 
(arc)y = (2 fO(1.84 rad/s)” = 6.77 ft/s” 


The vector diagram is now drawn starting with the known vectors (both magnitude and direction) 
a, and (a;.-), (see Fig. 14-22). 

Through the tail end of a,- draw a horizontal line, and through the arrow end of (a, ),, draw a line 
perpendicular to the connecting rod. These lines mect in a point Mf, which determines the length of ap 
and (a;,.,),. By measurement, ap = 50.0 ft/s’. 


250 mm 


a, = 50.0 ft/s” M 





up = 0.176 mis oy 
d 


Fig. 14-22 Fig. 14-23 


(Apc)q = 6.8 ft/s? 





14.15. If the angular velocity of BC is as shown in the quadric crank mechanism in Fig. 14-23. 
determine the angular velocity of AD and the velocity of point D for the phase indicated. 


SOLUTION 
The velocity of point C as a point on BC is perpendicular to BC and its magnitude is found to be 
ve = BC X wy = (0.15 m)(10 rad/s) = 1.5 m/s 


To determine the velocity of D by resolution of velocities, first analyze Fig. 14-23 to find angles. By 
the cosine law. 





AC = V(ABY' + (BCY — 2AB X BC cos 45° = V(250)? + (150)" — 2 x 250 x 150 X cos 45° = 179 mm 


By the sine law, 
BC AC AB 


sinB sin45°. sin y 





BC sin 45° _ 150 sin 45° 


Hence, sin B= ae a0 


AB sin 45° _ 250 sin 45° 
AC 179 





siny= ¥ = 99.0° 
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In triangle ADC, angle DAC = 60° — 36.3° = 23.7°. Applying the cosine law in triangle ADC, 





CD = V(ADY + (ACY — 2AD X AC cos 23.7° 
= V(200F + (179F — 2(200)(179) cos 23.7° = 80.5 mm 


By the sine law, CD/sin 23.7° = AD/sin 6 = AC/sin D or 80.5/sin 23.7" = 200/sin @ = 179/sin D. 
Solving, @ = 87.0° and D = 63.4°. 
It is now evident that the angle 7 between CD and the velocity v, is 
n = 360° — (90° + 6+ y) = 360° — (90° + 87.0% + 99,0") = B4.0° 


The component of this velocity along the bar CD is 1.5 cos 84.0° =0.157 m/s. Note that this 
component is directed from C toward D. This is also the component of the velocity of D along CD. 

The angle 6 between velocity vector of D and bar CD is 6 = [80° — (90° + 63.4°) = 26.6%, 

The magnitude of the velocity of D is v,, = 0.157/cos 26.6" = 0.176 m/s. Note that this velocity is 
directed such that the arm AD turns clockwise whereas the arm BC turns counterclockwise. 

The angular speed of AD is @ 4p = up/AD = (0.176 m/s)/0.2 m = 0.88 rad/s clockwise. 


14.16. Solve Problem 14.15 graphically. See Fig. 14-24. 
SOLUTION 


The vector equation involved is ¥, =Vp¢ + V¢. 
List the six components. 








1.S m/s 





A solution is possible, since only two components are unknown. Draw the vector v,, since it is 
known both in direction and magnitude. Through the ends of this vector draw lines parallel to the 
direction of ¥, and v,,,. until they meet. This determines the velocity ¥, when measured to the scale of 
the drawing. Hence. v,, = 0.176 m/s. 


250 mm 





vp = 0.176 m/e 


Fig. 14-24 Fig. 14-25 


14.17. Solve Problem 14.15 by use of instant centers. 


SOLUTION 

Points C and PD are points on the arm CD. The instant center of CD relative to the frame is the 
intersection of the lines drawn perpendicular to the absolute velocities of C and D. The latter velocities, 
however. are perpendicular to BC and AD. Hence, the instant center / is at the intersection of BC and 
AD as shown tn Fig. 14-25. 
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The velocity of C is shown perpendicular to BC and of magnitude 1.5 m/s. In Fig. 14-26 draw an arc 
with /C as radius and / as center cutting the line AD in C’. 

Draw a vector at C’ perpendicular to AD and of magnitude 1.5 m/s. Draw the gauge line /E. The 
velocity of D is found by erecting a perpendicular to AD at D. Its length to the gauge line is 0.176 m/s. 


250 mm 









o A 


Pe oa 


Fig. 14-26 Fig. 14-27 








14.18. Figure 14-27 shows a quadric crank mechanism with various lengths given (or calculated). If 
the crank AB is rotating 3 rad/s counterclockwise, determine the linear velocities of points B 
and C and the angular velocities of BC and DC. 


SOLUTION 
Since point B is on the rotating crank AB, its velocity is 
Ve = Wan X Pan or 3k X (300 X 0.51 + 300 X 0.866j) = 450) — 779i mm/s 


Note that the magnitude of v, can be found directly from vy, = rw = 300(3) = 900 mm/s. Since this vector 
is perpendicular to the crank, it is directed to the left and up. It can be written 


900(—cos 30° i + sin 30° j) = 450j — 779i mm/s 


This is, of course, the same expression as that found by using the vector cross product. 
To determine the motion of BC, we shall use 


Vo =F Ve8 + Ven = Va t+ One X Puc (/) 


To use equation (/), assume that DC is rotating counterclockwise. This means that point C moves to the 
left and down. Since a 30° angle is involved, we write 


¥, = —v, cos 30°F — v,- sin 30° j = —0.866u, § — 05x, j 
Next, assume that BC is rotating counterclockwise: hence, we can write 


Or = Wak 
Also note that 
Pac = 350i + 86.65 


Make these substitutions in equation (7) to get 
—0.866u. i —0.5u-j = —7791 + 450 + wack X (350i + 86.67) 
or — 0.8660, i — 0.S5u¢j = — 7791 + 450j + 350w4,-j — 86.60, i (2) 
Equating the i terms and then the j terms will yield 


-0.866,. = —779 — 86.64. (3) 
—0.5u¢ = 450 + 350, (4) 
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Multiply equation (3) by 350/86.6 and add to equation (4). This yields uv. = 675 mm/s, and w,, is 
then found to be —2.25 rad/s. This means that BC is rotating clockwise instead of counterclockwise as 
assumed at the beginning. 

To find w,,, we note that 


¥e = Wpe X Poe = Wp k X (— 2001 + 346.4j) oor ye = — 675 X 0.8661 — 675 X 0.5; 
= Ww pe J — 346-40pH (5) 


Equate either the i terms or the j terms to find wp, = +1.69 rad/s (counterclockwise as assumed). 
Note: The tollowing is a different method that can be used to solve this problem. It involves the 
use of the law of sines to solve the relative velocity part of equation (7) or 


Vo =Veo gt Ve 


We know that v, has a magnitude of 900 mm/s directed to the left and up at an angle of 30° with 
the horizontal. We also know that v, has a magnitude of 400 mm/s, with w,,- unknown in this second 
solution of the problem. Thus, v, is along a line making an angle of 30° with the horizontal, although its 
sense is unknown. Also known is the fact that v,., is perpendicular to BC, with a magnitude equal to the 
product of w,, and the length BC. BC is equal to V(350) + (86.6)? = 361 mm. The velocity of C to B 
(since it is perpendicular to BC) makes an angle with respect to the vertical given by @= 
tan '(86.6/350) = 13.9°. 

Figure !4-28(a) shows v,,, which is completely known, drawn from an arbitrary point O to point R, 
with a length of 900 mm/s and at an angle of 30°. 

From RK draw a line, making an angle of 13.9° with the vertical. Then draw a line from O, making 
an angle of 30° with the horizontal. These lines meet at point S. 

The figure is redrawn in Fig. 14-28(b) to make the law of sines easier to apply. From Fig, 14-28(b), 
we can see that 





Mew ve 900 
sin 60° sin 46.1° sin 73.9° 


This vields 1, = 675 mm/s, and leads to w,, = 1.69 rad/s clockwise. Also, ve., = 812 mm/s, and leads to 
On = 2.25 rad/s clockwise. 





¥p_ = 900 mm/s 





Fig. 14-28 


In Problem 14.18, determine the linear accelerations of points B and C and the angular 
accelerations of BC and CD. 
SOLUTION 


The mechanism is shown in Fig. 14-29, with components of accelerations some of which are known 
completely and some of which are known only in direction. 
The acceleration of C as a point on BC is expressed as 
a& = (a2), + (Qe), + Be 


Note that a, has only a normal component. If there were an a4,, there would be a tangential 
component to add to the equation. 
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(ac;5)1 







(¢cjp)t 


(acjp)n = 1830 mm/s? 


(ag)n = 2700 eo 
A { 60° 2 60° \ D 


Fig. 14-29 


(a@cjp yt = 1140 mm/s? 





Of course, C is a point on DC, and its acceleration is then written a, = (ac), + (@& »),. Hence. we 
write 
(@ rp), + (& p)n = (Me 2), + (Be 2), + Be (J) 


Three of the terms in equation (/) are known completely. They are the normal components of the 
accelerations, because all angular velocities were found in Problem 14.18. 

To determine the normal acceleration of B, use equation (4) in Section 14.1 or ®y% X @apy X Pax OF 
use AB X (w,,)°. B has an acceleration of 2700 mm/s" directed from B toward A as shown. 

Similarly, (a, ,),, is directed from C toward B and has a magnitude BC X (wa, Y = 361(2.25) = 
1830 mm/s”. Also. (a, »),, is directed from C toward D and has a magnitude DC * (a), = 400(1.69F = 
1140 mm/s’. 

The (a ,), is perpendicular to BC and is assumed to act to the left and up. A positive value would 
mean that a,, is counterclockwise. 

The (a »), is perpendicular to DC and is assumed to act to the right and up. A positive value would 
mean @,, Is clockwise. 

The five acceleration vectors in equation (/) are 


a, = 2700(—cos 60° i — sin 60° j) = —1350i — 2340j 
(A vn = 1140(cos 60° i — sin 60° j) = 570i — 987) 
(a x), = 1830(—cos 13.9° i — sin 13.9° j) = — 17801 — 440] 
(@ p), = 400ap (cos 30°1 + sin 30° j) = 346a,,, 8+ 20 ap. j 
(a x), = 36lage(—sin 13.9° 1+ cos 13.9° j) = -86.7agf + 350a4, j 
Equation (7) now becomes 
3464p, 6 + 200ap,_ § + S701 — 987) = —86.7 an, i+ 350@y%, j — 17801 — 440j — 13504 — 2340) (2) 


Equating coefficients of the i and j terms in equation (2), we have 


346ap¢ + 570 = —86.7an, — 1780 — 1350 (3) 
2000p: — 987 = 350a,, — 440 — 2340 (4) 
These simplify to 
346an¢ + 86.7an¢ = —3700 (3’) 
200ap¢ — 350ay¢ = — 1790 (4’) 


Hence. ap, has a magnitude of 10.5 rad/s’. Since its sign is negative. it is counterclockwise 
(opposite to the direction originally assumed). 

Also, a, has a magnitude of 0.87 rad/s’. Since its sign is negative, it is clockwise (opposite to the 
direction originally assumed). 


14.20. A wheel 3 m in diameter rolls to the right on a horizontal plane with an angular velocity of 
8 rads (clockwise of course) and an angualr acceleration counterclockwise of 4 rad/s” as 
shown in Fig. 14-30. The latter merely indicates that the angular velocity of the wheel is 
decreasing. Determine the linear velocity and acceleration of the top point B on the wheel. 
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Fig. 14-30 Fig. 14-31 


SOLUTION 


Draw Fig. 14-31 illustrating the problem. For convenience, the center O is chosen as the base point 
in this relative motion. 

It is necessary to show first that the velocity and acceleration of the center O of a rolling wheel may 
be expressed in terms of the given w and a, respectively, and the distance from O to the surface on 
which the wheel rolls (1.5 m in this case). 

In Fig. 14-31, O is displaced to O’ through a distance s. Since rolling takes place, MM” on the wheel 
contacts MM’ on the horizontal surface. Hence, the arc MM", which is r@, equals MM’, which is equal 
to OO’ ors. 

Therefore, s = r@, where s is the magnitude of the linear displacement of center O, r is the radius of 
the wheel, and @ is the magnitude of the angular displacement of the wheel. 

Differentiation yields 

Le ee 
VEST a te and dg = 1 =ra 
These facts may now be applied to the present problem: 


Uo = (1.5 m)(8 rad/s) = 12 m/s 
ag = (1.5 m)(4 rad/s’) = 6 m/s’ 


Vv, is directed to the right and ag is directed to the left. 
The velocity vector equation that will be used is 


¥g = Veo t Yo 


The velocity of B relative to O is perpendicular to the radius OB and to the right (since OB is 
moving clockwise). Its magnitude is 


Ugo = OB X w = (1.5 m)(8 rad/s) = 12 m/s 


The absolute velocity vg is therefore made up of two components (vg. and ¥,) each horizontal to 
the right and each 12 m/s. Hence, v, has magnitude 24 m/s and is directed horizontally to the right. 
To determine the absolute acceleration a,, apply the vector equation 


Ay = (Agoy + (Ago), + Bo 


The relative acceleration (a%,.), is directed horizontally to the left (since the angular acceleration of 
OB is counterclockwise). Its magnitude is equal to OB times the magnitude of the angular acceleration 
a, OF 


(apo): = (1.5 m)(4 rad/s’) =6m/s* _— (directed left) 


The (ay-¢),, ts directed toward O at the instant considered and is equal in magnitude to OB times 
the square of the angular speed w: 


(daa)n = (1.5 m)(8 rad/s)” = 96 m/s* (directed down) 
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Figure 14-32 presents these facts more clearly. 

The acceleration of B may be found graphically or analytically. For an analytical solution, note that 
the horizontal component of 6+6=12m/s’ to the left. The vertical component is 96m/s* down. 
Therefore, 


ay = V(a,) + (a, = V(12¥ + (96) = 96.7 m/s? 
and tan ¢ = 12/96 or d = 0.124 rad (7.12°). 


Go = 6 m/s? 





(ago), = 6 mis* 





Fig. 14-32 Fig. 14-33 


14.21. In Problem 14.20, what are the velocity and acceleration of point A, 0.6 m from the center 
and on a line making an angle of 30° above the horizontal radius? See Fig. 14-33. 


SOLUTION 


The usual vector equations apply. 


Va =Vaio t Vo (7) 
a, = (Aro) + (Aao)n + Ad (2) 
Tabulate the six elements in the velocity equation (J). 


The velocity equation (/) is represented by Fig. 14-34. 

The magnitude of the horizontal component of v,, = 4.8 sin 30° + 12 = 14.4 m/s. 

The magnitude of the vertical component of v,, = 4.8 cos 30° = 4.16 m/s. 

Hence, u, = V(14.4)’ + (4.16) = 15 m/s and ¢@ =tan ' (4.16/14.4) = 0.281 rad or 16.1°. 
Next tabulate the eight elements in the acceleration equation (2). 






282 KINEMATICS OF A RIGID BODY IN PLANE MOTION [CHAP. 14 





Up = 12 mis 


Fig. 14-34 


ay 





(Axo) LOA OA X a =0.6m X 4rad/s* = 2.4 m/s" 





(8,0), along OA OA X of = 0.6m X (8 rad/s¥ = 38.4 m/s" 





horizontal 6 m/s" to the left 





Figure 14-35 represents equation (2). 
To obtain the value of a,, note that the magnitudes of its components horizontally and vertically 
are 


(a4), = ~6 — 38.4 cos 30° — 2.4 sin 30° = —40.5 m/s* 


(a4), = ~ 38.4 sin 30° + 2.4 cos 30° = -17.1 m/s" 


Hence, a, = V(—40.5) + (17.1)? = 44.0 m/s? with & = tan | (—17.1/-40.5) = 0.4 rad or 22.9", 
Note that & is below the negative x axis. 


ay = 6 mis? 





(aqiok = 2.4 mje? 


Fig. 14-35 


14.22. A cylinder and axle roll under the influence of a weight W as shown in Fig. 14-36. What is the 
displacement s,, of the center of the cylinder when the weight is displaced 10 ft down? The 
pulley is assumed to work in frictionless bearings. 


CHAP. 14] KINEMATICS OF A RIGID BODY IN PLANE MOTION 283 


14.23. 


14.24, 


14.25. 


SOLUTION 


Point / is the instant center between the cylinder and the surface on which it is rolling. Hence, the 
magnitude of the absolute displacement of A. which is equal to thal of the displacement of W, may be 
expressed as 50, where the radius AJ =Sft and @ is the magnitude of the angular displacement. Since 
56 = 10, 6 =2 rad and s,, = 36 = 6 ft (directed to the right). 





wa 
Fig. 14-36 Fig. 14-37 


Figure 14-37 shows a weight A on a frictionless plane. The weight is attached to a cord that is 
wrapped around the small step of pullcy 8, which turns on frictionless bearings. Another 
cord, which is wrapped around the large step of pulley B, is in turn wrapped around the 
smaller of two cylinders C, which are integrally connected. The center of cylinder C is moving 
with a speed of 12 in/s and an acceleration of 18 m/s’, both down the plane. Determine the 
velocity and acceleration of the weight A. Assume that the cords are parallel] to the planes as 
shown. 


SOLUTION 


Point E on cord DE has the same speed as point D, which is on the cylinder. As a point on the 
cylinder, D has a speed of [(18 + 6)/18] X 12 = 16in/s. The mating point on the pulley B has the same 
speed as F (16 in/s). Then the speed of point F is 6/12 X 16 = 8in/s. This then is the speed of weight A; 
i.e., 8in/s up along the planc. 

The component of the acceleration of point D that is parallel to the plane is 24/18 x 18 = 24 in/s*. 
This, then, is also the magnitude of the tangential component of the acceleration of point F. 

Finally, the tangential component of the acceleration of point F is 6/12 X 24 =12in/s’. Thus, the 
acceleration of weight A is 12 in/s’ up along the plane. 


Solve Problem 14.23 if the cord ED is unwrapping from the bottom of the smaller cylinder 
instead of from the top. Move the pulley so that the cord ED is parallel to the plane. 


SOLUTION 


The speed of point D in its new location is [(18 — 6)/18] x 12 =8in/s. The specd of point F is 
6/12 X 8=4in/s. Thus, the velocity of the weight A is 4in/s up along the plane. 

The component of the acceleration of point D in its new location is 12/18 X 18 = 12 in/s’. Then the 
acceleration of point F is 6/12 x 12 =6in/s’. The acceleration of weight A is thus 6in/s’ up along the 
plane. 


In Fig. 14-38, the cylinder of radius r rolls on the surface of radius R. Study the motion. 
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SOLUTION 


Let OGP be the original position and OG'B the position after some time has elapsed. Point P has 
then moved to point P’ and, since pure rolling is assumed, the arc BCP’ of the cylinder must equal the 
arc PB on the surface. 

The angle @ is the angular displacement of the G’P’ with respect to its original position GP (or 
G'C, which is parallel to GP). The angle @ is the angular displacement of the line OGP in the same 
time interval. Hence, @+ ¢ is the total angular displacement of the line G’P’. 

Are BCP’ = arc PB, or r(@4 bd) = Rd. 

Solve this for 





d@ R-rdd de@ R-rd’d 
= and + =— 


Hence, = 5 
dt r dt dt" r at 





If the linear speed of point G is v,, and the magnitude of its linear acceleration tangent to its 
circular path (of radius R —r) is (a,,), the angular speed d@/dz and angular acceleration magnitude 
d’é/d¢ of G are found as follows (note again that G moves on a circular path of radius R — r): 

dd _ Uae ad (a), 
= and b= 7 
da R-r dr R-r 

The angular speed d@/dt and angular acceleration magnitude d’@/dr° of any point on the cylinder 

relative to its center are then 





d@ R-rddb dO (aq), 
—= —=— sand ee teetet 


dtr dr dr r 





The absolute velocity and the absolute acceleration of any point on the cylinder may now be found 
by referring the motion of the point first to the center and then adding the motion of the center. 

For example, the velocity v,, of the contact point B equals the sum of the velocity of B relative to 
the center (magnitude is r d@/dt) and the velocity of the center v,,. If the wheel is rolling up the plane, 
d@/dt is clockwise. and rd@/dt is thus tangent to the cylinder and directed down to the left. Its 
magnitude is r d@/dt or r(v,;/r) =v... Add this to the velocity of G, which is of the same magnitude, 
parallel to it but directed up to the right. The absolute velocity of B is found to be zero: ic.. B is the 
instant center. 





Fig. 14-39 


14.26. In an epicyclic gear tain, the arm is moving 6 rad/s clockwise and has an acceleration of 
10 rad/s* counterclockwise. Determine the linear velocity and acceleration of point B in the 
phase shown in Fig. 14-39. 
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SOLUTION 
In the previous problem, it was shown that the magnitudes of the angular velocity w and angular 
acceleration o of the small wheel about its own center are given by 
d@_R -rdd de R-rdd 
SS an es 
dt r dt dt roodt 


w= 


where & is the angular change of the arm OG. Hence. w -[(75  25)/25] x 6 = 12 rad/s (counterclock- 
wise) and a = [(75 — 25)/25] x 10 — 20 rad/s" (clockwise). By inspection, clockwise motion of the arm 
means counterclockwise motion of the small gear. 

The velocity v, of point B is the vector sum of its relative velocity to G and the velocity of G. 
Vn —Vee + ¥¢,. The table follows. 


vertically up re ~ 300 mm/s 








horizontally to left (R — rj) = 300 mm/s 





The sum shown graphically in Fig. 14-40 is 424 mm/s. 
The acceleration a, of point B is the vector sum of its relative acceleration to G (two components: 
normal and tangent) and the acceleration of G (two components also). 


ay = (anc). + (anc), + (ac), + (a), 


300 mm/s 
vg = 424mm E 
8 

Fig. 14-40 


The table follows. 


vertically down ra = 500 mm/s" 
horizontally to left rw” — 3600 mm/s" 


(R -r)10= 500mm/s° 















(a), horizontally to right 





(R -r)6 = L800 mm/s” 





(av), vertically up 


A vector diagram need not be drawn. The vertical summation is a net amount of L800 ~ 500 = 
1300 mm/s" up. The horizontal summation is a net amount of 3100 mm/s’ to the left. The resultant 
absolute acceleration of # is thus to the left and up of magnitude 3360 mm/s’. 

Note: The absolute velocity ¥, may be determined also by using the instant center, the common 
point of tangency of the two circles (see preceding problem). Although the absolute velocity of the 
instant center is zero, its absolute acceleration is not. 
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xt 


manead = 14,27. In Fig. 14-41, the washer is sliding outward on the rod with a veloctty of 4 m/s when its 
distance from point O is 2 m. Its velocity along the rod is increasing at the rate of 3 m/s’. The 
angular velocity of the rod is 5 rad/s counterclockwisc and its angular acceleration is 10 rad/s* 
clockwise. Determine the absolute acceleration of point P on the washer. 





Fig. 14-41 Fig, 14-42 


SOLUTION 
According to Coriolis’ law, the absolute acceleration of P is expressed as 
Ap = (Ap soade ~ (Ap oadn + (ar), 7 (Bada + 20) X Vpnroa 


where (Ap pa), = acceleration of P along its path relative to the rod. i.e.. 3 m/s” outward along the 
rod 
(ap joa), = acceleration of P normal to its path along the rod, i-e.. zero here since it is moving 
on a straight-line path 
(a,,), = tangential component of the acceleration of the point Af on the rod that coincides 
with P at the instant involved: magnitude ra = 2(10) = 20 m/s’, down to the right 
(a,),, = normal component of the acceleration of the point 44 on the rod that coincides 
with P at the instant involved: magnitude rw? = 2(5°) = 50 m/s", along the rod 
toward O 
20 X Up rog = Supplementary or Coriolis’ acceleration with the magnitude indicated and in a 
direction obtained by rotating the vector v, ,,4 through a right angle in the same 
sense as w (counterclockwise in this problem): magnitude 2(5)(4) = 40 m/s”, up to 
the left 
The vector diagram indicates each of these accelerations and their vector sum a, (see Fig. 14-42). 
Thus. a, = 51 m/s*. with @ = 22°. 


14.28. One vane of an impeller wheel has its center of curvature C located as shown in Fig. 14-43 at 
a given instant. A particle P, 8 in from the center O, has a velocity 10 m/s and an 
acceleration 20 in/s” directed outward and tangent to the vanc. Determine the acccleration of 
P if the angular velocity of the wheel is 2 rad/s counterclockwise and the angular acceleration 
is 3 rad/s” clockwise. 


SOLUTION 
According to Coriolis’ law. the absolute acceleration of P is 


Bp = (8p anc)e + (Be sancdan + Cade + (Aad + 20) ne % Vervane 
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14.29. 


14.30. 


14.31. 


14.32. 








(ew 
/ ‘ane y, 
‘rang we 





12" 
Fig. 14-43 Fig. 14-44 
where (8p cane), = 20 in/s*? Outward and 1 to PC 


(Apvsnen = (Venane) /PC = (10)/8 = 12.5 m/s* directed from P to C 
(ay), = tangential component of the acceleration of the point M on the vane that 
coincides with P at the instant; magnitude = OP X a =8 X 3 = 24in/s’, di- 
rected down to the right and 1 to OP 
(a), = normal component of the acceleration of the point M on the vane that 
coincides with p at the instant: Magnitude = OP X w* = 8(2)" = 32 in/s’, 
directed from P to O 
(Vpxane) = 1Oin/s, outward 1 to PC 
(© ane) = 2 rad/s, counterclockwise 
Wane X Vewane = 2(2)(10) = 40 in/s? directed from C toward P; the direction is obtained by 
rotating Vpyane, Which is L to CP and outward, through 90° in the sense of 
© goes Le., counterclockwise in the plane of the paper. 
The vector sum of these components yields ap = 21 in/s* and 6, = 215°. See Fig. 14-44. 


Supplementary Problems 


A rigid body is rotating 12 rad/s about an axis through the origin and has direction cosines 0.421, 0.365, 
and 0.831 with respect to the x, y, and z axes, respectively. What is the velocity of a point in the body 
defined by the position vector (with respect to the origin) r= —2i + 3j — 4k? 

Ans. v= —47.4i + 0.265 + 23.9k m/s 


A rigid body is rotating 200 rpm about the line i— 3j + 4k. The origin is on the line. What is the linear 
velocity of the point P(3, 3, -1)? Ans. v= —37.01 + 53.6j + 49.3k m/s 


Determine the angular velocities, in rad/s, of the second and minute hands of an old-fashioned 
watch. Ans. 0.105 rad/s; 0.0018 rad/s 


A rigid body is rotating at a rate of 60 rpm about a line from the origin to the point (3,0,5), where the 
coordinates are in feet. Determine the linear velocity, in ft/s, of the point (1,-2.2) in the 
body. Ans. 10.8i — 1.08} — 6.47k ft/s 


288 


14.33. 


14.34. 


14.35, 


14.36. 


14.37. 


14,38. 


14.39. 


14.40. 
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Refer to Fig. 14-45. The equal bars AB and CD are free to rotate about pins in the frame. The bar BD is 
equal in length 10 the distance AC. The constant angular velocity of AB is 10 rpm counterclockwise. 
Determine the motion of BD. 

Ans. All points on BD have v = 753 in/min to the right; a = 47,300 in/min’ up 





Fig. 14-45 


Al a given time, a shaft is rotating 50 rpm about a fixed axis: 20s later, it is rotating 1050 rpm. What is 
the average angular acceleration a@ in rad/s’? Ans. «= 5.23 rad/s" 


A flywheel with diameter 500 mm starts from rest with constant angular acceleration 2 rad/s’. Determine 
the tangential and normal components of a point on the rim 3s after the motion began. 
Ans. a, = 500 mm/s’, a, = 9000 mm/s” 


A particle is at rest on a phonograph turntable at a radius r from the center. Assuming that the turntable 
starts from rest and accelerates with a uniform angular acceleration C, determine the magnitudes of the 
tangential and normal components of the acceleration of the particle al time ¢ 

Ans. a, = Clr’, a,= Cr 


A rotor decreases uniformly from 1800 rpm to rest in 320s, Determine the angular deceleration and the 
number of radians before coming to rest. Ans. a = —0.589 rad/s’, @ = 30,100 rad 


A bar pivoted at one end moving 5 rad/s clockwise is subjected to a constant angular deceleration. After 
a certain time interval the bar has an angular displacement of 8 rad counterclockwise and has moved 
through a total angle of 20.5 rad. What is the angular velocity at the end of the time interval? 

Ans. w =7.58 rad/s 


the drum shown in Fig. 14-46 is used to hoist the weight W a distance 6ft. The drum accelerates 
uniformly from rest to 1S rpm in 1.5s and then moves at a constant speed of 15 rpm. What is the total 
elapsed time? Ans. 1=6.48s 


Refer to Fig. 14-47. The hoisting mechanism consists of a drum 1200. mm in diameter around which is 
wrapped the cable. Integra] with the drum is a gear with pitch diameter 900 mm. This gear is driven by a 
pinion with a 300-mm pitch diameter. The acceleration of the mass M is 6m/s* up. What is the angular 
acceleration of the pinion? Ans. « = 30 rad/s” clockwise 
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14.41. 


14.42. 


14.43. 


14.44, 


14.45. 


14.46. 





Fig. 14-46 Fig. 14-47 Fig. 14-48 


Rain is falling vertically at 5 ft/s. A person is walking on level ground with a speed of 4 ft/s. What is the 
velocity of the rain relative to the person and at what angle forward of the vertical should an umbrella 
be held? Ans. 6.4 ft/s, 38.6° 


A person is walking due east at 3km/h. The wind appears to be coming from the north. When the pace 
is dropped to 1 km/h, the wind appears to be coming from the northwest. What is the speed of the 
wind? Ans. v=3.61 km/h 


Mass A moves to the right at 15 m/s from the position shown in Fig. 14-48. Mass B starts from B at the 
same instant moving vertically upward at 20m/s. Determine the relative velocity of A to B }s after 
motion begins. Ans. Vain = 25 m/s, @, = 307° 


Refer to Fig. 14-49. Points O and P are on a thin lamina that has motion in the xy plane. Point O is 
known to have the velocity shown. Determine the absolute velocity of point P. Ans. up =0 








Cc 
A B 
es, al 
Fig. 14-49 Fig. 14-40 


The iron bar in Fig. 14-50 is attracted by two large but unequal magnets in such a way that end A has a 
vertical acceleration of 4m/s° and end B has a vertical acceleration of 6m/s*. Determine the 
acceleration of the center and the angular acceleration of the bar. 

Ans. a¢ =Sm{s° up, a = 0.333 rad/s” counterclockwise 


A ladder of length / leans against a vertical wall. The bottom moves away from the wall along a 
horizontal floor with a constant velocity up. Determine the velocity and acceleration of the top of the 
ladder. (Hint: x =vpt.) 

Vid ay —uil? 


Ans. ¥ S555, F ET Se 
“ VP (P-viry? 
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14.47, A ladder of length / makes an angle @ with the horizontal floor and Jeans against a vertical wall. Show 
that the center of the ladder moves on a circular path of radius }¢. 


14.48. The bar AB in Fig. 14-51 slides so that its bottom point A has a velocity of 400 mm/s to the left along the 
horizontal plane. What is the angular velocity of the bar in the phase shown? Use the instantaneous 
center method. Ans. w = 0,293 rad/s clockwise 





Fig. 14-51 


14.49. The top of a ladder 10 ft long slides down a smooth wall while its bottom slides along a smooth plane 
perpendicular to the wall. Show that the velocity of its midpoint is directed along the ladder when the 
ladder makes an angle of 45° with the horizontal plane. 


yis 


waned = :14,50. In Fig. 14-52, the velocity of point A is 5 m/s 1o the right and its acceleration is 8 m/s” to the right. What 
are the velocity and acceleration of point B? Ans. vg = 8.66 m/s down, az = 33.9 m/s’ down 





A 
—— 


Fig. 14-52 Fig. 14-53 


14.51. The crank CB of the slider crank mechanism is rotating at a constant 30 rpm clockwise. Determine the 
velocity of the crosshead A in the phase shown in Fig. 14-53. Use two methods of solution. 
Ans. vu, =9.68in/s to the right 


14.52. In the slider crank mechanism shown in Fig. 14-54, the crank is turning clockwise at 120 rpm. What is the 
velocity of the crosshead when the crank is in the 60° phase® Use two methods of solution. 
Ans. 10.3 ft/s toward the right 


14.53. The linear velocity of the crosshead (slider) in Fig. 14-55 is 2.4 m/s to the left along the horizontal 
plane. Using the instant center method, determine the angular velocity of the crank AB in the phase 
shown. Ans. w =2.44 rad/s counterclockwise 
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™, 
— a 


Fig. 14-54 Fig. 14-55 






° 





14.54, A bar slides on a vertical post and is attached to a block A that is moving to the right with a constant 
velocity C. See Fig. 14-56. Determine the angular velocity @ of the bar. Ans. @=—(C/a) sin’ 6 





Fig. 14-57 


14.55. In the linkage shown in Fig. 14-57, the pins A and B are fixed. Link AD rotates with angular speed w,. 
Prove that the angular speed w, of link BC is given by the expression w, = w,(AE/BF), where AE and 
BF are perpendicular to DC. 


14.56. In the four-bar linkage (quadric crank mechanism) shown in Fig. 14-58, the angular velocity of AB is 
8 rad/s clockwise. Determine the angular velocity of CD and the angular velocity of BC. 
Ans. Wp = 12.0 rad/s clockwise. wy, = 0 





Fig. 14-58 Fig. 14-59 


14.57. Crank AB is moving 2 rpm clockwise in the phase shown in Fig. 14-59. What is the angular velocity of 
the arm CD”? Use two methods of solution. AAs. &¢-p = 3.28 rpm counterclockwise 


14.58. In the linkage shown in Fig. 14-60, bar AB is constrained to move horizontally and bar CD rotates 
about point D. If the left end of the horizontal bar has a velocity of 24 in/s to the left and an acceleration 
of 40 in/s to the right. what are the angular velocity and acceleration of CD? 

Ans. w=5.33 rad/s clockwise. a = 73.3 rad/s” clockwise 
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Fig. 14-60 


14.59. A 3-m diameter wheel rolls without slipping. The velocity and acceleration of the center of the wheel are 
8 m/s and 5 m/s’ to the right. What is the acceleration of the top point. 
Ans. a — 43.8 m/s", 0, = 283° 


14.60. A wheel 300 mm in diameter rolls to the right without slipping on a horizontal plane. Its angular speed is 
30 rpm. What is the velocity of (a) the top point on the wheel and (/) the point on the front end of the 
horizontal diameter? Ans. (a) v = 0.942 m/s, 0, = 0°; (b) uv ~ 0.666 m/s, @, = 315° 


14.61. The block in Fig. 14-61 moves on two 4-in-diameter rollers as shown. If the block has a velocity of 
3.0 ft/s and an acceleration of 2.0 ft/s". both to the right, determine the velocity and acceleration of the 
center of one of the rollers. Ans. v=1.5 ft/s to the right, a = 1.0 ft/s" to the right 


= © 


Fig. 14-61 Fig. 14-62 


14.62. The disk in Fig. 14-62 rolls without slipping on the horizontal plane. Its center has an acceleration of 
4 ft/s’ directed horizontally to the left. At the instant that its center has a velocity of 3 ft/s to the right, 
determine the acceleration of point P. Ans. a =7.32 ft/s’, @, = 183° 


14.63. A composite wheel rolls without slipping with angular velocity 30rpm clockwise. See Fig. 14-63. 


Determine the absolute velocities of points A and B. Use two methods of solution. 
Ans. v4 7 2.22 m/s, 0, = —45°: ug = 4.71 m/s to the right 


ra 





Fig. 14-63 Fig. 14-64 
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14.64. 


14.65. 


14.66. 


14.67. 


14.68. 


14.69. 


‘The composite wheel shown in Fig. 14-64 rolls without slipping on the horizontal plane. If the angular 
velocity of the wheel is 20 rad/s clockwise, determine the absolute velocities of the top and bottom 
points of the wheel. Ans. v,=35 ft/s to the right. v, = 15 ft/s to the left 


The wheel in Fig. 14-65 moves such that its center has a velocity of 4m/s horizontally to the right. The 
angular velocity of the wheel is 4 rad/s clockwise. Determine the absolute velocity of the points P 
and Q. Ans, vp = 5.32 m/s, 0, = 25.0°; vg = 0 


frictionless 
pulley 





Fig. 14-65 Fig. 14-66 


The composite wheel A in Fig. 14-66 rolls without slipping on the horizontal plane. The cord wrapped 
around the axle is attached to the weight C as shown. The velocity of C changes uniformly from 2 ft/s 
downward to 6 ft/s downward in 2s. Determine the angular displacement of A during the interval. 
Ans. @= 8 rad clockwise 


The cylinder C shown in Fig. 14-67 is 500 mm in diameter and rolls without slipping on the horizontal 
plane. The pulley B is frictionless. If the displacement of A is 100mm down, what is the angular 
displacement of C? Ans. @+ 0.4 rad clockwise 


In the preceding problem, the velocity and acceleration of A are 100 mm/s and 50. mm/s’, respectively. 
What are the angular velocity and angular acceleration of the cylinder C? 
Ans. w = 0.4 rad/s clockwise, a = 0.2 rad/s* clockwise 





Fig. 14-67 Fig. 14-68 


Weight W in Fig. 14-68 is suspended from the pulley, which turns in frictionless bearings. As the pulley 
turns, the cord AB from the axle of the cylinder is wrapped upon the pulley. The weight descends from 
rest with a constant acceleration of 16 ft/s’. Determine the displacement. velocity, and acceleration of 
the center O of the cylinder afler 3s. Cord AB ts parallel to the inclined plane. 

Ans. $9) = 72 ft. vy = 48 ft/s, ay — 16 ft/s” 
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14.74. 
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Solve Problem 14.69 if the cord AB is unwrapping from the top of the axle instead of the bottom. Move 
the pulley so that AB is still parallel to the plane. = Ans. sy = 12 ft, vp = 16 ft/s, ao = 5.33 ft/s” 


In Fig. 14-69, the valve A is actuated by the eccentric rotating 30 rpm counterclockwise. Express the 
velocity and acceleration of the valve in terms of the angle ¢. 
Ans. X=7.85sin ¢ in/s to the left, ¥ = 24.6 cos ¢ in/s” to the left 





Fig. 14-69 Fig. 14-70 


Refer to Fig. 14-70. The gear rack A is stationary whereas the gear rack 8 has a velocity of 600 mm/s 
down and an acceleration of 450mm/s’ down. Determine the velocity of the gear center, the 
acceleration of the gear center, and the acceleration of the contact point C on the gear. 

Ans. v= 300 mm/s down, ay = 225 mm/s? down, a- = 1000 mm/s’ at 6, = 207° 


In Fig. 14-71, the upper plate is moving to the right with a speed of 10 ft/s and a linear acceleration of 
4 ft/s’. The lower plate is also moving to the right, with a speed of 5 ft/s and a linear acceleration of 
3 ft/s’. What are the angular velocity and acceleration of the 4-ft-diameter disk. There is no slip between 
the disk and the plates. Ans. = i rad/s clockwise, a = § rad/s’ clockwise 


10 fi/s, 4 ft/s? 





—_ 


2’ radius 


——$—__>- 
5 fs, 3 fs? 
Fig. 14-71 


Solve Problem 14.73 if the lower plate moves to the left with a speed of 5 ft/s and an acceleration of 
3 ft/s? Ans. w= rad/s clockwise. a = 7 rad/s’ clockwise 


In Fig. 14-72, the disk rolls without slipping on the horizontal plane with an angular velocity of 10 rpm 
clockwise and an angular acceleration of 6rad/s* counterclockwise. The bar AB is attached as shown. 
The line OA is horizontal. Point B moves along the horizontal plane shown. Determine the velocity and 
acceleration of point B for the phase shown. 

Ans. vg =1.1m/s to the right, ay = 7.47 m/s’ to the left 
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14.76. 


14.77. 


14.78. 


14,79, 


14.80. 





__ 2 Nese 





Fig. 14-72 Fig. 14-73 


The 8-ft bar AB in Fig. 14-73 is connected by a frictionless pin at B to the 4-ft-diameter cylinder, which 
is rolling with constant center velocity 12 ft/s down the plane inclined 30° with the horizontal. The end A 
slides on the frictionless plane, which makes an angle of 60° with the horizontal. For the phase shown 
with the bar horizontal, determine the angular velocity and acceleration of the bar. 

Ans. w =6.0 rad/s clockwise, a = 62.4 rad/s’ counterclockwise 


The crank OB in Fig. 14-74 is rotating with constant angular velocity 6 rad/s clockwise. Disk C rolls 
without slipping inside the fixed circle. Determine (a) the angular velocity of disk C and (b) the 
absolute acceleration of point P in the phase shown, where crank OB is horizontal and P is the top point 
on disk C. Ans. (a) w, =18rad/s counterclockwise, (b) ap = 341 ft/s’ alt @, = 252° 





Fig. 14-74 


A bead moves along a rod such that r =0.57°. At the same time, the rod moves such that @=+t 
Determine the radial and transverse components of the velocity and acceleration of the bead at time 
1=2s. Assume that r is in meters. Ans. v,=2 m/s, vg = 10 m/s, a, = —49 m/s”, ag = 24 m/s” 


A rod is rotating in a horizontal plane at a constant rate of 2 rad/s clockwise about a vertical axis 
through one end. A washer is sliding along the rod with a constant speed of 4 ft/s. Determine the radial 
and transverse components of the acceleration at the instant when the washer is 2 ft from the vertical 
axis. Ans. a, = —8 ft/s’, ag = 16 ft/s? 


In Fig. 14-75, the ball P moves with a constant velocity 2 m/s down along the smooth slot cut as shown in 
the disk rotating with angular velocity 3 rad/s clockwise and angular acceleration 8 rad/s’ counterclock- 
wise. Determine the acceleration of P in the phase shown. Ans. a=14.9 m/s’, with @, = 171° 
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Fig. 14-75 Fig. 14-76 


A particle moves with speed 600 mm/s around the circumference of a 1200-mm-diameter disk that is 
rotating in the opposite direction with angular velocity of 2 rad/s (clockwise). See Fig. 14-76. The disk 
has angular acceleration 4 rad/s? clockwise. Determine the acceleration of the particle in the phase 
shown. Ans. a=2.47 m/s with @, = 256° 


A bug moves with constant speed v ft/s along the circumference of a disk of radius r ft. The disk rotates 
in the opposite direction with constant angular velocity w rad/s. What is the absolute acceleration of the 
bug? 

Ans. (u-rwyir 


A bug moves with constant speed v along a radius 7 of a disk rotating with constant angular velocity w. 
What is the absolute acceleration of the bug as it reaches the rim of the disk? 
Ans. a= aVr'a* + 4v* 


In Fig. 14-77, the member AD slides inside a collar pinned to PC at P, which is at a fixed distance from 
C. If M is the fixed point on the member AD coincident with P at the instant considered, then the 
velocity and acceleration of P relative to M are horizontal. Detemrine the angular velocity and 
acceleration of member CP. 

Ans. wcp = 10 rad/s counterclockwise, ace = 75 rad/s” counterclockwise 





wan = 10 radja 
tap +0 


agp =O 


Fig. 14-77 Fig. 14-78 


In Fig. 14-78, the member CD slides inside a collar pinned to AP at P, which is a fixed distance from A. 
In this problem, M is the point in CD that is coincident with P; thus, the velocity and acceleration of P 
relative to M are along the line CD. Determine the angular velocity and acceleration of the member CD. 
Ans. cp = 6.4rad/s counterclockwise, a@¢p = 13.4 rad/s? counterclockwise 
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14.86. The rod AB in Fig. 14.79 is pinned at B and rests on the 8-in-radius wheel. The wheel rolls without 
slipping with an angular velocity of 12rad/s clockwise and an angular acceleration of 3 rad/s’ 
counterclockwise. What are the angular velocity and acceleration of the rod AB? 

Ans. w=1.6rad/s clockwise, a = 19.7 rad/s* counterclockwise 


se 8" radius BR 
30° oO 


Fig. 14-79 


14.87. The two rods AB and CD in Fig. 14-80 rotate about A and D, respectively. The 30-in rod is free to slide 
in a collar at B and is pinned at C. If the angular speed of AB is constant at 10 rad/s clockwise and the 
angular speed of CD is constant at 8rad/s counterclockwise, what are the angular speed and 
acceleration of the 30-in rod? Ans. w =0.353 rad/s clockwise, a = 0.78 rad/s? counterclockwise 





Fig. 14-80 


Chapter 15 


Moments of Inertia 


15.1 AXIAL MOMENT OF INERTIA OF AN ELEMENT OF AREA 


The axial moment of inertia / of an element of area about an axis in its plane is the product of 
the area of the element and the square of its distance from the axis. The moment of inertia is also 
called the second moment of area. 

In Fig. 15-1, the moments of inertia are 

dl,=yidA 


dl=x'dA 


18.2 POLAR MOMENT OF INERTIA OF AN ELEMENT OF AREA 


The polar moment of inertia J of an element about an axis perpendicular to its plane is the 
product of the area of the element and the square of its distance from the axis. This can also be 
thought of as the moment of inertia about the z axis. 

In Fig. 15-1, the polar moment of inertia ts 


dd = p? dA = (x7 + w)dA = dl, + dl, 





Fig. 15-1 


183° PRODUCT OF INERTIA OF AN ELEMENT OF AREA 
The product of inertia of an element of area in the figure is defined as follows: 


dl, =xv dA 


18.4 AXIAL MOMENT OF INERTIA OF AN AREA 


The axial moment of inertia of an area is the sum of the axial moments of inertia of its elements: 


i= iG dA 
Lhe= Je dA 


298 


CHAP. 15] MOMENTS OF INERTIA 299 


18.5 RADIUS OF GYRATION OF AN AREA 
The radius of gyration of an area with respect to an axis is given by the equation k = V//A. 


15.6 POLAR MOMENT OF INERTIA OF AN AREA 


The polar moment of inertia of an area is the sum of the polar moments of inertia of its 
elements: 


J= |e dA 


15.7 PRODUCT OF INERTIA OF AN AREA 
The product of inertia of an area is the sum of the products of inertia of its elements: 


Ly = | xy dA 


18.8 PARALLEL AXIS THEOREM 


The parallel axis theorem states that the axial or polar moment of inertia of an area about any 
axis equals the axial or polar moment of inertia of the area about a parallel axis through the centroid 
of the area plus the product of the area and the square of the distance between the two parallel axes. 

In Fig. 15-2, x and y are any axes through O, while x’ and y’ are coplanar parallel axes through 
the centroid G. 


L=1.+ Am? 
=I. + An? 
Ip = J+ Ar’ 


The product of inertia of an area with respect to any two axes equals the product of inertia about 
two parallel centroidal axes plus the product of the area and the distances from respective axes: 
Le Tey: + Amn 
where m and n are the coordinates of G relative to the (x, y) axes through O or the coordinates of O 
relative to the (x'’, y') axes through G. In the first case, m and 7 are positive, whereas in the second 
case, they are negative. In either case, their product is positive. See Fig. 15-2. 





Fig, 15-2 


15.9 COMPOSITE AREA 

The axial or polar moment of inertia, or product of inertia, of a composite area is the sum of the 
axial or polar moments of inertia, or products of inertia, of the component areas making up the 
whole. 
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Units of any of the foregoing are the fourth power of length. In the U.S. Customary system, the 
units are usually in*. In SI, the units are m* or mm”. In using mm’, it is convenient to use 10° mm* 
(particularly in tables listing properties tn ST units). 


15.10 ROTATED SET OF AXES 


The moment of inertia of any area with respect to a rotated set of axes (x', ¥‘) may be expressed 
in terms of the moments and product of inertia with respect to the (x, ¥) axes as follows: 


1, = SC, +h)+ 4 — 1) cos 20-1, sin 26 
1. = 3 +4h)— 4, — 1) cos 26 + 1, sin 20 
lees 4d, — 1,)sin26 + I, cos 2@ 


where = /,, 4. = moments of inertia with respect to the (x, v) axes 
I,., 1. = moments of inertia with respect to the (x’, y’) axes, which have the same origin as 
the (x. y) axes but are rotated through an angle 6 
1, = product of inertia with respect to the (x, ¥)} axes 
/,... = product of inertia with respect to the (x', y’) axes 


For a proof of this, refer to Problem 15.21. 
Maximum moments of inertia of any area occur with respect to principal axes: a special set of 
(x', v’) axes for which 26’ = tan '[-24,,/(, — 4}. 


=k + hye VEG HLS + F, 
ea +1.) ¥ On =Ty tii, 


For details, refer to Problem 15.22. 


15.11 MOHR’S CIRCLE 


Mohr’s circle is a device that makes it unnecessary to memorize the formulas connected with 
rotation of axes. Refer to Problems 15.23 and 15.24. 


15.12, AXIAL MOMENT OF INERTIA OF AN ELEMENT OF MASS 


The axial moment of inertia of an element of mass is the product of the mass of the element and 
the square of the distance of the element from the axis. 


15.13. AXIAL MOMENT OF INERTIA OF A MASS 


The axial moment of inertia of a mass is the sum of the axial moments of all its elements. Thus, 
for a mass of which dm is one element with coordinates (x, y. z), the following definitions hold (see 
Fig. 15-3): 


= | (vy? +27) dm 
L= i (x7 + 27) dm 


I= i (x? + y*)dm 


where /,, 4, /. = axial moments of inertia (with respect to the x, y, and z axes. respectively). 
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MOMENTS OF INERTIA 


For a thin plate essentially in the xy plane, the following relations hold (see Fig. 15-4): 


Figure 


= [» dm 
ES [x dm 
Jgo= [o dm = [e +y)dm=1, +1, 


Table 15-1 Moments of Inertia of Areas 


Area and moment 





RECTANGLE 


A=bh TRIANGLE 





HOLLOW RECTANGLE 


CIRCLE 


A=BH-—bh ELLIPSE 


f, = 4(BH" — bh’) 





SEMIELLIPSE A= nab 


f, =0.11ab* 
bx x 
we 7 ail 











SEMICIRCLE 


QUARTER CIRCLE A= 4nr 


I, =0.055r* 
x x 
Aald 
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where /,, 4, = axial moments of inertia about the x and y axes, respectively, and Jy = axial moment of 
inertia about the z axis. 





Fig. 15-4 


15.14 RADIUS OF GYRATION OF A MASS 


The radius of gyration k of a body with respect to an axis is k = V//m, that is, the square root of 
the quotient of its moment of inertia divided by the mass. 


15.18 PRODUCT OF INERTIA OF A MASS 


The product of inertia of a mass is the sum of the products of inertia of its elements (see 
Fig. 15-4): 


ly = i xy dm 


The product of inertia is zero if one, or both, of the reference axes is an axis of symmetry. 


15.16 PARALLEL AXIS THEOREM FOR A MASS 


The parallel axis theorem states that the moment of inertia of a body about an axis is equal to 
the moment of inertia / about a parallel axis through the center of gravity of the body plus the 
product of the mass of the body and the square of the distance between the two parallel axes. 


15.17 COMPOSITE MASS 


The axial or polar moment of inertia, or product of inertia of a composite mass, with respect to 
an axis, is the sum of the axial or polar moments of inertia, or products of inertia of the component 
masses, with respect to the same axes. 

Units of all the foregoing moments involve those of mass and square of length. In the U.S. 
Customary system, the units are slug-ft? or Ib-s”-ft. In SI, the units are kg - m7, 
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15.1. 


15.2. 


15.3. 


18.4. 


Solved Problems 


Determine the axial moment of inertia of the rectangle with base b and altitude A about a 
centroidal axis parallel to the base. Refer to Fig. 15.5. 
SOLUTION 

Choose an element of area dA paralle! to the base and at a distance y from the centroidal x axis as 
in Fig. 15-6: 


Hi2 
1.=1=[y?aa=| yb dy = tbh* 


—Ai2 





b te =a b » ath b > 
dy 
d 
ae 
————_ ae | 
x Rh 4 i = h 
¥ bay 
ee Y Y 
Fig. 15-5 Fig. 15-6 Fig. 15-7 


Determine the axial moment of inertia of the rectangle in Problem 15.1 with respect to the 
base. Refer to Fig. 15-7. 


SOLUTION ; 
=| yaa -| y*b dy = sbh? 
0 


Determine the axial moment of inertia of a rectangle with respect to its base by means of the 
parallel axis theorem. See Fig. 15-8. Assume that the results of Problem 15.1 are known. 


SOLUTION = 
I= 1+ A(ShY = fpbh? + bh( 4h?) = Sbh 


fat. tat Tad 
fz is ea tk . at § 
ane 


jp, 
Fig. 15-8 Fig. 15-9 Fig. 15-10 


Determine the axial moment of inertia for a triangle of base b and altitude A about a 
centroidal axis parallel to the base. Refer to Fig. 15-9. 


SOLUTION 


2D 2S b 
m=] y?da=[ ytedy=[ 972 Gry ay = bm 
> —A/3 


wl3 


since by similar triangles, b/hk = z/(4h — y) or z = (b/h)(3h — y). 
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15.5. 


15.6. 


15.7, 


15.8. 
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Determine the axial moment of inertia for a triangle of base b and altitude 4 about the base. 
Refer to Fig. 15-10, 


SOLUTION 
wi A b 
n=[yaa=[ yedy=[ y(t — y) dy = iabh 
0 


0 


since, by similar triangles, z/(h — y) = b/h or z = (b/h)(h — y). 


Knowing the results of Problem 15.5 (a comparatively simple integration problem), find 
the axial moment of inertia of the triangle about a centroidal axis parallel to the base. See 
Fig. 15-11. 


SOLUTION 
This is really an application of the parallel axis theorem in reverse. 
P= I, —A(ShY = tebh? — (2bh)(4h)? = Sebh? 


— 


A 


id - a 
ar, 


Fig. 15-11 Fig. 15-12 





Determine the axial moment of inertia for a circle of radius r about a diameter. Refer to Fig. 
15-12. 


SOLUTION 
1.=[yaa=2[ yx dy) =4{ yvr —y* dy 


1) a 
= 4[-2y V(r? — S$ arty Vr? — y? +2? sin”! (y/r) Ho 
= 4[0 + £7°(0 + r sin“ 1) + 0 — 47°00 + 0)] = 4(4r*)(4z2) = bar? 


Note that this integral could have been evaluated from —r to r instead of as twice the integral from 
0 to r. This is permissible since the moment of inertia of the two halves of the area is equal to the 
moment of inertia of the whole. 


Determine the axial moment of inertia of a circle of radius r about a diameter, using the 
differential area dA shown in Fig. 15-13. 


SOLUTION 
R=l= | ydA 
where y = p sin @ and dA = pdp dé. Then, 


2a pr 2K 44° 
bk -1=| [ p'dp sin’ od = | sin’ oao| © | 
QO 0 4 


0 a 


= 5750 — 4 sin 20],7 = ar*(a — 5 sin 4x — 0+ §sin 0) = far’ 


This problem illustrates the ease of finding moments of inertia if the proper choice of element of 
area is made. 
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dA = pdpde 





Fig. 15-13 Fig. 15-14 


15.9. Determine the polar moment of inertia for a circle of radius r about an axis through its center 
and perpendicular to the plane of the circle. Refer to Fig. 15-14. 


SOLUTION 


Choose as the differential area an annular ring of radius p and thickness dp. Hence, dA equals the 
circumference, 27p, times the thickness, dp. 


j= iG dA = p’2np dp = 2n[}p"]6 = 4ar* 
oO 


At this point, it is possible to derive the value of the axial moment of inertia about a diameter. 
Since J=f, +1, and f, =f, = 3J = bar’. 


15.10. Determine the axial and polar moments of inertia for the ellipse shown in Fig. 15-15. 
SOLUTION ? 
[ =|y dA -| y?(2x dy) 
-b 


where x°/a? + y?/b? = 1 or x =(a/b)Vb? — y’. 
Then 


b 
= i y?(2a/b)Vb? — y? dy 
= (2a/b)[—iy V(b? — y?)° + Eby Vb? — y? + b? sin (y/b)}], = sab? 


A similar integration would yield /, = 42a*b. Of course, J =I, + I, = 4tab(a’ +b’). 





Fig. 15-15 Fig. 15-16 


15.11. Determine the axial moment of inertia of the 7 section shown in Fig. 15-16 about the 
centroidal axis parallel to the base. 


SOLUTION 


The first step is to locate the centroid G using the two subdivisions of area shown. 
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Distance from base 
Subdivision Area to centroid 


a al rd 





Hence, (A, + A2)¥ = Aly + Aoys, 12 + 8)y = 12% 148% 4, and y =2.2 in. 
Next determine / for each subdivision about its own centroidal axis parallel to the base, using 
l= bbh*: 


h=$(6(2)=4int = = (2)(4) = 10.7 in’ 


The final step is to transfer from each subdivision’s centroidal axis to the axis through G to 
determine / for the entire area. By the parallel axis theorem (d, = 2.2 — 1 = 1.2; d2=4 —2.2=1.8), 


T= (1+ Ad?) + (hb + Ag?) = (4 + 12 x 1.44) + (10.7 + 8 X 3.24) = 57.9 in’ 


vit 


wanes 15.12, Determine the axial moment of inertia about a centroidal axis parallel to the base of the 
composite area shown in Fig. 15-17. 





Fig. 15-17 


SOLUTION 


The first step is the location of the centroid of the composite area. Let T represent the top 
rectangular area, B the bottom rectangular area, and C the circular area. Using the base as the reference 
line, we have 


Asyr + Asya — Ac¥e 

A;+Ag-Ac 
_(100 x 100)(150) + (200 100}(50) ~ [7(60)*/4](150)_ og 
(100 x 100) + 200 « 100 —- 7(60)7/4 : 


y= 


The distance d; from the centroid of the top area to the common centroid is 


150 — 76.4 = 73.6 mm 
Similarly, 
dz = 76.4 —50= 26.4mm 


and dc = 150 — 76.4 = 73.6 mm 


CHAP. 15] MOMENTS OF INERTIA 307 


The values of I for each component area about that area’s centroidal axis parallel to the base of the 
composite area are as follows: 


E, = &byh3 = 4(100)(100)* = 8.33 x 10° mm? 
1, = dbahb = 4(200)(100) = 16.67 10° mm‘ 
I= hart = 4n(30)* = 0.64 x 10° mm? 
Finally, 
I= (I, + A,d7) + (Ip + And) — Uc + Acde) 
= [8.33 « 10° + (100)(100)(73.6)"] + [16.67 x 10° + (200 « 100)(26.4)’] 


(60) 


= [o.64 x 10° + aye 73.6) | =77.1 x 10° mm* 


15.13. Determine the axial moment of inertia for the channel shown in Fig. 15-18 about a centroidal 
axis parallel to the base b. 





Fig. 15-18 


SOLUTION 


In this case the centroidal axis is, by symmetry, at half the height. 

Consider the channel as made up of a rectangle of base b and altitude A from which have been 
deleted two triangles of altitude ¢ and base a together with a rectangle of base a and height 2d. Refer to 
Fig. 15-19. 

To determine /, for the channel, subtract /, of the triangles and the smaller rectangle from /, for the 
large rectangle. That is, 


L.=1-(b+h+h) 


Then 
I, = hbk 
I, =1,= kar’ + tat(d + 42) = £ar* + 5atd’ + Sard + kat’ 
I, = ta(2dy* = Sad* 
and 1. = bbh* — atd* — 3at’d — gat* — 2ad° 


Of course, this result will be less formidable when numerical values are assigned. 
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a eli 
A a 
- - - -|—x 
- a 
Fig. 15-19 


18.14. A column is built up of 2-in planks (actual size) as shown in Fig. 15-20. Determine the axial 
moment of inertia about a centroidal axis parallel to a side. 


SOLUTION 
The centroid is located by inspection at the midpoint. To determine J, it is only necessary to double 
the summation of the axial moments of areas J and 2 about a line through the midpoint. 
L= bb ht = b(2)(8") = 85.3 in” 
b= tboh} + Ard? = 4 (4)(2’) + (8)(3) = 74.7 in* 
[= 2(85.3 + 74.7) = 320 in’ 


Another technique is to subtract / for the inner square from / for the outer square, both about an 
axis through the midpoint and parallel to a side: 


N=lo-L= bono me nb,h; = 1(8)(8") a 12(4)(4°) = 320in* 





12 mm 
& 0 mm 
12 mm 
12 mm ‘S rl 
rig, 15-41 


15.15. Determine the axial moment of inertia about the horizontal centroidal axis of the Z section 
shown in Fig. 15-21. What is the radius of gyration? 


SOLUTION 


The centroidal axis is an axis of symmetry in this case. The axial moment of inertia J is then equal 
to the sum of the axial moments of area 2 and two areas J. 


A = (162)(12) + 2(75 x 12) = 3.74 x 10° mm? 

1, = bby h} + Ad? = 4(75)(12) + (75 X 12)(75)? = 5.07 * 10° mm? 
1 = hhboh} = 4(12)(162) = 4.25 x 10° mm* 

h=2h +b = 14.4 « 10° mm* 


I fi4.4x 10° 
k=,f-=,./———. = 621 
Re 3.74 x 10° ee 
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15.16. What is the product of inertia about two adjacent sides of a rectangle of base b and altitude h? 





(a) (6) 
Fig. 15-22 


SOLUTION 


As shown in Fig. 15-22(a), the x and y axes are along two adjacent sides. 
Denote the product of inertia as /,,. Then 


Aoph 
Ly = Jo dA= [ { xy dx dy = [3x*}[by7]6 = 4b7h? 
ob “0 


Next choose the y axis as the right side of the rectangle [see Fig. 15-22(b)]. Then 
A 0 
t= [| sydedy = [xP aLty = (0 ~ Mb)Gh? — 0) = — 207? 
D —h 


This indicates that the product of inertia may be positive or negative, depending on the location of the 
area relative to the axes. 


15.17. Determine the product of inertia about two centroidal axes parallel to the sides of a rectangle 
of base b and altitude h. 
SOLUTION 


In Fig. 15-23, it is seen that the x’ limits of integration are from —b/2 to b/2. The y’ limits of 
integration are from —//2 to h/2. Hence, 


Al2 bi2 
hey = | x'y'aa=[ | x'y’ dx' dy’ =0 
hi2 7 —bi2 

This could also be deduced from the result of Problem 15.16 using the parallel axis theorem for 

product of inertia: 
by = Ley + AQb)Gh) 
where 35 and 5h are the perpendicular distances between the x, y and x’, y' axes. 
Ty = §b7h? — bh(Sb)Gh) = 0 





dA = dzdy 





x 





Fig. 15-23 Fig. 15-24 
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15.18. Determine the product of inertia with respect to the base and altitude of a right triangle. 
Refer to Fig. 15-24. 


SOLUTION 


By definition, 


Ay u 
I, - | [ xy dx dy 


The upper limit of the x integration depends on y. Therefore it must be evaluated from the equation of 
the sloping line. which is 
h 


b 
Borsa gee or Ss i) 





A (bbw, hy A 7 Ay b? P ae 
fick I | ay dx dy = paxry PC My dy =| anf (y? — 2yvh + W’)y dy = Kb*? 
uty o ” 


15.19. Determine the product of inertia with respect to the bounding radii of a quadrant of a circle 
of radius r. Use (a) the element of the area shown in Fig. 15-25, and (b) the element of the 
area shown in Fig. 15-26. 





Fig. 15-25 Fig. 15-26 


SOLUTION 
(a) By definition. 


Ge | xy dx dy 
u 40 


Here the double integration means a summation first with respect to the variable x, which depends 
on ¥ according to the equation x* + y* =r’. Substituting, 


df. = [ xvdx dy -| [ix*p” vy dy -| M@? = wyy dy = hr 
a Ay o ty 


(b) As before. 


= | [ov dA = { i p cos Op sin Op dp d@ 
O 40 


1, = { [ie°]s cos @ sin 6d = 47r°[3 sin’ O]5* = ar" 
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15.20. In Problem 15.19, determine the product of inertia for a quadrant of a circle of radius r equal 
to 50 mm. 


SOLUTION 


1, = br = 4(50)* = 7.81 10° mm* 


“v 


15.21. Show that the moments of inertia of an area with respect to the rotated set of axes (x', y’) 
may be expressed as follows: 


I= 3, + hy) + 3, ~ 1) cos 26 — Ly sin 26 
1h = 43. + L,) — (i — 1,) cos 26 + I, sin 20 
Tey = 3(4, — 7) sin 28 + I,, cos 20 
where  /,, /, = moments of inertia with respect to (x, y) axes 
i, 4, = moments of inertia with respect to (x’, y’) axes 


i, = product of inertia with respect to (x, y) axes 
f° = product of inertia with respect to (x’, y‘) axes 





Fig. 15-27 


SOLUTION 


Figure 15-27 indicates an element @A of the area. By definition, 
L. =fy? dA = {x dA ley = [x'y'da (1) 


But from the figure, x’ =x cos @ + y sin @ and y’ = —x sin 6 + y cos 6. Squaring, 
x”? =x" cos? 6 + 2xy cos @ sin @ + y? sin? @ 
y” =x? sin’ 6 — 2xy sin @ cos @ + y* cos? @ 


Also, x'y’ = —x* cos @ sin @ — xy sin’ 6 + xy cos’ 6 + y’ cos @ sin @ 
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Substituting into equation (/). 


ex [x sin? @dA — ES sin 26dA +fy cos OdA 
i= |v cos edA+ Jr sin2@dA + [y sin’ OdA 


hyo= | —x* cos @sin @dA + | y’ sin 6 cos @dA + [ (cos @— sin’ 6) dA 
Since the integration over the area is independent of 6, the above equations may be written (using 
L=fv'dA,  =Jx' dA, and 1, =J xy dA) as 
I, =1, sin’ @ ~ I, sin 26 + J, cos* 6 
1. =I, cos? @+/,, sin20+ I, sin? 6 
T.,- = 4U, — 1) sin 20 + I, cos 26 
Using cos’ @ = 3(1 + cos 26) and sin* @ = 3(1 — cos 20), we finally obtain 
I =40, +1) +4, — 1.) cos 26 - 1, sin 20 
1 = $C, + 8) -— 5, — f,) cos26 + 4, sin 20 
I,,-= i. — £,) sin 26 + 1, cos 20 


15.22. Determine the values of /,- and J,- in Problem 15.21 with respect to the principal axes (these 
axes yield maximum or minimum values of /). 


SOLUTION 


To determine the value of @ that will make /,. a maximum, take the derivative of /,. with respect to 
6 and equate the resulting expression to zero. Thus, 
dl. : 2h 
ae SU, — 1,)\(-2 sin2 6) —1,,(2cos26)=0 or  tan2e’= —-—* 
This the value 0’ of @ that will make /,. a maximum (or minimum). It is necessary to evaluate sin 20’ and 
cos 26’: this is most easily done from Fig. 15-28. Thus, 


s26'=+ fae snag = pe 
0: — ee i = . 
: VU hy + 4h, VU. —- LY +42, 





Fig. 15-28 
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Substituting these values and simplifying, we obtain 
1 = 3, +h) + VC — WP + 


By taking the derivative of J, with respect to @, it can be seen that the same value 0’ makes I, a 
maximum (or minimum). Substituting the values of sin 2@’ and cos 26" yields 


1 = 3 +1) * VBR - OP + 


Since I, has a negative sign before the radical for the value of 6’ that gives /, a positive sign before 
the radical, we can consolidate the results by stating that, with respect to the principal axes (x', y’), one 
value, say /,., is maximum while the other value, /,-, is minimum. Note further that for this particular @’ 
(principal axes), 


Ty = 34, — 1) sin 26 + £,, cos 26 = 0 


15.23. Given 1, 7,, and [,, for an area with respect to (x, y) axes, determine graphically, using 
Mohr’s circle, the values /,., J, and ,-,- for a set of (x’, y’) axes located counterclockwise at 
an angle @ with respect to the (x, y) set of axes. 


Products of 
Inertia 






i +hy) 


Moments of 
(0, 0) Inertia 





(a) (8) 
Fig. 15-29 


SOLUTION 


Figure 15-29(a) shows the orientation of the axes. In Fig. 15-29(b) an orthogonal set of lines is 
drawn. Any moment of inertia J will be located to the right of the vertical line. Any product of inertia 
will be located above or below the horizontal line. 

Assume that /, > J, and J, is positive. Locate the point X that has coordinates (/,, +/,,.) and the 
point Y that has coordinates (/,, —/,,). Draw the line XY that crosses the horizontal line at C as shown. 
Draw a circle with C as center and containing X and Y (see Fig. 15-30). 

Next draw a line at an angle 26 from the XY line in a counterclockwise direction. The coordinates 
of X’ and Y’ are the values of /,., f, and /,.,-. 

These values can be seen as follows. Draw vertical lines XA and YB. The distance BC = CA = 
4(f, — 1). The distance XA is [,,. The radius of the circle CX is the hypotenuse of the right triangle 
ACX. As such, any radius equals V[}(/, — 7) + F,. 

Now the / coordinate of X’ equals the distance from O to the center 3(/, + 7,) plus the projection 
CX’ on the horizontal. CX’ (a radius) makes an angle (26 + 26") with the horizontal / axis. The 20° is 
the angle referred to in Problem 15.22 that makes /,- a maximum. 


Projection of CX’ = V[3(, — 1) + £2, [cos (20 + 26’)] 
= VEZ — 4) + f[cos 20 cos 20’ — sin 26 sin 26'] : (1) 
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Substituting 

CA LU, - 1) AX I, 

A eee iPS es 
CX VDP th, 3 8028 CG Pee 


into equation (/) and simplifying, we find 


cos 26" = 


projection of CX’ = 51, — [,) cos 2@ — 1, sin 26 
Thus, L =i +1) + 40, — 1) cos 26 — 1, sin 26 
Similarly, 1, = 30, +4) ~ 3, — 4) cos 26 + £, sin 26 


Note that the maximum / occurs at the right end of the diameter of the circle with a value equal to 
the distance to the center plus a radius. Hence, 


Imax = 3, + + VC — AP + By 
The minimum value is at the left end of the diameter and is 


Tina = 5 + I) ee BC os yy + hy 


Moments of 
Inertia 





Fig. 15-30 Fig. 15-31 


15.24. Determine the principal centroidal moments of inertia for the unequal angle shown in Fig. 
15-31. 


SOLUTION 


First locate the centroid of the angle using the (x”, y”) axes as shown. The angle is divided into the 
parts A and B. 


0) G5) SOS) - 


x SSE = 1.65in 
v= 5UI)05) + 8004) _ 5 65, 
-e 65 


Next draw (x, y) axes through this centroid G whose coordinates have been found. They determine 
/, and J, by transferring from the parallel centroidal axes of A and B: 


L, = 2(5)C1)* + 5(2.15)? + 5(1)(8)* + 8(1.35)? = 80.8 in* 
1, = 2(1)(S) + 5(1.85)? + 581) + 8(1.15) = 38.8 in* 
In order to determine the principal moments of inertia, the value of the product of inertia [,, must 


be found. This also is transferred from the parallel centroidal axes of A and B, keeping in mind that the 
products of inertia about the centroidal axes of A and B are both zero because these centroidal axes are 
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axes of symmetry. Hence, in terms of the transfer distances, the value of I, becomes 
1, =0+ (8X 1)(—1.15)(4+1.35) +0 + (5 & 1)(4+1.85)(—2.15) = —32.3 in* 


Note: ‘The signs of the transfer distances are important in determining the product of inertia. In 
the above equation, the values 1.85 and —2.15 are the coordinates of the centroid of A relative to the 
(x, y) axes. Likewise, the values —1.15 and +1.35 are the coordinates of the centroid of B relative to the 
(x, y) axes. 

The Mohr’s circle analysis will now be used to determine the values of the principal moments and 
their axes. The points x and y are located as shown in Fig. 15-32. Then, using xy as the diameter, draw a 
circle. 

The distance to the center of the cirlce is 5(/, + 2,)=59.8, and the radius of the circle is 
V(21)’ + (32.3)° = 38.5. Thus, the maximum / is 59.8 + 38.5 = 98.3 in* and occurs clockwise from the y 
axis at an angle 6’ defined by 6’ = 5 tan” (32.3/21) = 28.5°. The minimum value of / is 59.8 — 38.5 = 
21.3 in* and is located clockwise from the x axis as shown in Fig. 15-33. 









a} 59.8 in* 21 in* 
€ 
& 
+3] »(38.8432.3) 
3 
° 
a Moments of . 1 
inertia max 
oO 
x 
28.5° 
(80.8,-32.3) 
Fran 
Fig. 15-32 Fig. 15-33 
15.25. Calculate the principal moments of inertia for the L-section about its centroid. Refer to Fig. 
15-34. 
SOLUTION 


First locate the centroid of the L-section, which is split into two areas, A and B: 
—(25)(125)(125/2) — (25)(100)(25/2) 








. (25}(125) + (25)(100) = —40.3 mm 
<n _ +(25)(125)(25/2) + (25)(100)(75) _ hei 
5625 


The centroid is 40.3 mm above the base and 40.3 mm to the left of its right side. 


i‘ 


v 


veo] FL 


1G 





125 mm 
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Next determine the values £,, £,, and J,, for the (x, y) axes through the centroid of the entire area. 
This will be done by transferring each value from the individual centroids of parts A and B: 


2, = 73(125)(25)* + 125 x 25(40.3 — 12.5)? + 75(25)(100)° + 25 x 100(75 — 40.3)? = 7.67 * 10° mm* 
£, = 12(25)(125)° + 25 x 125(62.5 — 40.3)" + 75(100)(25)* + 100 « 25(40.3 — 12.5)? = 7.67 x 10° mm* 
The second computation checks the first; they should be equal for an L-section with equal legs: 
L,, = 0 + (125)(25)(+22.2)(+27.8) + O + (100)(25)(—27.8)(—34.7) = 4.34 « 10° mm* 


Using a Mohr’s circle construction with point X as 1, and J, that is, 7.67 X 10° and +4.34 x 10°, and 
point Y as J, and —J,,, that is, 7.67 x 10° and —4.34 x 10°, it is evident that the radius is 4.34 x 10°. See 
Fig. 15-35. Hence, 


Iinax = 7.67 X 10° + 4.34 x 10° = 12.0 x 10° mm* 
Inn = 7.67 X 10° — 4.34 X 10° = 3.33 x 10° mm* 


The principal axes are at 26 = 90° in Mohr’s circle or 45° in the actual figure. The maximum value 
in Mohr’s circle is clockwise from the X point. Hence, in the actual figure, it is 45° clockwise from the x 
axis. Similarly, the minimum value is 90° clockwise from the Y point, and in the actual figure is 45° 
clockwise from the y axis as shown in Fig. 15-36. 


Products of 
Inertia 







= 


X(+ 7.67 x 10", +4.34 « 10°) 


Inertia 





¥(+ 7.67 x 10°, —4.34 x 10°) 


Fig. 15-35 Fig. 15-36 


15.26. Derive the expression for the moment of inertia about a centroidal axis perpendicular to a bar 


of length /, mass m, and small cross section as shown in Fig. 15-37. Find its radius of gyration. 
SOLUTION 

By definition, I, = fx? dm. 
But dm is the mass of a portion of the bar of length dx. Its mass dm is dx/l of the entire mass m, that is, 


(ax/D)m = dm. 
Hence, 


LIZ 

m 

L, =i xv dx = tml 
U2 


The radius of gyration k = Vi,/m= Uv 12. 
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Centroidal moments of inertia of masses for some common shapes are listed below with reference 
to problems in which these results are derived. 


Table 15-2 Centroidal Moments of Inertia of Masses 


2 
2 






LmP im? 


15.26 Slender bar «| 
15.28 Rectangular 

parallelepiped | jsm(a’? + b*) im (a? +c’) im (b? + c’) 
15.29 Thin circular 

disk mR? 3mR? 
15.32 Right circular 
15.33 cylinder bm(3R? +h?) | 4m(3R? +h’) 

3 













- / 
15.36 Right circular am(GR? +h?) | 3m({R? +h?) 
cone 
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Fig. 15-37 Fig. 15-38 


15.27. Derive the expression for the moment of inertia of a bar about an axis through one end and 
perpendicular to the bar, whose length is /; Assume that the mass is m and the cross section is 
small in comparison with the length. Refer to Fig. 15-38. 


SOLUTION 


As in Problem 15.26, write 


4 
1,= [Pam -| x2 dx = nP? 
0 


The same result could be obtained by use of the parallel axis theorem. 
I, =1+ mY = bP + bl? = bl? 


oss 


= 15.28. What is the moment of inertia about a centroidal axis perpendicular to a face of a rectangular 
parallelepiped (block)? 


SOLUTION 


As can be seen in Fig. 15-39, the moment of inertia of the block about the z axis is equal to the sum 
of a series of thin plates each of thickness dz, cross section b by c, and mass dm. 

First determine /, for a thin plate with cross section b by c, thickness dz, and mass dm (see 
Fig. 15.-40). 








<.. 


“at 
we 


\ 






EEE 





7 al ceyeicud 


Fig. 15-39 Fig. 15-40 
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Since J, = 1+ Ij, find If and 1} to obtain the result. However, J, is really the sum of the centroidal 
moments of a series of bars of mass dm’ and of negligible cross section (dx' by dz) and height b. 
According to Problem 15.26, this may then be written 


[= | pdm’ b?= igb’? dm 
Similar reasoning yields 
=] pdm’ c=’ dm 


It follows from this that /, for a thin plate of mass dm is equal to I, + Ij, or £, = igdm(b’ +c’). 
For the entire block, it is seen that 


I= | dedm (b? +c) = bm(b? +0’) 
or, more rigorously, since dim = (dz/a)m, 
I =[ amr c?) dz = 4m(b? +c) 
z hn l2a 12 


15.29. Determine the moment of inertia about a diameter for a homogeneous thin circular disk of 
radius r and density 6. 


(a) Consider the disk to be made of thin bars dx by 1 in cross section and of varying heights 2y, as 
shown in Fig. 15-41. 


(6) Consider the differential element as that shown in Fig. 15-42. 


dm = 8tp dp de 






painé 





Fig. 15-42 


SOLUTION 


(a) The mass of the chosen strip is dm =26ty dx. Using Problem 15.26, its moment of inertia is 
i dm (2y)’. For the entire disk, 


1=[ BO ax y= | 36 ax 
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But y = Vr* — x*, and substituting, we have 


L= | 28t(Vr* —x*P dx = sor be(VF? — x?) — 2p? Vr? — x? + 3r* sin? | 


‘x 
-r 


This yields 
1, = 36t3r*[bx — (—432)] = (ar 81)r? = kr’ 
2m cr 2m rr 
(b) Ls [e sin’ @dm = [ | p’ sin® @ 5tp dp d@ = 8 i [ p’ sin? @dp dé 
‘0 0 0 0 
2m 
= & [tp"Ip sin? 6 d0 = &t(4r*)[S0 — 4 sin OR" 
0 
= dt(4r*)(5 X 2x) = LStzr* = \(Star?)r? = km? 


15.30. Assume that the disk in Problem 15.29 is made of steel with a density of 490 lb/ft*. Its 
thickness is 0.02 in and its diameter is 4 in. Determine the moment of inertia with respect to a 


diameter. 
SOLUTION 
The weight of the disk is 
fis 7(2)° (0.02) x 490 oa 
artd 19798. 0.071 Ib 


Its mass is 0.071/32.2 = 0.0022 slugs, and its moment of inertia is 
imr? = 4(0.0022)(%) = 15 x 107° slug-ft? 


15.31. Show that the polar moment of inertia for the disk in Problem 15.29 is mr. What is its radius 
of gyration? Refer to Fig. 15-43. 





Fig. 15-43 


SOLUTION 
Since J, = [, = mr’, the polar moment of inertia J, is 


L=h+1,=3mr 


pa fen [er 
m m “v2 


mancea 15.32. Determine the moment of inertia about a geometrical axis of a right circular cylinder of radius 
R and mass m. See Fig. 15-44. 


The radius of gyration is 





uJs 
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SOLUTION 


Consider the cylinder to be made up of a series of thin disks of height dz as shown. 
For a thin disk (Problem 15.31), £, =4(mass)R? = 30 dz/h)R’. 
For the entire cylinder, 





"Imd 
I= | SOR = mR? 
0 
dz 
Fig. 15-44 Fig. 15-45 


15.33. Determine the moment of inertia for a right circular cylinder of radius R and mass m about 
the centroidal x axis shown in Fig. 15-45. What is the radius of gyration? 


SOLUTION 


As in Problem 15.32, consider the cylinder as made up of a series of thin disks of height dz and 
mass mdz/h. The moment of inertia of the thin disk about its x’ axis parallel to the x axis 1s given by 


Problem 15.29 as I. = i(m dz/h)R?. Transferring to the x axis by the paralelel axis theorem, 
mdz lmdz mdz 
L=L.+— 2_-— * p24 —* 2 
CN hee! he h 


To determine /, for the entire cylinder, sum the £, for all disks: 


R? hi2 Al? 
LT dz+ =f z? dz = mR? + dumb? = bm(GR? + hh’) 
4h Jone h A 





L 
os VE- VEGR +R) 
nmi 


15.34. Determine the moment of inertia about a diameter of a sphere of mass m and radius R. What 
is its radius of gyration? 


SOLUTION 


Choose a thin disk parallel to the xz plane as shown in Fig. 15-46. Assume density 6. 
The moment of inertia of a thin disk of radius x about the y axis is }(mass)x*. To find f, for the 
entire sphere, add the individual moments just indicated, where dm = 5 dV = 5(ax’ dy): 
R 


R 
L, ={ 5(Sax* dy)x? = $265 [ x‘ dy 
-R 


-R 
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But, from the equation of the cross section of the sphere in the xy plane (a circle), x7 + y? = R*.. Hence, 
R 
1, = 378 i (R’ — 9’) dy = §6aR° 
—& 
Since the mass is m = $R*5, we have 


I, = (§2R°8)(3R’) = nk? 
The radius of gyration k =VI.{m= V2R. 





Fig. 15-46 Fig. 15-47 


15.35. Determine the moment of inertia of a homogeneous hollow right circular cylinder with 
respect to its geometric axis. Refer to Fig. 15.47 


SOLUTION 

For the outer cylinder, (1), = 4mor2 = 3(r2hd)r?, 

For the inner cylinder, (2); = yy? = }(ar7hd)r? 

For the tube, £=(£). — (,), = 326h(77, + 72)(7?, - r?) 
Expanding, 


£, = ($hn6r2, — Shndr7)(r?, + 17) = Gm, — 4m, )(?, +7?) = bm (7? +77) 


where m refers to the mass of the tube. 


15.36. Determine the moments of inertia about the x and y axes of the right circular cone of mass m 
and dimensions shown in Fig. 15.48. If the cone has a mass of 500 kg, a radius R = 250 mm, 
and a height h = 500 mm, show that J, = 9.38 kg: m’ and J, = 79.7 kg - m’. 


A 





Fig, 15-49 
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SOLUTION 


To find £,, choose a thin lamina perpendicular to the x axis as shown in Fig. 15-48. Assume density 6. 

The moment of inertia about the x axis of this lamina of radius y is 4(mass)y*. To find /, for the 
entire cone, add the individual moments just indicated, noting that the mass of the chosen lamina is 
dm =85dV = 6(my? dx). Since y = Rx/h (Fig. 15-49.) 


A h Rx 4 
=| $8(ry*aey?= [ 4502) ax = honr’n 
0 0 
But the mass of the entire cone is 426R7h. Thus, we can write 
I, = (§0R7h8)($R’) = dmR? 


To find I,, which equals /,, it is necessary to apply the transfer theorem to obtain the moment of 
inertia for the lamina relative to the y axis. Since » = Rx/h, 


A 
1, =| Codey? + dmx?) = | (any? dey(ty? +22 
0 


fi R* 7 R? 
-| 1m (5 3)" dx + [ m6 (53 )x* dx = 4 76R‘h + 1x8R*h? 
oO 0 
Using m = 4x8R°h, this expression becomes J, = 7mR? + mh? = in (4R? + h’). 
For the numerical part, 


£, = 0.3(500)(0.25" =9.38kg-m? = and —s, = 3(500)[5(0.25)? + (0.5)*] = 79.7 kg: m? 


15.37. Compute the moment of inertia of the cast-iron flywheel shown in Fig. 15-50. Cast iron weighs 
450 Ib/ft°. 






Section A-A 


SOLUTION 


In analyzing the problem, consider the hub and the rim as hollow cylinders and the spokes as 
slender rods. First determine the weights of the components: 


Wau = (7r2, — 2r?)h& = nf(4/12)° — (2/12)7](9/12)(450) = 88.2 Ib 
Win = (are — mr7)hd = x[(18/12)? — (16/12)"](10/12)(450) = 556 Ib 
For one spoke, elliptical in cross section, 


Wore = Trabld = 11(2.5/24)(3.5/24)(12/12)(450) = 21.5 Ib 
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Next determine J for each component about the axis of rotation. For the spokes, this will entail a 
transfer from the parallel centroidal axis. 


Than = Bn (r? + 2) = 3(88.2/32.2)[(4/12)? + (2/12)"] = 0.19 tb-s?-ft 

Tom = ben(r?, + 72) = 4(556/32.2[ (18/12)? + (16/12)"] = 34.8 Ib-s?-ft 
Kepones = 6(dmP? + ma?) = 6[4(21.5/32.2)(12/12) + (21.5/32-2)(10/12)"] = 3.11 Ib-s”-ft 
Tynes = (0.19 + 34.8 + 3.11) Ib-s?-ft = 38.1 Ib-s?-ft 


Supplementary Problems* 


15.38. A rectangle has a base of 2 in and a height of 6 in. Calculate its moment of inertia about an axis through 
the center of gravity and parallel to the base. = Ans. 36in‘* 


15.39. Determine the moment of inertia of an isosceles triangle with base of 150 mm and sides of 125 mm about 
its base. Ans. 12.5 X 10° mm* 


15.40. Determine the moment of inertia of a circle of radius 2 ft about a diameter. Ans. 12.6 ft* 


15.41. Find the moment of inertia with respect to the y axis of the plane area between the parabola y = 9 — x” 


and the x axis. Ans, 32 


15.42. Determine the moment of inertia with respect to each coordinate axis of the area between the curve 
y =cosx from x = 0 to x = 37 and the x axis. Ans. 1, =3, 1, = 49" -2. 


15.43. Find the moment of inertia with respect to each coordinate axis of the area between the curve y = sinx 
from x =Otox=aand the xaxis, Ans. 1, =}, 1,=977-4 


15.44. Refer to Fig. 15-51. Determine the moment of inertia of the composite figure about an axis through its 
center of gravity and parallel to the base. What is the radius at gyration? Ans. 46.3 in*, 2.24 in 





Fig. 15-51 Fig. 15-52 


*Table 15.1 may be helpful in the solution of numerical problems. 
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15.45, 


15.46. 


rc 


75 mm 


15.47. 


15.48. 


15.49. 


15.50. 


15.51. 


15.52. 


15.53. 


15.54. 


15.55. 


15.56. 


Referring to Fig. 15-52, determine the moment of inertia of the composite figure about a horizontal 
centroidal axis. © Ans. 883 x 10° mm‘ 


Refer to Fig. 15.53. Compute the moment of inertia of the composite figure about a centroidal axis 
parallel to the 250-mm side. What is the radius at gyration? Ans. 1.35 X 10° mm‘, 21.1 mm 


el 






t- + FF 


- 
by ie 
nent alae 


Fig. 15-53 Fig. 15-54 


= 


an 
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3 t tr 

ag” 
4" 





Refer to Fig. 15-54. Compute the moment of inertia of the composite figure about a horizontal 
centroidal axis. Ans. 12.8 in* 


What is the polar moment of inertia of a circle 80mm in diameter about an axis through its center of 
gravity and perpendicular to its plane? Ans. 4.02 x 10° mm‘ 


Calculate the product of inertia of a rectangle with a base of 100mm and a height of 80 mm about two 
adjacent sides. Ans. 16X10°mm‘ 


Calculate the product of inertia of a rectangle having a base of 150 mm and height of 100 mm about two 
adjacent sides. Ans. 56.3 X 10°mm‘ 


Determine the values of /,, /,, and /,, for the area bounded by the x axis, the line x =a, and the curve 
y=(bfa")x". Ans. 1, = ab?/3(3n +1), F, =a°b/(n +3), 1, = a7b?/2(2n + 2) 


In the preceding problem the area becomes triangular when n=1. Check the values by direct 
integration. Ans. I, = yab’, I, = 4a°b, I, = $a°b? 
Determine the values of /,, /,, and /,, for the area bounded by the y axis, the line y = b, and the curve 


y=(bf/a"\x". Ans. 1, =nab?/(3n +1), §, =na’b/3(n +3), I, =na?b?/4(n +1) 
y y 


The figures in problems 15.51 and 15.53 form a rectangle when added together. Add the values of J, and 
check with Problem 15.1 to see if you obtain the moment of inertia of a rectangle about its base. Repeat 
the process for f,, and check your result with Problem 15.16. 


Determine J, and I, for Fig. 15-52, where the x, y axes pass through the centroid. 
Ans. 1, =590X 10° mm‘, f,, =0 


Determine /,, /,, and J,, for the x, y axes that pass through the centroid of the unequal angle shown in 
Fig. 15-55. Ans. I, =63.5 X 10° mm’, J, = 114 10° mm‘, J,, = —46.9 10° mm* 
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60 mm 


200 mm 


50 mm 





250 mm 
Fig. 15-55 Fig. 15-56 


wht 


mattesd = 15.57. In the preceding problem use Mohr’s circle to locate the principal axes and determine the principal 
moments of inertia (see Fig. 15-56). 
Ans. Inox = 142 X 10° mm‘ at 30.9° clockwise from y axis, I, = 35.5 X 10° mm‘ at 30.9° clockwise from x 
axis 


15.58. Locate the principal axes through the centroid of the area shown in Fig. 15-57. Next determine the 
principal moments of inertia for those axes. 
AMS. Inox = 373 in’ at 28.8° clockwise from y axis, Ini, = 45.0 in‘ at 28.8° clockwise from x axis 






f/ 


\LUALd aa e eh 


2 
2a 





Fig. 15-57 Fig. 15-58 


15.59. Find /, for the shaded area in Fig. 15-58. Ans. 17,900 in* 


15.60. Determine 7, for the area formed by subtracting the square of side r from the circle of radius r as shown 
in Fig. 15-59. Ans. 1, =0.702r* 


Fig. 15-59 Fig. 15-60 
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15.61. 


15.62. 


15.63. 


15.64. 


15.65, 


15.66. 


15.67. 


15.68. 


15.69. 


15.70. 


15.71. 


Determine 7, for the area formed by subtracting the circle of radius 20mm from the square of side 
80 mm as shown in Fig. 15-60. Ans. Ff, =3.29 X 10°mm* 


Determine the moments of inertia of the thin elliptical disk of mass m shown in Fig. 15-61. Refer to 
Problem 15.29. Ans. 1, = mb’, I, = yma’, I, = im(a’ + b’) 


Determine the moments of inertia of the ellipsoid of revolution with mass m shown in Fig. 15-62. 


Ans. 1, = 3mb’, 1, =1, = yn(a’ + 67) 


¥ 


es 
LZ 





Fig. 15-61 Fig. 15-62 Fig. 15-63 


Determine the moments of inertia of the paraboloid of revolution with mass m shown in Fig. 15-63. The 
equation in the xy plane is y? = —(R7/h?)x?+R*. Ans. E, = 3mR?, 1, = 1, = §m(R? +h’) 


Show that the moment of inertia about a diameter for a thin hollow sphere of mass m is 3:nR?. 


Determine the moment of inertia about a diameter for a hollow sphere of mass m with inner and outer 
radii R, and R, respectively. Ans. I= 2m(Ri— R?)/(R3— R?) 


Show that the moment of inertia about a centroidal axis parallel to a side for a cube of mass m is 
! =tma’, where a is the length of a side. 


Find the moment of inertia of a 4-ft-long, }-in-diameter steel rod about an axis through one end and 
perpendicular to the rod. The steel weighs 490 lb/ft”. © Ans. 0.44 stug-ft” or Ib-s”-ft 


Determine the moment of inertia of a 10-ft-tong steel pipe with a 3.50-in outside diameter and a 2.89-in 
inside diameter with respect to its longitudinal axis. The steel weighs 490 Ib/ft’. 
Ans. 0.058 slug-ft? 


Find the moment of inertia of a brass cylindrical shaft 75 mm in diameter and 3 m long with respect to its 
geometric axis of rotation. Use a density of 8500 kg/m’. Ans. 0.079kg +m? 


In Problem 15.70, what is the moment of inertia of the mass about an axis that is (a) centroidal and 
perpendicular to the geometric axis and (6) through the end and perpendicular to the geometric axis? 
Ans. (a) 84.5kg- m’, (b) 338 kg + m? 


voit 


Mathead 
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15.72. 


15.73. 


15.74. 
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Calculate the moment of inertia of a rectangular prism that is 6 in high, 4in wide, and 10in long, with 
respect to its longitudinal centroidal axis. Use a weight of 401b/ft’. | Ans. 0.005 slug-ft’ 


Find the moment of inertia of an aluminum sphere 200 mm in diameter with respect to a centroidal axis. 
Aluminum has a density of 2560kg/m°. = Ans. 0.043 kg - m? 


Determine the moment of inertia of the flywheel shown in Fig. 15-64 (solid web) with respect to its axis 
of rotation. Cast iron weighs 4500 lb/ft’. = Ans. 2.12 slug-ft? 


Fig. 15-65 





15.75. As shown in Fig. 15-65, a brass cone is mounted on the top of an aluminum cylinder. The density of 


brass is 8500 kg/m* and that of aluminum is 2560 kg/m’. Determine the moment of inertia for the system 
about the vertical geometric axis. Ans. 1, =3.86kg +m? 


15.76. A steel shaft and a steel disk are joined as shown in Fig. 15-66. The density of steel is 7850 kg/m’. 


Determine the moment of inertia of the system about the y axis through the end. 
Ans. 1,= 5.38 X10 “kg: mm? 


500 mm 


Ne 


500 mm ——* 





Fig. 15-66 Fig. 15-67 


15.77. Fig. 15-67 shows in schematic form an open steel bucket made with a wall and base that are 6mm thick. 


The bucket is half full of concrete mix. The density of steel is 7850 kg/m’ and that of the concrete mix is 
2400 kg/m?. Determine the total moment of inertia about a vertical centroidal axis. 
Ans. 5.79 kg +m? 
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15.78. A 10-kg homogeneous sphere is 1 m in diameter. Two slender bars are attached diametrically opposite 
to one another in a horizontal line. Each bar has a mass of 2 kg and is 1.5 m long. What is the moment of 
inertia of the three masses about a vertical centroidal axis? Ans, [=8kg-m? 


15.79. A dumbell-like weight consists of two 4-in-diameter solid spheres attached to each end of a 36-in 
stender rod of 1-in diameter. The spheres and rod are of copper with a density of 560 Ib/ft’. What is the 
mass moment of inertia about an axis perpendicular to the rod at its midpoint? 

Ans. 1 =2.17slug-ft 


15.80. Figure 15-68 shows a simulated communications satellite. The solid central hub has four identical arms 
each weighing 2 lb, attached 90° apart, as shown. The hub has a weight of 342 lb. What is the mass 
moment of inertia about the y-centroidal axis? = Ans. I, = 2.84 slug-ft’? 


~a 16" a 16" - 





15.81. In Problem 15.80, what is the mass moment of inertia with respect to the x-centroidal axis? 
Ans. I, =1.64slug-ft? 


Chapter 16 


Dynamics of a Rigid Body in Plane Motion 


16.1 VECTOR EQUATIONS OF PLANE MOTION 


In Section 14.1, plane motion of a rigid body was defined as that motion in which every point in 
the body remains at a constant distance from a fixed plane. In the case of kinetics of a rigid body, 
there is a further condition, namely the body shall have a plane of symmetry. This is more restrictive 
than necessary, but it does simplify the moment equation. 

The vector equations of plane motion can be written 


> F=ma 
5S Mp = loak + mrgig X AG = oa + mayo, — Myag,.)Kk 


where > F = resultant of the external forces acting on the body 
= Mp = resultant of the external moments acting on the body 
m = mass of the body 
a = acceleration of the mass center of the body 
a, = acceleration of reference point O 
a = angular acceleration of the body 
I, = moment of inertia of the body relative to the reference point O 
x, ¥ = coordinates of the mass center relative to the reference point O 
Icio = position vector of the mass center relative to the reference point O 
Ao, Ag, = Magnitude of the components of the acceleration of the reference point O along 
~ the x and y axes 


A right-hand set of coordinate axes is assumed in the above vector equations. This means that if 
the x and y axes are chosen positive to the right and up then counterclockwise rotation must be 
chosen positive to be consistent with the right-hand system. Problem 16.1 illustrates this point. 


16.2 SCALAR EQUATIONS OF PLANE MOTION 


The moment equation in the preceding section may be simplified by the proper choice of the 
reference point O. One such choice is to use the mass center as O. Then ¥ and y are zero. 
With this choice, the scalar equations of plane motion are 


DR=ma, DY R=mi, >) M=Ia 


where > F,, > F, = algebraic sums of the magnitudes of the components of the external forces 
along the x and y axes, respectively 
m= mass of the body 
a,, @, = components of the linear acceleration of the mass center in x and y directions, 
respectively 
> M = algebraic sum of the moments of the external forces about the mass center 
1 = moment of inertia of the body about the mass center 
a = magnitude of the angular acceleration of the body 
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Note that the moment equation can also be written as © Mg = Ipa, provided that the point O is 
a point whose acceleration either is zero or is directed through the mass center of the body. 

Note also that the component of a force acting in the same direction as that chosen for the mass 
center acceleration is assigned a positive sign (if opposite in sense, it should be assigned a negative 
sign). 

Similarly, moments of forces are considered positive if they have the same sense as that assigned 
to the angular acceleration a. 

It will be seen later that translation and rotation are special cases of Plane Motion. 


163 PICTORIAL REPRESENTATION OF THE EQUATIONS 


A pictorial representation of the equations can be used to emphasize that plane motion is a 
combination of translation and rotation. The drawing in Fig. 16.1 shows an object with all external 
forces acting on it equated to the object with the effective forces ma and with the moment /a of the 
effective forces. It is apparent that > F,=ma,, > F,=ma,, and > M =TIa. Keep in mind that 
moments are taken relative to the mass center G. 


Py 


F, 
Fig. 16-1 


16.4 TRANSLATION OF A RIGID BODY 


Translation of a rigid body is defined as the motion in which all particles of the body have the 
same acceleration. Then, the scalar equations of Section 16.2 become 


>) E. =ma, > E=ma, > M=0 


where > F,, > F, = algebraic sums of the components of the external forces in the x and y 
directions, respectively 
m= mass of the body 
a,, a, = components of the acceleration of the body in the x and y directions, 
respectively 
 M =sum of the moments of the external forces about the mass center 
of the body 


332 DYNAMICS OF A RIGID BODY IN PLANE MOTION [CHAP. 16 


16.5 ROTATION OF A RIGID BODY 


Rotation of a rigid body about a fixed axis is defined as the motion in which all particles along 
the fixed axis are at rest and all other particles of the body move on circular paths with centers along 
the axis of rotation. 


(a) If a body has a plane of symmetry and rotates about a fixed axis perpendicular to this plane, then, from 
Section 16.2, the scalar equations of motion of the body under the action of an unbalanced force system are 


> EF, =mrw 
> k= mra 
> Mo =Ioa 


where > F, =algebraic sum of the components of all external forces (which are the applied forces Fi, F, 
Ff, etc., the gravitational force on the body, and the reaction R of the axis on the body) 
along the n axis, which is the line drawn between the center of rotation O and the mass 
center G; note that the positive sense is from G toward O because @,, = Fw” has that sense 

= F,= algebraic sum of the components of the external forces along the rf axis, which is 
perpendicular to the n axis at O; note that the positive sense along this axis agrees with that 
of a, =7a 
> Mo = algebraic sum of the moments of the external forces about the axis of rotation through O; 
note that positive sense agrees with the assumed sense of the angular acceleration a 
m = mass of the body 
G =center of mass of the body 
7 = distance from the center of rotation O to the mass center G 
iy = moment of inertia of the body about the axis of rotation 
w = angular speed of the body 
a = magnitude of the angular acceleration of the body 


This type of rotation is called non-centroidal rotation. 


(b) If the rotation is about a fixed axis through G (i.e., if G and O coincide) then F = 0 and moments are taken 
about the mass center. The equations of motion, again from Section 16.2, become 


DR=0 YR=0 YM=la 


where > F, = algebraic sum of the components of the external forces along any axis chosen as the x axis 
> F, = algebraic sum of the components of the external forces along the y axis 
> M =algebraic sum of the moments of the external forces about the axis of rotation through the 
mass center G (axis of symmetry) 
7= moment of inertia of the body about the axis of rotation through the mass center G 
a = magnitude of the angular acceleration of the body 


This type of rotation is called centroidal rotation. 


16.6 CENTER OF PERCUSSION 


The center of percussion is that point P on the 7 axis in Fig. 16-2 through which the resultant of 
the effective forces act. It is at a distance g from the center of rotation O. The distance g is given by 


g =kolr 


where k2%=square of the radius of gyration of the body with respect to the axis of rotation 
through O; note that k% = [p/m, Io being the mass moment of inertia of the body 
about O and m its total mass 
r= distance from the center of rotation O to the mass center G 
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16.7 THE INERTIA-FORCE METHOD FOR RIGID BODIES 


In Chapter 13, D’Alembert’s Principle was applied to particles in motion. Similarly, 
D’Alembert’s Principle can be applied to rigid bodies in motion. In the case of rigid body motion, 
not only must a force equal and opposite to ma be applied to the body at the center of mass but also 


F, 





Fy 


a couple equal and opposite to Ja must be applied to the free body. In Fig. 16-3, then, the reversed 
effective force and the reversed effective couple will balance out the external forces and couples. 
Hence, 


S F-ma=0 
S'M- lak =0 


The advantage of the inertia-force method, based on D’Alembert’s Principle, is that it converts a 
dynamics problem into an equivalent problem in equilibrium. This allows moments to be 
conveniently taken about any axis and not only centroidal axes. 
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Fig. 16-3 


Solved Problems 


Vectors are designated in the diagrams by their magnitudes when the directions are evident by inspection. 


General Plane Motion 


16.1. A ring of negligible mass and radius ry has attached to it three small masses as shown in Fig. 
16-4(a). What is the angular acceleration immediately after the ring is placed on the 
horizontal plane? Assume no angular velocity and that sufficient friction exists so that there is 
no slipping. 


SOLUTION 


The free-body diagram in Fig. 16-4(b) shows the plane reactions (a normal force N and a frictional 
component F). A nonrotating set of axes through the geometric center O of the ring is shown. The total 
gravitational force, which acts through the mass center G of the three masses in Fig. 16-4(a), is 4g. 
Note that the coordinates of G are 

ex mg(—r) + mg(0) + 2me(0.866r) 
Amg 

—_ m(O)+mg(—r) + 2mg(0.5r) _ 

= 4mg = 





= 0.183r 


0 


No slipping is assumed, and thus the geometric center O has acceleration components. 
do, = 1a and. Ao, =0 


To be consistent with the sense of ag, shown acting to the right in Fig. 16-4(b), a must be shown 


¥ 
{' aohy 
\ 
! ’ 
(ao )x } 






x Qa 





Fig. 16-4 
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16.2. 


acting clockwise. The moment equation is given in vector form in Section 16.1. In scalar form, this 


becomes 
> Mo = [oa + mxX(ao) — my(ao) 


This equation is based on a right-hand set of axes with a positive in the counterclockwise direction. In 
using the equation, we must substitute —a for a because we assumed its sense to be clockwise. 
Using the free-body diagram, the equations of motion are 
Ss F.= mao, or F =4mra 
> B=mao, or N —4mg =0 
The moment equation becomes 
+Fr — 4mg(+0.1837) = 4enr?(— a) + 4m(+0.1837)(0) — 4m(0)ra 
Using F = 4mra, the moment equation becomes 
(4mra)r — 0.732mgr = —4mr'a 
Thus a = (0.0915¢/r) rad/s’. If g = 32.2 ft/s? then a = (2.95/r) rad/s’. 


A 600-Ib wheel with a 30-in diameter rolls without slipping down a plane inclined at an angle 
of 25° with the horizontal. Determine the friction force F and the acceleration of the mass 
center. 


SOLUTION 


Figure 16-5 shows the force system acting on the wheel. 

Considerable difficulty is usually experienced in indicating the direction of the friction force F. (F 
may have any value between —yN and xN). In this case, the friction must act up the plane; otherwise, 
the wheel would slip down the plane. Also, friction is the only force that has a moment about the mass 
center, and therefore is the force causing the angular acceleration (> M = /a). 

Choose the x axis parallel to the plane, with the positive direction down. The y axis is positive up. 

The mass m = 600/32.2 = 18.6 Ib-s’/ft or slugs. The moment of inertia is 


T= hm? = 3(18.6 lb-s?/ft)(15/12 ft)’ = 14.5 lb-s*-ft or slug-ft? 


The above units have been commonly used in engineering textbooks. 3 
The equations of motion are (1) © .=ma,, (2) > R =ma,, (3) > M =I/a. Substituting values, 
these become 


600 sin 25° — F = 18.64, (1') 
N — 600 cos 25° = 18.6, = 0 (2') 
F(15/12) = 14.5a (3') 


These three equations involve four unknown quantities; hence, another equation in the unknowns is 
needed. Since this is an example of rolling, we shall use @, = ra = (15/12)a. 

Substitute a = 24, into equation (3) to obtain F = 9.274,. 

Substitute F = 9.274, into equations (Z') to obtain @, = 9.19 ft/s’. Then F = 84.3 lb. 





Fig. 16-6 
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16.3. The center of a wheel having a mass of 18 kg and 600 mm in diameter is moving at a certain 
instant with a speed of 3 m/s up a plane inclined 20° with the horizontal (see Fig. 16-6). How 
long will it take to reach the highest point of its travel? 


SOLUTION 


The free-body diagram shows the friction F acting up the plane. Here, as in Problem 16-2, friction 
is the only force with a moment about the mass center. It therefore causes the angular acceleration, 
which must be counterclockwise. Note that the angular velocity w is clockwise until the wheel stops at its 
highest point. Of course, on the way down the a and w will be in the same direction—counterclockwise. 

The equations of motion are (/) > F, =ma,, (2) = FB, = ma,, and (3) 2 M=lIa. 

Substitute values to obtain the following equations (assume the wheel is a disk, so that 7 = $mr?): 


9.8 x 18 sin 20° — F = 184, (1’) 
N, — 9.8 X 18 cos 20° = 184, = 0 (2") 
F x03 = 318(0.3)'a (3') 


As in Problem 16.1, @, = ra =0.3a. 

From (3'), F =9a,. Substitute into (7') to obtain &, = 2.23 m/s’. The value of @, is positive, i.e., 
down the plane. 

To determine the time to come to rest, i-e., to reach its highest point after the initial speed of 3 m/s 
was observed, apply the kinematics scalar equation v = vp + at. 

Keep in mind that the downward direction is positive. The final speed v is zero, the initial speed vp 
is up the plane and is therefore —3 m/s. The acceleration d@, is down the plane and is therefore 
+2.23 m/s’. 

Then v =u, + at, O= —3 4+ 2.23t, and t =1.35s. 


16.4. Study the motion of a homogeneous cylinder of radius R and mass m that is acted upon by a 
horizontal force P applied at various positions along a vertical centerline as shown in 
Fig. 16-7. Assume movement upon a horizontal plane. 





Fig. 16-7 


SOLUTION 


The free-body diagram shows the force P applied at a distance h above the center. 
Assume F acts to the left. The equations of motion are 


> 5 =P-F=ma, (1) 
> B= Na—mg =0 (2) 
Si M=PXh+FXR=imRa (3) 


Note that P must be greater than F for motion to ensue to the right. Is it possible for motion to occur with 
friction F equal to zero? 


CHAP. 16] DYNAMICS OF A RIGID BODY IN PLANE MOTION 337 


16.5. 


Substitute @, = Ra into (3) to obtain 


PXh+FXR=}mRa, (3’) 
Divide equation (3') by 52 to obtain 
2Ph 
R +2F =ma, (3") 


Equating the left-hand sides of (3”) and (7), 2Ph/R + 2F = P — F or 3F = P(1— 2h /R). 

It is evident that F will be zero if the term (1 — 2h/R) is zero, ie., if h = 5R. Thus, if the force P is 
applied at a point one-half the radius above the center, the frictional force F is zero. 

Also note that if A=R, the equation becomes 3F = P(1—2R/R)=—P. The friction has now 
reversed itself and acts to the right. With F = — 4P, equation (3) becomes, for the case where h = R, 


PR-4PR=$mR?a or = 3P-= na 


This indicates that a is positive or the cylinder rolls to the right. 

Next assume that A becomes smaller until finally P is applied through the mass center, where h is 
zero. Under these conditions, 3F = P[1 — (2 x 0)/R] = P. 

Naturally, at any time in the previous discussion, if P becomes too large, F will tend to increase. As 
soon as the maximum possible value of the friction is exceeded, the cylinder will slip. A new assumption 
must then be made, namely, that the friction F is now equal to the product of the coefficient of friction 
and the normal force N,. The equationsof motion are now 


SF =P-pN,=ma, (4) 
> B= Na mg =0 (5) 
S\ M = Ph + pN,R = 5mR’a (6) 


These equations indicate the existence of both sliding (linear acceleration @,) and rolling (angular 
acceleration a). Refer to Problems 16.6 and 16.22. 


A homogeneous sphere with a mass of 20 kg has a peripheral slot cut in it as shown in Fig. 
16-8. A force of 40 N is exerted on a string wrapped in the slot. If the sphere rolls without 
slipping, determine the acceleration of its mass center and the frictional force F. Neglect the 
effect of the slot. 





Fig. 16-8 


SOLUTION 


Assume rolling to the right. The angular acceleration will be clockwise, and the mass center 
acceleration will be to the right. 


338 DYNAMICS OF A RIGID BODY IN PLANE MOTION [CHAP. 16 


Assuming that friction acts to the left, the equations of motion are 
SF=ma or 40-F=204 (1) 
SS M=la or FX06-—40x0.45 = 2(20)(0.6)’a (2) 
Since @ =0.6a, the second equation may be rewritten 
F X0.6— 40 X 0.45 = 4.8@ 
Combine this with equation (2) to get 
@=0.37 m/s?’ and F=7.14N (to the left as assumed) 


16.6. The coefficient of friction between a plane and a homogeneous sphere of weight 16.1 Ib is 
0.10. Determine the angular acceleration of the sphere and the linear acceleration of its mass 
center. 


SOLUTION 


Draw a free-body diagram showing the frictional force F as unknown. See Fig. 16-9. At the 
beginning, it is not known whether or not the sphere will slip; therefore determine F to see whether or 
not it is greater than ,N, that is, 0.10N. If it is greater, this means that not enough friction is available 
and both rolling and sliding occur. 

The equations of motion are 


16.1 

SF=ma or 16.1 sin 30°— F =77 5a (1) 
a 1 2 (MALY 

M= Fx===(——][= 

2M=ta or 2 5\32.2/\2) * (2) 


Note that @ is assumed counterclockwise; hence, @ must be positive down the plane. Also, @ = ra = Sa. 
From (/), 8.05 — F = 3a; from (2), F = La. Hence, @ = 11.5 ft/s? and F = 2.30 Ib. 
By inspection N = 16.1 cos 30° = 13.9 lb. Maximum friction available is ~N = 0.10(13.9) = 1.39 Ib. 
But the F to prevent sliding (or cause rolling) is 2.30 Ib. This means that the problem must be reworked 
using the maximum friction available, namely 1.39 Ib instead of F. The relation @= rea will no longer 
hold. Incidentally, we are also assuming that the coefficients of static and kinetic friction are equal. 
Draw a new free-body diagram (see Fig. 16-10). The equations of motion are 


16.1 
16.1 sin 30° — 1. -(=5)a 3 
sin 1.39 33.9)" (3) 

1 2/161 ty 

39x === (——}[= 
ta alarals . (4) 


Hence, @ = 13.3 ft/s” and a = 13.9 rad/s’. The sphere will both roll and slip. 


on 





F = 1.36 tb 
” 





Fig. 16-10 
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16.7. 


The cord passes over a massless and frictionless pulley, as shown in Fig. 16-11(a@), carrying a 
mass M, at one end and wrapped around a cylinder of mass M, that rolls on a horizontal 
plane. What is the acceleration of the mass M,? 





Fig. 16-11 


SOLUTION 


The free-body diagrams are shown in Fig. 16-1(b) and (c). Note that the magnitude of the 
acceleration a, of M, does not equal the magnitude of the acceleration @ of the center of gravity of the 
cylinder. 

Equations (7) and (2) apply to the cylinder, and equation (3) applies to the mass M: 


ShR=ma or T-F=Ma (1) 
SMo=la or) (F+T)r=1M,rea (2) 
S F.=ma, or Mg - T= Mya, (3) 
Substitute @/r for a in (2) and divide through by r to obtain 
F+T=1Ma (4) 


Add equation (4) to equation (7) to obtain 

T=3M.a (5) 
This may be solved simultaneously with equation (3) if the relation begween a and a, is obtained. The 
horizontal component of the acceleration of the top point of the cylinder is equal to the sum of the 
acceleration @ of the center and the product ra. In this case, assuming pure rolling, ra is equal to @ by 
kinematic considerations. Hence, the acceleration of the top point, which is the same as the acceleration 


a, of the mass M,, is @+ ra = 22. 
From (5), T =3M,(3a,). Substituting into (3) and solving, a, = M,g/(M, + 3M). 


A wheel with a groove cut in it as shown in Fig. 16-12(@) is pulled up a rail inclined 30° with 
the horizontal by a rope passing over a pulley and supporting an 80-ib weight. The wheel 
weighs 100 Ib and has a moment of inertia J equal to 4 slug-ft?. How long will it take the mass 
center to attain a speed of 20 ft/s starting from rest? 





T 
y | 
l . 
P80 sb 
a0 I 
(a) (b) 


Fig. 16-12 
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SOLUTION 


The free-body diagrams for the wheel and the weight are shown in Fig. 16-12(b). Note that tension 
T in the rope is not 80 lb, because the weight is accelerating. 
The necessary equations for the weight and the wheel are 


80 _ 


> Fecgm = 80 — T= 3554 Q) 
100 

D Faneai = T ~ F ~ 100sin 30° = 35 a (2) 

Si M=F x}=4a (3) 


Since @ = ra = $a, equation (3) may be written F X 5 = 4 x 2a = 8a or F = 16a. 

Putting F = 16a in (2) gives T — 162 — 100 X 0.500 = (100/32.2)@ or T =19.1a + 50. 

Putting T = 19.1@ + 50 in (7) gives 80 — 19.1l@ — 50 = 2.484 or @ = 1.39 ft/s’. 

To find the time required to attain a speed of 20 ft/s from rest, apply the kinematics equation: 


v=up tal 20 = 0 + 1.398 t=14.4s 


16.9. Assuming the pulley in Fig. 16-13 to be massless and frictionless, determine the smallest 
coefficient of static friction that will cause the cylinder to roll. For the cylinder, 4f = 70 kg and 
ko = 400 mm. Refer to Fig. 16-13(a). 





Fig. 16-13 


SOLUTION 


Draw free-body diagrams of the cylinder and weight as shown in Fig, 16-13(b) and (c). Assume that 
the cylinder is rolling up the plane. Since pure rolling is called for, the relation a@=ra_ holds. 
(Acceleration a, has the same magnitude as the component of the absolute acceleration of point A 
parallel to the plane.) By kinematic considerations, a, = a4¢ + a. Dealing only with components parallel 
to the plane, the component of a4,9 =0A X a = 0.45a@ down the plane since a is clockwise. The value of 
ais 0.6a up the plane. Hence, ¢, =0.15e up the plane. 

The equations of motion may now be written. The moment of inertia for the cylinder is 
T= mk, =11.2 kg: m’. 


SF=ma, or 35xX9.8—-T=35a, (/) 
SF=m@a or T-F~70x98sin30° = 70a (2) 
SS M=Ta or FX06-TX045=11.2a (3) 


But @=0.6a and a,=0.15a, as has been shown. Eliminate F between (2) and (3) to obtain 
0.25T — 686 x 0.5 = 60.67a. Solve this simultaneously with (7) to find a = —4.15 rad/s’ and T =365N. 
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Hence, F = 196N. By inspection N,,=70 X 9.8 cos 30° = 594.N. Thus, the required coefficient of 
friction p = 196/594 = 0.33. 
Note that in this problem the cylinder will roll down the plane and the 35-kg mass will ascend. 


16.10. In Fig. 16-14, the homogeneous 200-kg sphere rolls without slipping on a horizontal surface. 
Determine the acceleration of the mass center and the friction needed. 





Fig. 16-14 


SOLUTION 


Assume that the sphere rolls to the left and that the friction force F is also to the left. By 
inspection, N = 200 x 9.8 = 1960 .N. 
The equations of motion are 
> F=ma or F+1400—1000= 2004 
S M=la or —FX1,2—1000 x 1.2 = 2(200)(1.2)a 
Using @ = 1.2a, these equations yield @ = —2.14 m/s” and F = -828N. 


Thus, the sphere will roll to the right and the friction is to the right, instead of the direction 
originally assumed. 


16.11. Assume that the disk A in Fig. 16-15 rolls without slipping. Determine the tensions in the 
ropes and the acceleration of the mass center of disk A. 





193.2 Ib 
2.6 ft 





Fig. 16-15 


SOLUTION 
1, = mk2, = (161/32.2)(3)? = 45 Ib-s’-ft, Lp = (193.2/32.2)(2.5)? = 37.5 Ib-s?-ft. 
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Draw free-body diagrams of A, B, and C. See Fig. 16-16. 

Assume in the diagrams that C moves down the plane and that A rolls up the plane. The following 
kinematic ideas are needed to solve the problem. First, a, = 44 Second, the acceleration of rope 7; 
equals that component of the absolute acceleration of point D (on disk A) that is parallel to the plane. 
This component has a magnitude that is the sum of the magnitude of the acceleration relative to the 
mass center (1X a@,) and the magnitude of the acceleration of the mass center (@). Therefore the 
magnitude of the absolute acceleration of T, is 34. Since this is also the magnitude of the acceleration of 
a point 2 ft from the center of B, ag = 34/2 = 3a. The magnitude of the acceleration of 7, is equal to that 
of a-(3a X 4 = 3a). 


fo) |S, 





tT, 
Fig. 16-16 
The equations of motion for A are 
SF=mao T, + F,-161 si 30° = 161 5 (1) 
=ma r ith sin 30° = 3554 
SM=la, or 1T,X1-F,xX4=45x}a (2) 
The equation of motion for B is 
SM=lag or T%X4-T,X2=37.5X 2a (3) 


The equations of motion for C paralell and perpendicular to the plane are 


300 (5 
DLAi=mac or 300X0.707-025N - R= 3, (5)a (4) 


> F.=0 or N-—300X0.707=0 (5) 


Solve equation (5) for N; substitute this into equation (4). Solve equation (4) for 7, in terms of @ 
Eliminate F, between equations (7) and (2) to find 7, in terms of @ Substitute these values of T, and 
into equation (3) to find a. 

These values are N = 212 Ib, 7% = 159 — 23.34, 7, = 64.4 + 6.25a. 

Substitute into equation (3) to obtain 4(159 — 23.3a) — 2(64.4 + 6.25@) = 23.42. 

Hence, @ = 3.93 ft/s’, T, = 89.0 lb, 72 = 67.4 Ib. 


16.12, A solid homogeneous cylinder weighing 644 Ib rolls without slipping on the inclined rails 


shown in Fig. 16-17. Determine the mass center acceleration. 


SOLUTION 


Draw the free-body diagram assuming that the cylinder rolls up the plane. Note that d= ra =1.5a@ 
in this case. 
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The equations of motion are 


7 644 _ 
DF=ma or — F ~644sin 30° + 30 cos30° => a (1) 
de, 1 / 644 a 
=I -FX15+30x2=5 (5 255) 2 
2 Mala or 2\322)) (is (2) 


Solve simultaneously to obtain @ = —6.78 ft/s’. This indicates that the cylinder will roll down the plane. 


8¢ Ib horiz. 





Fig. 16-18 


16.13. A uniform bar of length / and mass m rests on smooth surfaces as shown in Fig. 16-18. 
Describe its motion. Choose the x axis along the horizontal surface and the y axis along the 
vertical surface. 


SOLUTION 
The free-body diagram shows only normal reactions of the surfaces on the bar, because friction is 
negligible. 
The equations of motion are 
> FE. =Na= ma, 7) 
>) R=Np — mg = ma, (2) 
SS M=N,(l sin @) — Ng(3l cos 6) = Tex (3) 


Note that J for the rod about its mass center is jml?, and that @ is the second derivative of @ with 
respect to time. 

Since the three equations contain five unknowns, two more equations in the unknowns are required 
to obtain a solution. The geometry of the figure indicates that 


X = 4! cos @ and y=3/sin@ 


dx dxde _ _d@ dy ayd@ do 
Then —=— -— =—-Y sin e— and —=—— =} cos @— 
dt d@dt x a dod °°” dt 
Differentiate again to obtain 
_ dx de\ d@ _ a’@ 
aS (cos oF} a +7 sin OR 
_ ay . ,d@\ de d’@ 
and a, = = (sin oF) G+ Hoos OR 
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These values will be substituted for a, and a, in the original equations. However, it is well to substitue 
first the values N, = ma, and N, = ma, from equations (7) and (2), respectively, into equation (3). Thus, 
equation (3) becomes, after dividing all terms by 4yngl, 


sin@_ cos@_ I d’6 
~——- a, — a, = cos 6 + —-—> 
8 e+ 6g dt 





Next substitute the values of 4, and a, just determined and simplify to obtain 


d’6 3g 
de cos 8 


Using the method developed in Problem 16.39, the angular speed w is found to be 
3 
w=, PE (a sin) 


16.14. Figure 16-19(a) shows a 12-ft, 20-Ib homogeneous ladder restrained in a 60° position. The 
floor and the wall are smooth. If the ladder is suddenly released and the top is given a speed 
of 3 ft/s down, what will be the reactions of the floor and the wall on the ladder at the 
moment immediately following release? 





Sa ae ee | 
am 


(\a 


(a) (b) 
Fig. 16-19 


SOLUTION 


The free-body diagram in Fig. 16-19(b) shows the angular acceleration a assumed counterclock- 
wise. Using the instant center /, the angular velocity is v,//B = 3.6 = 0.5 rad/s. 
The acceleration of the mass center G will be written referring to the acceleration of both A and B: 


Gc = (4aia)e + (Acia)n + a (1) 
4g; = (daw): + (Aciadn + ae (2) 
The quantities on the right-hand sides of equations (7) and (2) have the following information: 


(a) (4¢,,), iS 6a down to left at 30° with horizontal; 
(6) (aeua)n iS 6(0.5)* = 1.5 down to right at 60° with horizontal; 


(c) a, is horizontal; 
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16.15. 


16.16. 


(d) (acm), is 6a up to right at 30° with horizontal; 
(e) (Germ), is 6(0.5Y = 1.5 up to left at 60° with horizontal; 
(f) ap is vertical. 


From equation (7), where a, has no vertical component, we sum vertically to get 
(g) (aq), with components 6a sin 30° down and 1.5 cos 30° down or (3a@ + 1.3) down. 
From equation (2), where a, has no horizontal component, we sum horizontally to get 


(A) (aq), with components 6a cos 30° right and 1.5 cos 60° left or (5.2a — 0.75) right. 
The equations of motion are 


20 
SE=m(ac), or +B= = (5.2a — 0.75) (3) 
>“B=m(ac), or 20-A= z (3a + 1.3) (4) 

¥ Mg = Iga or AX3-B x3=2 (7 )a2°a (5) 


From these, we find B =3.2a — 0.466 and A = 19.2 — 1.86a. Substitute these values into equation (5) 
and solve for a = 2.6 rad/s” counterclockwise. 
Hence, A = 14.4 1b up and B = 7.93 lb to the right. 


A homogeneous right circular cone is precariously balanced on its apex in unstable equlibrium 
on a smooth horizontal plane as shown in Fig. 16-20(a). If it is disturbed, what is the path of 
its center of mass G? 





{a) () 
Fig. 16-20 


SOLUTION 


Draw a free-body diagram to indicate the cone in any position while falling [see Fig. 16-20(b)]. 
Note that there is no horizontal force present (no friction assumed). Then the sum of the horizontal 
forces is zero. But the sum of the horizontal forces equals the product of the cone’s mass m and the 
horizontal acceleration a, of the mass center. Since there is a mass, the product ma, can be zero only if 
G, iS Zero. 

If the initial horizontal speed is zero and the value of @, is zero, the center of mass G can only have 
motion in a vertical line passing through the point where the apex of the cone was in its original 
undisturbaed position. 


Two homogeneous cylindrical disks are rigidly connected to an axle as shown in Fig. 16-21. 
Each disk has a mass of 7.25 kg and is 900 mm in diameter. The axle is 200 mm in diameter 


346 DYNAMICS OF A RIGID BODY IN PLANE MOTION [CHAP. 16 


and has a mass of 9 kg. A string wrapped as shown exerts a force of 45 N at the middle of the 
axle. Analyze the motion. 


$00 mm 


45N qd 


Fig. 16-21 Fig. 16-22 





SOLUTION 


A free-body diagram is shown indicating only a side view (see Fig. 16-22). Friction F is assumed 
acting to the left. The equations of motion are 


> 5, =45 — F =ma, (7) 
> B= N,—9.8X 23.5 = ma, =0 (2) 
> M=0.45F — 45(0.1) = Ta (3) 


The moment of inertia J is the sum of the moments of inertia of the two disks and the axle: 
T= (bai ise) + WMaxicl one = 7-25(0.45)? + 4(9)(0.1)? = 1.513 kg +m? 


Substituting these values, equations (/), (2), and (3) become 


45 — F =23.5a, (1’) 
N,—230=0 (2') 
0.45F — 4.5=1.513a (3") 


Since a = 4,/0.45 where the distance from the center of rolling to the surface on which the rolling occurs 
is 0.45 m, equation (3’) may be written 
a, 


0.45 





0.45F — 4.5 = 1.513( ) or F-10=7.47a, 


Add this equation to (J‘) to obtain a, = 1.13 m/s’ to the right. 


16.17. A homogeneous sphere and a homogeneous cylinder roll, without slipping, simultaneously 
from rest at the top of an inclined plane to the bottom. Which reaches the bottom first? 


SOLUTION 


It is likely from the wording of the problem that the radii of the solids have no influence. Let the 
subscripts s and c refer to the sphere and cylinder, respectively. 
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The free-body diagram shown in Fig. 16-23 refers to either solid. 
The equations of motion are listed below. The moments of inertia for the sphere and cylinder are, 
respectively, 37,72 and 4m,72. 


> F.=mg sin @— F =m,(4,), (1) > F=mg sin @ — F. =m (a,). (4) 
> R=N,— mg cos 0=0 (2) > £ =N.— mg cos 6 =0 (5) 
>» M = Fr, = 3m,ra, (3) > M = Er, = hm.ra, (6) 


Substitute r,a, = (@,), into equation (3) and Substitute r.a, = (4,), into (6) and obtain 
obtain 

F, = 3m,(4)s (3') F.=3m(@)c (6’) 
Substitute this value into (/) to obtain Substitute this value into (4) to obtain 


(4.), = 3g sin 6 (Z') (4,). = 3g sin 8 (4') 





Thus, the sphere, having the larger acceleration, will reach the bottom first or the object 
with the least mass moment of inertia. 





Fig. 16-23 


16.18. A cylinder 100 mm in diameter has a cord wrapped around it at the midsection. Attach the 
free end of the cord to a fixed support and allow the cylinder to fall. Analyze the motion. 


SOLUTION 


Two equations—one summing the forces in the vertical direction assuming downward as positive 
and the other summing moments about the mass center assuming clockwise moments as positive—are 
useful here. They are 


SE, =mg - F = ma, (1) 
S i= Fr=To (2) 
Refer to Fig. 16-24. F is the tension in the cord. The moment of inertia [= imr’, where r = 0.05 m. 
Also, a =4@,/r =20a,, since the motion is equivalent to rolling the cylinder on the cord. Equation (2) 
becomes 
0.05F = 4m(0.05)°(204,) or  F= ma, 


Substitute this value of F into equation (7) to obtain 4, = 2g/3 = 6.53 m/s’. 
The yo-yo works on this principle. It is designed so that a, is much smaller than g. This occurs if the 
cylinder 1s grooved so that F is applied at a smaller radius than that of the cylinder. 
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16.19. A solid sphere and a thin hoop of equal masses m and radii R are harnessed together by a 
rigging and are free to roll without slipping down the inclined plane shown in Fig. 16-25(a). 
Neglecting the mass of the rigging, determine the force in it. Assume frictionless bearings. 





(hk) 
Fig. 16-25 


SOLUTION 


Draw free-body diagrams assuming that C is the compression in the rigging [see Fig. 16-25(b)]. If 
the sign should be negative, this merely indicates that C is tension. 

Let the subscripts S and H indicate sphere and hoop, respectively. The acceleration @ is the same 
for either mass center; and since the radii are equal, the angular acceleration a for each is the same. Sum 
forces parallel to the plane to obtain the following two equations: 


mgsin@—F,-C=ma (1) 
mg sin @— Fj,,+ C=ma (2) 


Since there are four unknowns (Fs, Fz, C, @), two more equations are necessary. These are obtained by 
taking moments about the mass centers: 


Fj xX r=la=2mra (3) 


FE, Xr=L,a=mr'a (4) 


The relation @ = ra holds for either equation. From (3) and (4), Kj = 3a and F,, = ma. Substitute 
these values into equations (2) and (2); then add the resulting equations to eliminate C and obtain 
a = tg sin @. Next solve for C = img sin 6 (compression). 


16.20. At what height above the table should a billiard ball of radius r be hit with a cue held 
horizontally so that the ball will start moving with no friction between it and the table? Refer 
to Fig. 16-26. 





Fig. 16-26 
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16.21. 


SOLUTION 
The equations of motion are 
> =P = ma, (1) 
> B= Na- mg =0 (2) 
> M= Pl= 3mr’a (3) 


Since a = 4,/r, equation (3) reduces to P = 2mra, /5L. 

Substitute this value of P into equation (2) to obtain / = 27. 

In other words, the proper distance above the table is r + 2r = 2r. 

The same procedure is used to find the proper height of the cushion on a billiard table so that the 
ball rebounds without causing any friction on the table. In this case the force P of the cushion takes the 
place of the force of the cue. Of course, the answer is the same. 


A solid homogeneous cylinder weighing 16.1 Ib rolls without slipping on the inside of a curved 
fixed surface. In the phase shown, the speed of the mass center of the cylinder is 9 ft/s down 
to the right. What is the reaction of the surface on the cylinder? 


SOLUTION 


Draw a free-body diagram showing the reaction components F and N. See Fig. 16-27(a). Figure 
16-27(b) illustrates any position of the cylinder to study the kinematic relationship necessary to solve the 
problem. Note that as the cylinder rolls up to the left, ¢@ and @ increase as indicated. Hence, assume that 
the angular acceleration of the cylinder is positive in the counterclockwise direction and thus that @, is 
positive to the upper left. 





(8) 


Fig. 16-27 


The equations of motion are 


- 
nN 


el 


SB, = ma, or N — 16.1 cos 30 = 399% () 
16.1 

= ma, —16.1 si +F=u——a, 2 

SE ma, or 16.1 sin 30+ F 399% (2) 
— = 1 1/16.1\/1\ 
fate or red 3890) 

a 2-720 /on 3) 


where @,, and @, are the magnitudes of the components of the acceleration of the mass center G and a is 
the magnitude of the angular acceleration of the cylinder about G. The mass center G can be considered 
as rotating about the center of curvature O. Hence, @, =v’/OG = 81/45 = 18 ft/s’. The tangential 
magnitude @, is as yet unknown. 
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To express a in terms of @,, refer to Fig. 16-27(b), where D is the point on the cylinder originally in 
contact with M. Since pure rolling is assumed , the arc BM in the curved surface must equal the arc BD 
on the cylinder (otherwise slip occurs). Let r = radius of the cylinder and R = radius of surface. 

Then r(é + 6) =Rd or 6=(R/r — 1)¢d. This relationship also holds for the time derivatives of 6 
and ¢. The second derivatives of @ with respect to time is the magnitude of the angular acceleration a. 
The second derivative of @ with respect to time may be found in terms of @,, since center G is considered 
to rotate about O; that is, @, =(R — r)(d’d/dr’). Hence, 





dé R-r@’d R-vr G & 
a=—= = = 
dt" r dr r R-r ¢ 


In this case, R = 5 ft and r = 3 ft; therefore a = 24, and the equations of motion simplify to 


N-13.9=9 (7’) 
-8.05+ F= 4a, (2’) 
-F= 24, (3’) 


from which F = 2.68 lb and N = 22.9 Ib. 


A disk of mass m and radius of gyration k has an angular speed w, clockwise when set on a 
horizontal floor. See Fig. 16-28(a). If the coefficient of friction between the disk and the floor 
is yw, derive an expression for the time at which skidding stops and rolling occurs. 


| es 
Ng on 
Initially N, 
(a) (6) 
Fig, 16-28 


SOLUTION 


A free-body diagram shows the friction force wN,, the normal force N,, and the gravitational force 
mg acting on the disk. These will cause a mass center acceleration @ to the right and an angular 
acceleration counterclockwise as shown in Fig. 16-28(b). 

The equations of motion are 


SBR=mai or pN,=ma (7) 
> F,=0 or N,a=meg (2) 
3S M=Ta or pNyr=mka (3) 


Substituting NV, = mg into equation (/) and then into equation (3), we obtain 


a=pug (4) 
a=" (5) 


The speed v at any time ¢ can be found from equation (4) to be 


U = Uo + wget = pet (6) 
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16.23. 


16.24. 


since vy =0. Also, the angular speed w at any time 1 can be found from (5) to be 





rt 
@ = Oy — ae (7) 
where it is assumed that clockwise is positive. 
When skidding stops and rolling occurs, 0 = rw. Hence, we multiply (7) by r to obtain v, which is 
also given by (6). This yields the required time t’: 


pert’ ye FW 
ke ug(1 + r7/k’) 





(8) 


peagt’ = rw, — 


A uniform cylinder of radius R is on a platform that is subjected to a constant horizontal 
acceleration of magnitude a. Assuming no slip, determine a), the magnitude of the 
acceleration of the mass center of the cylinder. 


SOLUTION 


The free-body diagram is shown in Fig. 16-29 with all forces acting on the cylinder. 





Fig. 16-29 


The angular acceleration of the cylinder is assumed clockwise. Point / is the instant center between 
the cylinder and the platform, and therefore has an acceleration to the right equal to that of the 
platform. 

From kinematic concepts, we can write 


Ay = Ag, + a; 
Summing in the horizontal direction, this equation yields (to the right is positive) 
ao= Rata (7) 
The equations of motion are next applied to the cylinder: 
Ss Ff, = mao or F=mao (2) 
SM Mo=loa or — FR =3mR’a (3) 


The sign on the moment of the frictional force F is negative because the moment is opposite to the 
assumed a. 

Substituting from equation (7) into (2), we find F =m(Ra +a). Now put this value of F into 
equation (3) to obtain Ra =—%a. Thus, by equation (J), the acceleration of the mass center is 
ay = —4tat+a= 4. 


The homogeneous bar ABC in Fig. 16-30(a) is 3000 mm long and has a mass of 20 kg. It is 
pinned to the ground at A and to the homogeneous bar CD, which is 2000 mm long with a 
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mass of 10 kg. Determine the angular acceleration of each bar immediately after a restraining 
wire is cut. Assume no friction as D starts moving to the right. 





SOLUTION 


Figures 16-30(b) and (c) are free-body diagrams of the two bars at the instant of release. The 
acceleration of B is the same on either bar, and thus we write 


4p = (Agio)n + (Aap) + An (7) 


The acceleration of B as a point on ABC is 2a,,, and since it is perpendicular to the bar, it is 
directed to the right and down at an angle of 30° with the horizontal. 

The acceleration (ag:p),, is zero because there is no angular velocity at the instant of release. The 
acceleration (ag,p), is to the left and down at an angle of 30°, and equals 2a,p. Finally, note that ap can 
only be horizontal. In equation (J), we sum the vertical components of the accelerations with down 
positive and obtain 


2a,g sin 30° = Za@gp Sin 30° + 0 


Since this shows a4, = Qgp, we Shall use a for both quantities. 
Summing the horizontal components of the accelerations in equation (7), with positive to the right 
being used, we obtain 


2a48 COS 30° = —2agp cos 30° + ap 


Writing a for both angular accelerations, we now have ap = 3.46a to the right. 
For the bar BD, we can write for its mass center G the following acceleration: 


ag = (Guin) + (Geup)n + Ap (2) 


As before, (agp), is zero. The (acip), = (1 )e is directed to left and down at an angle of 30°. Of 
course, we have already shown a, = 3.46a directed to the right. 
Sum components horizontally in equation (2) to get 


(4c), = 3.46a — (1a)(0.866) = 2.62 (to the right) 
sum components vertically to obtain 


(4), = (1a@)(0.5) or 0.5a (down) 
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In Fig. 16-30(c), sum horizontally, using to the right as positive, and sum vertically, using down as 
positive. This yields 


B, = m(a@c), = 10(2.6a) = 26a (to the right) (3) 
—B, + 10x 9.8 — D = 10(0.5a) (4) 

Next sum moments about G, using counterclockwise as positive. This yields 
—B, X 0.866 — B, * 0.5 + D x0.5 = 4 (10)(2)a (5) 


Equation (4) yields 
D=—B,+98—Sa 
Using this value of D and that of B, from equation (3) in equation (5) to get 


~-0.866(26a@) — B,(0.5) + 0.5(—B, + 98 — Sa) = 3.33a (6) 
From equation (6), 
B, =49- 28.3a 
Sum moments about A for the free-body diagram in Fig. 16-30(b) to obtain 
> M, = (20 X 9.8)(0.75) + 1000(1.5) + B, X 1 — B, xX 1.732 = $(20)(3)'a (7) 


Solve equations (6) and (7) simultaneously to find 


a = 12.7 rad/s” 


ols Translation 


waned == 16.25. A 50-lb homogeneous door is supported on rollers A and B resting on a horizontal track as 
shown in Fig. 16-31. A constant force P of 10 Ib is applied. What will be the velocity of the 
door 5s after starting from rest? What are the reactions of the rollers? Assume that roller 
friction is negligible. 





10 Ib 
Fig. 16-31 Fig. 16-32 
SOLUTION 
The acceleration a, is assumed to be in the x direction in the free-body diagram shown in Fig. 
16-32. 
Apply the equations > F, = ma,, > F. =ma,, and > M = 0 to obtain the following; 
50 
=1¢6=— 1 
y= 10-3554, (1) 
50 
-=A+B-50=—— 2 
DA 32.2° @) 
3) M=Bx4-Ax4-10x1=0 (3) 


From equation (7), a, = 6.44 ft/s’. Since a, is constant, the formula involving the known quantities vg, a, 
t, and the unknown v should be used: 


v = Up) + at =0 + (6.44 ft/s”)(5 s) = 32.2 ft/s 
Solve equations (2) and (3) simultaneously to obtain A = 23.7 lb and B = 26.3 Ib. 
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16.26. Figure 16-33(a) shows a homogencous bar AB that is 2000 mm long and has a mass of 2 kg. 
The ends are constrained to slide in smooth horizontal guides. Determine the acceleration of 
the bar and the normal forces at A and B under the action of the horizontal 20-N force. 


20N pe i) 





C) 
Fig. 16-33 


SOLUTION 


The free-body diagram in Fig. 16-33(b) shows the given force, the normal forces at A and B, and 
the gravitational force 2 < 9.8N. The acceleration is shown acting to the right. (There is no angular 
acceleration.) 

Assume that forces to the right are positive, forces up are positive, and counterclockwise moments 
are positive. The equations of motion are 


> R=ma or 20 = 2a (J) 
> 5=0 or N,—N,=19.6=0 (2) 
> Mo =0 or — 20(1)(3/5) — N,(1)(4/5) ~ Np(1)(4/5) = 0 (3) 


From equation (1), a = 10 m/s. Equations (2) and (3) solved simultaneously yield N, =17.3N up and 
Nz = —2.3 N up. (The reactions are not in the directions assumed to be correct. A minus sign means that 
the reaction acts opposite to the direction shown, i.e., Ng acts up.) 


yi 


anced «= «16.27. A freight car starts from rest at the top of a 1.5 percent grade 1 mi long. Assuming a 
resistance of 8 lb/ton, how far along the level track at the bottom of the grade will it roll 
before coming to rest? 


SOLUTION 


On the incline the forces acting parallel to the track are the component of the weight 0.015W and 
the resistance of (8/2000)W = 0.004W Ib. The first accelerates the car, but the latter decelerates it. 

The equation of motion is >) F,= 0.015W — 0.004W = (W/g)a. 

The resulting acceleration is a = 0.0/1g. The velocity at the bottom of the grade is found from 


vu? = ug + 2as = 0 + 2(0.011g¢)(5280) 


To determine the distance s along the level, apply the same formulas, noting that the only 
horizontal force acting is a constant decelerating one (because of train resistance), that is, —0.004W. 

As before, > A, = —0.004W = (W/g)a; hence, a = —0.004g. Also, vj now becomes the value of v* 
found above. Thus, 


v?=v2+2as or 0 =2(0.011g)(5280) — 2(0.004gs) 


from which s = 14,500 ft along the level. 
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16.28. A block A rests on a cart B as shown in Fig. 16-34. The coefficient of friction between the cart 
and the block is 0.30. If A has a mass of 70 kg, investigate the maximum acceleration the cart 
may have. 


SOLUTION 


The two possibilities to consider are (a) the acceleration that will cause the block to slide off the 
cart and (b) the acceleration that will cause tipping. 

In case (a), the friction is a maximum and is equal to the product of the coefficient of friction and 
the normal force between the cart and the block. 

In case (b), the necessary friction may be (1) less than maximum, (2) maximum, or (3) greater than 
maximum. If the friction necessary to cause tipping is greater than maximum, naturally it cannot be 
obtained, and therefore the block will slide at the value of the acceleration calculated in (a). 

The free-body diagram for case (@) is shown in Fig. 16-35. Note that the normal force N, is applied 
at some unknown point in this representation. The friction is shown acting to the right, since the cart is 
being accelerated to the right and pulls the block with it because of friction. Only two equations are 
necessary: 


Ss F, = may; that is, F=ma, qd) 
> E=ma, =0: that is, N,—686=0 (2) 


From equation (2), N, = 686 N. 

Equation (/) becomes 0.30 X 686 = 70a, or a;, = 2.94 m/s’. 

Accelerations above 2.94 m/s’ will cause the block to slide. 

The free-body diagram for the case of tipping is shown in Fig. 16-36. In this case motion impends 
about the back edge of the block. Therefore the normal and frictional forces are shown there. 


G 
1. 636 N 

F=030N, aro F 
Na 


Fig. 16-34 Fig. 16-35 Fig. 16-36 





Note that F is not placed equal to 0.30N,. The limiting value of friction is used only if slipping 
impends, as in case (a). The equations are 


> F, = ma, (3) 
Ss F.= ma, =0 (4) 
S M=0 (5) 
These become 
F =70a, (3') 
N,, — 686 = 0 (4') 
—-N,X0-34+ FX1:2=0 (5’) 


From (4), N, = 686 N. Substituting into (5'), F =172.N. 

Substituting F = 172 N into (3'), a, = 2.46 m/s’. 

Thus at an acceleration of 2.46 m/s’ the block tends to tip. Since at this acceleration the force of 
friction is 172 N, which is less than the limiting value (0.30 x 686 N), the tipping will occur before sliding 
can exist. 

Or, looking at the problem slightly differently, an acceleration of 2.46 m/s” will cause tipping, 
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whereas an acceleration of 2.94 m/s’ will cause sliding. Since the acceleration 2.46 m/s” is reached first, 
tipping will occur before sliding. 

It can be deduced directly from equation (5’) that tipping will occur first, since the ratio of F to N4 
in this case is 0.25, which ts less than the maximum ratio of 0.30. 


16.29. A 60-kg operator is standing on a spring scale in a 600-kg elevator that is accelerating 6 m/s” 
up. What is the scale reading in kilograms and what is the tension in the cables? 


SOLUTION 


Figure 16-37 shows the free-body diagram of the 60-kg elevator operator, with the gravitational 
force acting down and the scale force acting up. Because the acceleration is up, we shall assume that 
direction is positive. The equation of motion for the operator is 


> F. = P- 60X98 =ma = 60 X 6 


From this, P = 948 N and the scale reading will be 948/9.8 = 96.7kg. Thus, there is an apparent 
increase in the mass of the operator of 96.7 — 60 = 36.7 kg. 


60x98 
| 4 =6 m/s? } 
= 1 a=6m/s? 
P 
660 x 9.8N 
Fig. 16-37 Fig. 16-38 


To determine the tension 7 in the cable, draw the free-body diagram as shown in Fig. 16-38. If we 
call the up direction positive, the equation of motion for the elevator and the operator is 


DSR=ma or T-660X98=6606 
From this equation, T = 10,400 N. 


16.30. Block B is accelerated along the horizontal plane by means of a mass A attached to it by a 
flexible, inextensible, massless rope passing over a smooth pulley as shown in Fig. 16-39. 
Assume that the coefficient of friction between B, which has a mass of 2 kg, and the plane is 
0.20. Discuss the motion if A has a mass of 1.2 kg. 


200 mmm 





Fig. 16-39 
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SOLUTION 


Draw the free-body diagrams of A and B (see Fig. 16-40). Note that the force N, is shown acting at 
a distance x from the vertical line through the mass center of block B. Assume the acceleration of block 
B is to the right as shown. 

Sum the vertical forces acting on block A (assume down is positive to agree with the arrow on the 
acceleration vector) to obtain 


1.2X9.8—-T =1.2a (1) 


By inspection of the diagram for block B, Ng =2 X 9.8 = 19.6N. 
Sum the horizontal forces on block B (to the right is positive) to obtain 


T —0.20N, = 2a (2) 


Equations (7) and (2) yield a = 2.45 m/s’. 
The sum of the moments of the force about the mass center of B is equal to zero; thus, with 
counterclockwise moments being positive, the equation is 


~T X0.15—N, Xx —- F X0.15=0 (3) 
Substituting the values of 7, F, and Nz into equation (3), the value of x = —97.5 mm. The minus sign 
indicates that the force N, is acting to the right of the mass center instead of to the left as assumed. 

git 

ee 16.31. Refer to Fig. 16-41. The stand A is accelerated to the left at 2.5 m/s’. But B is pinned at P, 
and its top rests against the smooth vertical surface at H. A and B have masses of 30 kg and 


7 kg, respectively. Determine the horizontal force F and the horizontal push H on the top of 
the bar. 





Fig. 16-41 Fig. 16-42 


SOLUTION 
Taking the entire body as a free body, sum the forces horizontally (to the left is positive) to obtain 
F = Ma = (30 + 7)(2.5) = 92.5N 


Next draw the free-body diagram or bar B as shown in Fig. 16-42. The equations of motion are 


SB=Ma, or  P,+H=7(2.5) (2) 
SB=Ma, or P,-7X98=0 (2) 
+ M=0 or (0.037 5)H — (0.037 5)P, — (0.05)P, =0 (3) 
From equation (/), P.=17.5-H 
From equation (2), P, = 68.6 


Substituting these in equation (3) gives 
(0.037 5)H — (0.037 5)(17.5) + (0.037 5)H ~— (0.05)(68.6) = 0 
Hence, H = 54.5 N. 
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Both bodies A and B in Fig. 16-43 have a mass of 20 kg. A small strip is nailed to B to prevent 
A from sliding while P accelerates the system to the left on the smooth plane. Determine the 
maximum value of P without causing A to tip. If the system was moving initially with velocity 
3 m/s is to the right, what will be its velocity after moving 4 m? 


150 men 


20x 9.8 





Na 


Fig. 16-43 Fig. 16-44 


SOLUTION 


Draw a free-body diagram of A (see Fig. 16-44). The normal force N, is shown acting up at the 
extreme right, since the block is about to tip. The equations of motion are 


> F. = Ma, or F=20a (1) 
SE=Ma,=0 or N,-20X9.8=0 (2) 
> M=0 or N,x0.075—FxX0.125=0 (3) 


Substitute N,=20%9.8 from equation (2) into equation (3) to obtain F =118N. Substitute into 
equation (2) to find a = 5.9 m/s’. 

To determine the velocity after traversing 4 m, first consider the distance moved to the right before 
the velocity becomes zero. Applying the kinematics equation, 


v=vuyt+2as 0=(4+3)P—-2(5.9)s s =0.76m 


The remainder of the 4m will be to the left, i-e., 3.24m. Using the same kinematics equation and 
assuming the positive direction to the left, v? = 0 +2 x 5.9 x 3.24. Hence, the final velocity is to the left 
and equals 6.18 m/s. 


Block A with mass 30 kg is located on top of a block B with mass 45 kg as shown in Fig. 16-45. 
The coefficient of friction between the blocks is }. The coefficient of friction between block B 
and the horizontal plane is 75. Determine the maximum value of P that will not cause block A 
to slide or tip. 


3 x 9.8 





Na 
Fig. 16-46 





yt 


Mathcad 
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16.34, 


SOLUTION 


First determine the force P to cause A to slip on B. Draw the free-body using friction as 4N, 
between blocks. See Fig. 16-46. 


The location of the reaction N, is unknown, but is also immaterial in this solution. By inspection, 
its value is 30 x 9.8 = 294 N. Likewise by inspection, the reaction Ng = 294 + 45 X 9.8 = 735 N. 
The other equation of motion for body A is 


Sk=ma, or P-4N,=30a (1) 
For body B, the needed equation of motion is 
> Fi=ma, or  3N,~- ibNy = 45a (2) 


These equations yield a = 0.544 m/s’ and P = 114N (for slip of A on B). 

Next draw free-body diagrams to determine the force P to cause tipping (see Fig. 16-47). Now the 
normal component N, of the reaction must be drawn at the lower right corner. The frictional component 
F of the reaction is unknown. 





Fig. 16-47 


By inspection, N,=30X9.8=294N, N,=735N, and the friction at the bottom is jo of 
735 = 73.5N. 
For block A, the equations of motion are 


Si F=ma, or P-F=30a (7) 
SY M=0 or —PX0.05+N,x0.050 — F x 0.075 =0 (2) 

For block B, the needed equation is 
SK, = ma, or F ~—73.5 = 4Sa (3) 


Solve equations (/), (2), and (3) simultaneously to obtain P = 132 N. 
The smaller of the two values of P, i.e., 114.N, is the maximum value that will not cause block A to 
slide or tip. 


Find the minimum time for the lift truck shown in Fig. 16-48 to attain its rated speed of 
1.5 m/s without causing the six cartons, [500 mm high, to tip. Each carton is 250 mm high 
with a base 400 mm on each side. Assume coefficient friction present so that sliding will not 
occur. 


SOLUTION 


The free-body diagram of the cartons on the truck indicates motion to the right. Thus, the reversed 
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effective force Ma is applied to the left through the mass center to hold the system in ‘equilibrium for 
study purposes.” Tipping will tend to occur about the left lower edge. 





Moments about that edge yield 
M X 9.8 X 0.2 = Ma X0.75 


The maximum acceleration is thus 2 = 2.61 m/s*. Since v = v, ~ at, minimum time ¢ = 0.57. 





Fig. 16-49 


16.35. The car shown in Fig. 16-49 has a rear-wheel drive. 





(a) What force must the rear wheels exert on the ground to cause an acceleration @ to the right? 
(b) Neglecting the rotational inertia effect of the wheels, what is the maximum acceleration possible for 
a given coefficient of friction . between the tires and the pavement? 
(c) Assuming sufficient friction to be available, what is the accelcration required to cause the car to 
Start to tip backward? 
SOLUTION 
(a) Apply the reversed effective force (W/g)a to hold the car in ‘equilibrium for study purposes.” 
Summing forces horizontally, © /, = F — (W/g)a = 0. From this cquation, F = (W/g)a. 
(b) to find the maximum acceleration possible, solve for Rp. The greatest friction may be determined 
from F = pRe. 
Taking moments about KR; to obtain 
W_ 
—RyX(ce+d)+WxXd+—axb=0 
& 
From this equation, 
Wad Wha 
Ro ha ah ay 
ct+d g(cid) 
Wd Wba 
Hence, F=pRe=p-——+ 
ak Pe +d M alc +d) 
Substitute this value of F into F =(W/g)a and then solve for @ = p dg/(c +d — wb). 
Notice that with this type of solution (using the equations of motion as shown), moments may 
be taken about a point other than the mass center. 
(c) In this case the reaction R, on the front wheels is zero. Sum moments about the line of contact of 


the rear wheels with the ground to obtain © My, =U =(W/g)a Xb — W Xc. Hence, the accelera- 
tion to cause tipping is @ = cg/b. 
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16.36. The van shown in Fig. 16-50 has a front-wheel drive. It can accelerate from 0 to 60 mi/h in 
13.8 s. Determine the vertical reactions (R; and Rx) on the front and rear wheels under this 
acceleration and also the necessary frictional force between the front wheels and the road. 
The van weighs 3385 Ib. Its mass center G is located 46 in behind the front-wheel contact with 
the road and is 31 in above the road. 





Fig. 16-50 


SOLUTION 
To find @, use the equation v = uv, + at or 
60 X 5280/3600 = 0+ @ X 13.8 
Hence, a = 6.38 ft/s” 
Summation of the horizontal forces yields the friction force: 
SD 6, = F = (3385/g) X 6.38 =F = 671 Ib 


Summation of the vertical forces and summation of the moments about G yields simultaneous equations 


in Re and Rx: 
SB. = Ry + R, — 3385 =0 
> M = -66R, + 46R, +671 X 31 =0 
R,-=1809Ib Ry = 1576 1b 
Rotation 


16.37, The homogeneous bar in Fig. 16-51 is on a smooth horizontal table. It is pivoted at its left end 
about a vertical axis through O. A horizontal force F is applied perpendicular to the bar at its 
free end. Note that the mass of the bar is m, its length is /, and its angular speed is zero when 
the force is applied. Determine the acceleration a and the reaction at the axis through O. 





Fig. 16-51 
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SOLUTION 
The equations of motion are 
S B= Fw = or O, =0 
> k= mia or O,+F=m5a 
SY Mo = loa or = Fl=\mPa 


It can readily be determined that a = 3F /ml and O, = 3F. 


Solve Problem 16.37, but assume that the horizontal force F is applied through the center of 
percussion. 


SOLUTION 
The arm for F is the distance g to the center of percussion. Thus, 


ky ly yal? 


alte 





=4/ 
ro omrF imi 
The equations of motion then become 
SE=mra or O,+F =\mla 
S Mo = Io or Fl) = (\mP Ja 


The solution becomes a = 2F/ml and O, = 0. 

This means that the tangential component of the reaction is zero if the force passes through the 
center of percussion. Batters know that a ball that hits their bat about two-thirds of its length from their 
hands does not sting. This is because O, equals zero or nearly so. 


A bar pivoted about a horizontal axis through its lower end is allowed to fall from a vertical 
position. Describe the motion. 


SOLUTION 


Assume that the bar is of length / and mass mm. The free-body diagram in Fig. 16-52 shows the 
gravitational force mg acting down and the reactions R, and R,, at the point of support. The bar is 
assumed to be at a position 6 from the vertical rest position. 

The bar is rotating about a fixed axis under the action of an unbalanced force system. the equations 
of motion being ¥ F, = mrw’, ¥ F = mra, and © My = Ina. However, in describing the motion, it will 
be sufficient to determine the magnitudes of the angular velocity and acceleration as functions of 
displacement @. Hence, the only equation needed is © My = Iva. 

The only external force with a moment about O is the gravitational force mg. Hence, taking 
clockwise moments as positive, mgd = Ia. 

But d = $/ sin @. 1, = wn’, and a = d*@/dt". Hence, 

,a°o ae 3g. 


We Sly pe fae HOS 
mg(sl sin 0) = wml de or dep SP 6 





This differential equation may be solved by noting that 
ae d (=) _dw_ dwdé dw 
de d\d! dt dod de” 





The original equation d°6/dt° = (3g/2/) sin @ is now written as 


Multiply both sides of the equation by dé to obtain 


ln = sin 0d0 
pe a 
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Integration yields }w? = —(3g/!) cos 9+ C, where C is the constant of integration. To evaluate C, note 
that w =0 when @ =0. Hence, 0 = —(3g/2/)(1) + C or C = 3g/2L. Then 


| 


3, 3, 3 
8 8 and w= 7 (1608 8) 


2— —f2s s6@4+— 
= ()anor 


Ne 


This indicates a method of finding @ in terms of 6 and, of course, a = (3g/2/) sin 0. 





Fig. 16-52 Fig. 16-53 


16.40. A uniform bar of length / and mass m is rotating at a constant angular velocity @ about a 
vertical axis through a point at a distance a from one end. For the phase shown in Fig. 16-53, 
when the bar is passing through the plane of the paper, determine the horizontal and vertical 
components of the reaction of the support on the bar. 


SOLUTION 


Assume that a is less than half the length. The gravitational force is mg, and the horizontal and 
vertical components of the bearing reactions are shown acting on the rod. 

Note that, since the angular speed w is constant, the magnitude @ of the angular acceleration 
(about the vertical axis) is zero. Hence, there are no forces acting that have moments about the vertical 
axis. This conclusion should be evident from the scalar equation > M, = J,a = 1,(0). 

Note also that the equations of motion ( F, = mrw’, > F. = mra. and 3 Mo = [pa) do not apply to 
the body as a whole, since the rod is rotating about an axis that is not perpendicular to the plane of 
symmetry of the rod. 

Consider the bar to be composed of a series of thin pieces, each moving with an angular velocity w 
about the vertical axis and at a distance p from the axis. 

From Fig. 16-54, 


p=zsin@ and dm =< m 

Each differential mass is moving on a circular path (radius p). Hence, a normal acceleration a,, 
exists toward the axis along p. A normal force dF accompanies this acceleration a, (dF = dm Xa,). The 
sum of all such normal forces (all horizontal) must be the horizontal bearing reaction R, on the bar. 
Since in the phase shown the Ionger length of the bar is to the right of the axis, the normal forces 
directed to the left will be greater than those acting to the right. Hence. the reaction R, that supplies 
these normal forces acts to the left. 

The normal force on the particle dm shown in the figure acts toward the axis, i.e., to the left, which 
means in a negative direction. Hence, 


d 4 
dF = —dmpow’ = —- + malz sin 0)w* 
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and the total force is 
fog dz , 
r=|ar-| ge sin @)w 
Since 6 and w* may be removed from within the integral sign: 


* Sj @ loa 
F=R, = -moene zdz = —ma7(3l — a) sin 6 


To determine R,, use the fact that the sum of the vertical forces must equal zero: 
SF. =0=R.-mg or R, = mg 


-a 


For an explanation of the relation between w and 0, refer to Problem 16.42. 





Fig. 16-54 Fig. 16-55 


16.41. In Problem 16.40, determine the location of the reversed effective forces to hold the bar in 
“equilibrium for study purposes only.” 


SOLUTION 


Since the rod is rotating about an axis that is not perpendicular to a plane of symmetry, we take 
elements of mass of the rod that may be considered as rotating in a plane perpendicular to the axis of 
rotation. 

In Fig. 16-55. the reversed effective normal forces 

dz 5 
dm pa = 7 mere 
for the masses of rod of length dz are shown acting away from the vertical axis. Also shown is the single 
force R at a distance z from the support. This force must equal the sum of the individual forces for the 
elements and must also have the same moment as they have about the pivot point. Hence. 
ime d ‘ a re mo’ sin 6 
R= — mop = — mw*z sin 8 = ———— (I - 2a) 
i a d 2 
This result, of course, is equivalent in magnitude to that derived in Problem 16-40. 

Next take moments of the individual inertia forces about the pivot point and equate them to the 
moment of R about the pivot point. In all cases, the forces are horizontal and the moment arms are 
vertical (therefore equal to the product of the z distance and cos 6). 


a 


2 ee dz, 
RZ cos 6 = z cos @ i Mw p 


Substituting for R its value just derived and for p its value z sin 6, the equation becomes 


ma) sin @ cos @mw* sind (i “ , 
eae, z dz 
é 


See (1 — 2a)Z cos 6 = I 
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When @ #0 or 9, 


1 5 2 (f -3la + 3a? 
-_? ae a 2 _o¢_ayp = a Se ee 
({ — 2a) 3 lt ay —(-a)y] or z 3 ( 1-20 ) 


NO lea 


Of course, if the bar is turning about an axis through its end, the above equation for z reduces to 3/, 
since a will then be zero. Under this condition, the force R is 


R= }mw'lsin @ 


16.42. Rework Problem 16.40 using the inertia force method. 


SOLUTION 


In Problem 16.41 it was indicated that the revcrscd cffective force (Snlw* sin @) for a bar of length / 
rotating about its end should be applied at a distance two-thirds of the length of the bar. Apply reversed 
effective forces to each of the two parts of the bar as shown in Fig. 16-56 and solve as a problem in 


Statics. 





Cj m)(do" sin 0} 


Fig. 16-56 


Note that a couple C is applied to the system at the pivot point because it is not evident by 
inspection that the sum of moments about the pivot point of the two reversed effective forces and the 


weight will be zero. 
The equations of equilibrium are 





> F,=0=+R, - (¢ m)(so" sin A)a + (= m)(50? sin 6)(1 — a) qd) 
SF =0=-mge+R, (2) 
Ss M,=0= [(- 5 Sai Jae? sin 6)(i — alee — a) cos 6] 
~ [ (Gon )cse0? sin aya |@a cos 8) — mg(5l —a)siné + C (3) 
From equation (/). R, = —}@m(I — 2a) sin @. 


This checks, of course, with the result in Problem 16.40. The minus sign indicates that R, was 
assumed in the wrong direction, and therefore actually acts to the left. 

From equation (3), C =m sin O[g(s -— a) — iw*( — 3la + 3a*) cos 6]. 

The significance of the couple C may now be appreciated. To hold the bar at a desircd angle 6 
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when it is rotating with a given angular speed @ requires a couple C of the magnitude just derived. 
However, if the couple C is not available at the pivot, then the rod will seck and maintain a definite 
angle @ for a given angular speed w. This angle @ may be determined by setting the expression for C 
equal to zero. Then, since sin @ #0, 


3g(3 - a) 
so-— oe 
COS SP Bla + ae" 





Once the value of 6 has been determined, the value of R, may be found by substituting the value of 
sin @ in its equation. 


16.43. A cylinder of weight 161 Ib (chosen because mass in slugs is then 5.00) rotates from rest in 
frictionless bearings under the action of a weight of 16.1 lb carricd by a rope wrapped around 
the cylinder as shown in Fig. 16.57(a). If the diameter is 36ft, what will be the angular speed 
of the cylinder 2 s after motion starts? 


W = 16.1 ib 





Na 
(a) {8) 


Fig. 16-57 


SOLUTION 


Free-body diagrams of the cylinder and the weight are shown in Fig. 16-57(b). Note that the 
tension 7 in the rope is common to both diagrams. 

To determine the angular speed w after 2s, it is necessary to find the magnitude a of the angular 
acceleration. This is done by the principles of the present chapter. The only equation necessary for the 
cylinder is the moment equation: 


> May = Lauer 
The subscript AB means with respect to the axis AB. Then 


T Xr = mr? Txis=) (22 )\(sy I 
r=3ntr’a or S555 (L.S)& (/) 

Since both tension 7 and angular acceleration @ are unknown, another equation is required. Write 
the equation of motion of the weight W by summing forces in the vertical direction: 


16.1 
SS F.=ma, or 16.1Ib- T= 354 (2) 
Substituting a, = ra = 15a into equation (2), 
, 161 ; 
161-7 = 459 Ul Sa) (2) 


Solve (7) for T = 3.75a and substitute into (2) to obtain @ = 3.58 rad/s’. 
To find w after 2s: w = a, + at = 0 + (3.58)(2) = 7.16 rad/s. 
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16.44. Study the motion of the compound pendulum shown in Fig. 16-58. 
SOLUTION 


The compound pendulum ditfers from the simple pendulum in which only one small particle 15 
considered. Here we are concerned with many particles with various linear velocities and accelerations. 
The system rotates about an axis perpendicular to the plane of the paper but not a centroidal axis. 

Assume the pendulum to be moving counterclockwise: that is, @ is positive in that direction. Then 
its weight has a moment about the axis of rotation that tends to retard motion. Hence, the equation 
obtained by taking moments about the axis of rotation is 





> Mo= loa 
and since the horizontal moment arm for the weight (force) eng is r sin @, this is written 
- ea de  &6 g 
Ss M, = —(mg)(7 sin @) = Our or det =- Eine 


This is the same type of equation as derived for the simple pendulum of length J, that is, 


re y 
oe aoe sin @ 
dt I 


Thus, it is seen that the compound pendulum has the same period as a simple pendulum whose length / 
is equal to Iy/mr. 
This may be stated somewhat differently if instead of £, there is substituted its value in terms of the 
radius of gyration ky of the compound pendulum about the axis of rotation. 
Since f, = mkz, the length / of the equivalent simple pendulum may be written 
ta! 1 = mko _ ko 


mromr r 


The compound pendulum behaves as a simple pendulum with its mass concentrated at a point kzr 
from the axis of rotation. This value k2/7 occurs frequently in problems of rotation. 


/ 
/ 


/a, = (2r[n)w? 





P 





Fig. 16-58 Fig. 16-59 


16.45. Find the stress in the rim of a flywheel rotating with constant angular speed w. 
SOLUTION 


Draw a free-body diagram of one-half the rim as shown in Fig. 16-59. The 7 axis is shown with 
sense from G to O, where G is the mass center of the thin semicircular rim. Note that OG = dr/x. 
The tensile forces P represent the pull of the other half of the rim on the free body shown. Since 
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the wheel is rotating with constant angular speed, there is no angular acceleration; thus, no tangential 
effective force (era) need be shown. 
Let 6 be the mass density of the material. Only one equation of motion is necessary: 


2r 4 
DS B=maé, or 2P=m—o 
u 


But the unit tensile stress is the force P (on one side) divided by the cross-sectional area A on 
which or through which it acts, or o = P/A = mrw"/rA. 

Next express the mass # of the half rim in terms of the rim cross section A, half rim length ar, and 
mass density 65: 


m=Azrd 


This is, of course, based on the assumption that the rim thickness is small compared with the rim 
diameter. Substituting this expression for mm in the equation for stress, we have 


? 
o = 6r'w 


Since the rim speed v is equal to rw, the formula for stress may also be written 
o = bv’ 
where in U.S. Customary units, o is the unit stress in lb/ft’, 5 is the mass density in slugs/ft’, and v is the 
rim speed in ft/s. 
In SI units, 7 is the unit stress in N/m’, 6 is the mass density in kg/m’, and v is the rim speed in 
m/s. 


It is necessary to bank rail road tracks on a curve in such a way that the outer rail is above the 
inner rail. Since the roadbed is usually at some elevation above sea level, it is customary to 
call the vertical distance of the outer rail above the inner rail not elevation but the 
superelevation e. The greater the superelevation e, the faster a train may travel around the 
curve. Determine the value of e in terms of the speed vu of the train, the radius r of the curve 
and the angle of bank. Refer to Fig. 16-60(a). 


r to center 
of curve 





{a) (b) 
Fig. 16-60 


SOLUTION 


This is an example of rotation of a mass that can be considered a particle turning about the center 
of the curve. 

Consider the curve to be properly banked for a definite speed uv. This means that the train has no 
tendency to slide in or out along the radius. Hence, the side pressure of either rail against the flange of 
the wheel is zero. The only reaction on the car is the push, perpendicular to the roadbed, of the tracks 
on the wheels. 

The free-body diagram in Fig. 16-60(b) shows the gravitational force mg and a single reaction N, 
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of the tracks. Note that the acceleration a, is directed to the left toward the center of the curve. Its 
magnitude is rw’. The equations of motion are 


SF,=mrw? or Ng sin @ = mre? 
SS £=0 or N, cos @ = mg 
Dividing, tan 6 = rw"/g. 
Since @ is usually a small angle, tan @ is approximately equal to sin 6 (up to about 6°); therefore the 
above equation may be written 
2 2 oy? 


. rw 
sin 6 = tan @ = ---- = — 
& gr 


But from the figure, sin 0 = e/d. Hence, e/d = r'w*/gr = u"/gr or e = du"/gr. 
iB & & 


16.47. In Problem 16.46, calculate the superelevation for a 2000-ft curve for a speed of 120 mi/h. 
Assume that the gage d = 4 ff 84 in. 


SOLUTION 


dv’ (4.71 ft)(176 ft/s) 
AU WOON SY 2957 = 2720 
gr (32.2 ft/s”)(2000 ft) 


16.48. In Fig. 16-61(@) weight A is accelerating down 5 ft/s”. It is connected by a weightless, flexible, 
inextensible rope passing over a smooth drum to a homogeneous cylinder B of weight 161 Ib. 
The cylinder is acted upon by a moment C = SO Ib-ft counterclockwise. Detemrine the weight 


of A and the components of the reaction at O on the cylinder B. 





{a) (b) 
Fig. 16-61 


SOLUTION 


Draw free-body diagrams of the cylinder and the weight A as shown in Fig. 16-61(b). 

The magnitude a, of the tangential acceleration of a point on the rim is 5 ft/s’. Hence, the 
magnitude a of the angular acceleration is a,/r =5 rad/s’. Since the cylinder rotates about an axis of 
symmetry, the three equations of motion for the cylinder are 


es 1/161 

SM=la or 7x1-50=5 (355 )%5) (1) 
2 

> F=0 or 0, +1(F2)=0 (2) 


DS F=0 or O,-\61-T =) =0 (3) 


Sal 


The equations of motion for weight A is 


w,- 7 ="4(5) (4) 
& 
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Equation (/) yields T = 62.5 Ib. hence, from equation (4), W, = 74.0 Ib. 
Solve equations (2) and (3) to obtain O, = —55.9 lb and O, = +189 Ib. 


16.49. A homogeneous sphere having a mass of 100 kg is attached to a slender rod having a mass of 


20 kg. In the horizontal position shown in Fig. 16.62(a), the angular speed of the system is 
8 rad/s. Determine the magnitude of the angular acceleration of the system and the reaction 
at O on the rod. 


~“ 
Nw =8 rad/s 
N 





+. 600 mm 





(a) (8) 
Fig. 16-62 


SOLUTION 
Locate the centroid of the system with reference to the pin O: 


20(300) + 100(750) _ 


120 675 mm 


r= 
Figure 16-62(b) shows the three external forces O,, O,, and the gravitational force through G acting 
on the system. Note that O, is shown to the left to agree with the sense of @,, and O, is shown down to 
agree with the sense of @,. 
The total moment of inertia / equals the moment of inertia of the rod about its end (477/”) plus the 
transferred moment of inertia of the sphere (3:r* + md”), where d = 750 mm = 0.75 m. 


1 = 120(0.6)? + 2100(0.15)? + 100(0.75)? = 59.55 ke - m? 


To find the angular acceleration, use the moment equation 


S Mo = le 
or 120 x 9.8 X 0.675 = 59.55Sa 
Hence, a = 13.3 rad/s? 


Sum forces horizontally (along the 7 axis) to obtain 
O,, = mrw? = 120(0.675)(8)" = 5180 N (to the left) 
Sum forces vertically (along the ¢ axis) to obtain 


O, + 120 X 9.8 = mra = 120 x 0.675 x 13.3 
or O, = -98.7N (therefore up) 


16.50. An eccentric cylinder used in a vibrator weights 40 Ib and rotates about an axis 2 in from its 
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geometric center and perpendicular to the top view shown in Fig. 16-63. If the magnitudes w 
and a@ of its angular velocity and angular acceleration are, respectively, 10 rad/s and 2 rad/s” 
in the phase shown, determine the reaction of the vertical shaft on the cylinder. 





Fig. 16-63 


SOLUTION 


Choose n and ¢ axes as shown. The distance from O to the mass center G is 7 = } ft. 
The equations of motion are 


SE, = mrw? or 0,= 55, ( Jao oy (/) 
S E=mra or = O,= aa l¢ -)(2) (2) 
5 Mo=toa=[3(s0)(3) +390 (6) [x2 @) 


Here the reactions O,, and O, of the shaft are the external forces acting on the cylinder. 
Note that /, is found by the transfer formula. The necessary couple I,a@ equals 0.38 lb-ft applied 


clockwise to the cylinder by the shaft. 
The reaction components are O,, = 20.7 tb to the right and O, = 0.41 Ib up. 


16.51. The 6-lb sphere in Fig. 16-64(@) moves in a circular and horizontal path under the actions of 
the 8-ft weightless bar AB and the very light cord BC. When the speed of B is 10 ft/s, 
determine the forces in the two supporting members. 


2 
my 
——<e= 710), = eta 


(6) 





Fig. 16-64 
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SOLUTION 


The free-body diagram in Fig. 16-64(b) shows the reversed effective force applied to hold the 
sphere in ‘equilibrium for study purposes.” From trigonometry, DB =r=4 ft. Hence, the reversed 
effective force is 


The equations become 
> F, =0=C cos 60° — T cos 30° + 4.66 
SF, =0=C cos 30° + T cos 60° — 6 


The solutions are C = 2.87 lb and T = 7.04 lb. 

In this particular problem, with BC and AB at right angles, a neat solution would be setting the 
sum of the forces along AB and the sum along BC equal to zero. In each equation, only one unknown is 
involved. 


16.52. In Fig. 16-65(a) the bar AB is held in a vertical position by the weightless cord BC as the 
system rotates about the vertical y-y axis. The pin at @ is smooth and the bar AB weighs 
32.2 Ib. If the breaking strength of the cord is 1201b, how fast can the system rotate without 
breaking the cord? 





(a) (0) 
Fig. 16-65 


SOLUTION 


Draw a free-body diagram of the bar AB, omitting the weight and the vertical component A, for 
simplicity. See Fig. 16-65(b). The reversed effective force is placed at the center of the bar. This is true 
only because each horizontal element or slice of the bar is the same distance from y—y as any other 


element. 
Take moments about A to obtain +mrw? x3-—Tx3}x4=0. Note that only the horizontal 


component of 7 has a moment about A. Substitute = 1 slug, 7 =1201b, and 7 = 6/12 ft to obtain 
w = 13.8 rad/s or 132 rpm, the value beyond which the cord will break. 


16.53. The compound pulley system shown in Fig. 16-66(@) has a mass of 30 kg and a radius of 
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gyration of 450 mm. Determine the tension in each cord and the angular acceleration of the 
pulleys when the masses are released. 





(a) {b) 
Fig. 16-66 


SOLUTION A 


Draw free-body diagrams of the three components of the system as in Fig. 16-66(b). Note that 
a, = 0.6a@ and a, = 0.3a. 
The equations of motion are 


> F = 7, - 50 X 9.8 = 50a, = 30a (2) 
> F= 150 x 9.8— T, = 150a, = 45a (2) 
SM=la or %x0.3—-7,x 0.6 = 30(0.45)’a = 6.08 (3) 


The solution is @ = 3.9 rad/s’. From this the tensions are 
T, = 490 + 30(3.91) = 607 N and FT, = 1470 — 45(3.91) = 1290 N 
SOLUTION B 


If the reversed effective (inertia) forces and moments are applied to the system to hold it in 
“equilibrium for study purposes only,” the method of virtual work can be applied for a solution (see 
Problems 11.6 and 11.7). 

Apply the inertia forces as follows: 50(0.6a) down through the center of the 50-kg mass, 150(0.3a) 
up through the center of the 150-kg mass, and a counterclockwise moment of 6.08@ to the puley. Since 
the system is now in “equilibrium,” we can give the system a virtual displacement 5@ clockwise. The 
work done by the external forces only for this virtual displacement is zero. Note the virtual 
displacements are 56 for the pulleys. (0.6) 5@ for the 50-kg mass, and (0.3) 5@ for the 150-kg mass. 
Hence, 


5U =[-50 x 9.8 — 50(0.6)ax](0.6) 50 + [150 x 9.8 — 150(0.3)a](0.3) 50 + (—6.08a) 56 = 0 


The solution after dividing each term of 50 is a = 3.9 rad/s’. The convenience in finding the angular 
acceleration is noted, but to find the tension in either cord, a free-body diagram must be drawn. 


16.54, In Fig. 16-67(a), the weight C of 28 Ib is moving down with a velocity of 16 ft/s. The moment 


of inertia of drum B is 12 ft-Ib-s?, and it rotates in frictionless bearings. If the coefficient of 
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friction between the brake A and the drum is 0.40, what force P is necessary to stop the 
system in 2 s? What is the reaction at D on the rod? 





(a) (b) 
Fig. 16-67 


SOLUTION 


Draw the free-body diagrams of the bar, the drum, and the weight as shown in Fig. 16-67(b). Next 
determine the magnitude of the acceleration of the weight knowing the initial speed is 16 ft/s down, the 
final speed is zero, and the time is 2s. The value of acceleration is 8 ft/s’ up. 

A vertical summation of forces acting on weight C gives T — 28 = (28/g)(8) or T = 35.0 Ib. 

To find the friction F, sum moments of forces about O of the drum. The angular acceleration of the 
drum is counterclockwise (the system is slowing down). Its magnitude may be determined because the 
linear acceleration of a point 15in from O is 8 ft/s?. Hence, a = 8/(15/12) = 6.40 rad/s”. The moment 
equation is F(2) — 7(1.25) = /a@ or F(2) — 35.0(1.25) = 12(6.40), from which F = 60.3 Ib. 

But F = xX. Hence the necessary normal force V = 60.3/0.40 = 151 Ib. 

Summing moments about D of all forces acting on the bar, —P(40) + N(8) + F(3)=0 or 
P = 34.7 Ib. 

Sum forces horizontally on the bar to obtain 34.7 — 151 + D, =0 or D, = 1161b to the right. 

Summing forces vertically, D, + 60.3 =0 or D, = 60.3 lb down. 


16.55. An &-kg ball A is mounted on a horizontal bar attached to a vertical shaft as shown in 


Fig. 16-68(a). Neglecting the mass of the bar and shaft, what are the reactions at B and C 
when the system is rotating at a constant speed of 90 rpm? 





(a) (d) 
Fig. 16-68 


CHAP. 16] DYNAMICS OF A RIGID BODY IN PLANE MOTION 375 


SOLUTION 


The free-body diagram in Fig. 16-68(b) shows the forces C, B,, B,. and the gravitational force 
8 X 9.8 =78.4N. The value of the angular speed is w = 90 x 27/60 = 9.42 rad/s. 
The equations of motion are 


Si R=mrw or — B, + C=8(0.3)(9.42)? = 213 
SR =0 or B,-784=0 
> M=0 or CxX09-B,x03-B,x03=0 


The solutions are B, = 140N, B, =78.4N, and C =72.9N, all acting as shown in the free-body 
diagram. 


Inertia-Force Method 
16.56. Solve Problem 16.55 using the inertia-force method. 
SOLUTION 


Figure 16-69 shows the free-body diagram, with the reversed effective force indicated. The 
equivalent equilibrium equations are then 


miu” = 8(0.3)(9.42)? = 213 N 

SY My = 1.2C — 78.4(0.3) — 213(0.3)=0 C=72.9N 
S' F=-B,-C+213=0 B,=140N 
> R=B,-784=0 B,=784N 


— — be 213N 


7B.4N 


By 


Fig. 16-69 


16.57. Solve Problem 16.33 using the inertia-force method. 
SOLUTION 


Figure 16-70 shows the free-body diagrams of A and B, with the reversed effective forces indicated. 
Writing the equivalent equilibrium equations, we have 


for A, S| B, = P — 30a — 4N, =0 (7) 
for B, SS) 6, = —45a + 1N, — Ny =0 (2) 
But N, = 294N and Ny, = 735N. 
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From equation (2), @ = 0.544 m/s? 
Substituting in equation (7), P=114N 


—— = , 


30x98 





Ng 





Fig. 16-70 


16.58. Find the reactions on the rollers in Problem 16.25 using the inertia-force method. The height 
of the door is 5 ft. 


SOLUTION 


Figure 16-71 shows the free body diagram of the door, with the inertia force indicated. 
The equations for the equivalent equilibrium problem can be written as 


S) F, = 10 — (50/32.2)a = 0 (7) 
S M, = 8B + (1.5)10 — (2.5)(50/32.2)a — (4)50 =0 (2) 
SR=A+B-50=0 (3) 


Hence, from (1), a = 6.44 ft/s* 
from (2), B = 26.3 Ib 
from (3), A = 23.7 Ib 


It can be seen that, without D’Alembert’s Principle, it would require a solution of simultaneous 
equations to determine A and B. This is generally the advantage to be gained from the inertia-force 
method. 





Fig. 16-71 


16.59. Solve Problem 16.37 using the inertia-force method. 
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SOLUTION 
Figure 16-72 shows the free-body diagram, with the reversed effective force and reversed effective 


couple indicated. 
The equivalent equilibrium equations are 


> £,=0, =0 
SS Mo = Fl—mGDaCGd — kmPa =0 
S £=0,+ F—-m(Da=0 


Solving these equations yields 


a =3F/ml 
O,= 4F 
0,,=0 





Fig. 16-72 


16.60. Find the angular acceleration in Problem 16.49 using the inertia-force method. 


SOLUTION 
Figure 16-73 shows the free-body diagram, with the reversed effective forces and couples indicated. 
Writing the moment equation with respect to O yields 
SS Mo = —20gr, + mFia t+ La — 100g% + mF2a + ha =0 
SD Mo = —20(9.8)(0.3) + 20(0.3)2a + (20/12)(0.6)a 
— 100(9.8)(0.75) + 100(0.75)’a + 2(100)(0.15)’a =0 
from which a = 13.3 rad/s” 


Mnar7ot 


FigF sto" 





O 20 g 100 g 


. 300 sun at 300 wm ot 300 mun & 


Fig. 16-73 
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16.61. Solve Problem 16.2 using the inertia-force method. 
SOLUTION 


Figure 16-74 shows the free-body diagram, with the reversed effective force and couple indicated. 
Now, m = 600/32.2 = 18.6slugs and J = }mr?, T= $(18.6)(8)° = 14.5 slug-ft? 





Fig. 16-74 


The equations for the equivalent equilibrium problem become 
‘ W_ee 
SS Mo = r(W sin 25°) — oe —la=0 


w 
SS F.= W sin 25° — F -— a, =0 
g 


Or S Mo = (33)600 sin 25° — (13)18.6a, — 14.5a =0 
where a, = (3)e 
Solving yields @, = 9.09 ft/s? 


S\ F, = 600 sin 25° — F — 18.6(9.09)=0 F=84.31b 


xk 
as 16.62. A 7-kg cylinder is supported by a string wrapped around it and attached to the ceiling. Find 
the force in the string using the inertia-force method. See Fig. 16-75(a). 


500 mum T — 
i \ | 
o | o Mt 
\ / MUS). 
mg 
(a) (b) 


Fig. 16-75 
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16.63 


16.64. 


16.65. 


16.66. 


16.67. 


SOLUTION 
Figure 16-75(b) shows the free-body diagram with the reversed effective force and couple indicated. 
Now, m =7kg, 1 = $m’ = (3)7(0.5)? = 0.875 kg - m? and @ = 0.5a. 
The equations of the equivalent equilibrium problem become 
SS. Mo = —mer + mar + Ia =0 
Si M=-rT + la =0 
Or S Mo = —(7)(9.8)(0.5) + 74(0.5) + 0.875a =0 
S) M = -0.5T + 0.875a =0 
Solving for a and 7 gives 
a = 13.1 rad/s? 
T=22.9N 


Supplementary Problems 


A wheel weighing 1501b is 10 ft in diameter and rolls down a 45° plane. If there is no slippage, 
determine the angular acceleration of the wheel. Ans. 3.04 rad/s” 


A 180-kg cylinder is 200mm in diameter and rests on horizontal rails perpendicular to its geometric 
axis. A force P of 550 .N is applied tangentially to the right at the bottom of the cylinder. Assuming that 
the coefficients of static and kinetic friction are 0.29 and 0.25, respectively, what is the motion? Refer to 
Problem 16.4. 

Ans. Cylinder slides to right and rotates counterclockwise; 4 = 0.6 m/s”; a = 12.1 rad/s” 


In Fig. 16-76, a cylinder of weight W and radius of gyration & has a rope wrapped around a groove of 
radius r. Determine the acceleration of the mass center if pure rolling is assumed. Force P is horizontal, 
as is the plane. Ans. @=PgR(R—r)/W(R? + k’) 





Fig. 16-76 Fig. 16-77 


A homogeneous cylinder having a mass of 15 kg has a narrow peripheral slot cut in it as shown in 
Fig. 16-77. A force of SON is exerted on a string wrapped in the slot. If the cylinder rolls without 
slipping, determine the acceleration of its mass center and the frictional force F. Neglect the effect of 
the slot. Ans. a=0.556 m/s’, F =41.7 N to the left 


A 50-kg cylindrical wheel 1200 mm in diameter is pulled up a 20° plane by a cord wrapped around its 
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circumference. If the cord passes over a smooth pulley at the top of the plane and supports a hanging 
mass of 90 kg, determine the angular acceleration of the wheel. Assume that the cord pulls at the top of 
the wheel and is parallel to the plane. Ans. 6.1 rad/s” 


What is the tension in the cable in the system shown in Fig. 16-78. Assume that the pulleys are 
weightless and frictionless. the plane is smooth. Ans. T =5.16lb 


In Problem 16.68 assume that the lower pulley is a homogeneous cylinder 1 ft in diameter and weighing 
4 lb. What is the tension in the cable parallel to the plane?) = Ans. T =7.791b 


226 N ¢ 
25ke 


Fig. 16-78 Fig. 16-79 





A constant force of 225 N is applied as shown in Fig. 16-79. How long will it take the 25-kg block to 
reach a speed of 1.2 m/s starting from rest? Assume that the pulleys are massless and frictionless. 
Ans. t=0.145s 


In the system shown in Fig. 16-80, the pulleys are to be considered weightless and frictionless. The 
masses are 1, 2, 3, and 4kg. Determine the acceleration of each mass and the tension in the top cord. 
Ans. a@,=9.02 m/s’ up, a, = 0.39 m/s* down, a3 = 3.53 m/s* down, a, = 5.10 m/s” down, T = 75.3 N 


Fig. 16-80 Fig. 16-81 





In Fig. 16-81 assume that the weight W, is moving down. If the pulleys are “‘weightless’’ and frictionless, 
determine the tension in the rope when the weights are released from rest. 
Ans. 1 =3W,W,/(4W, + W,) 


A horizontal force of 180'N is applied tangentially at the top of a 45-kg cylinder having a diameter of 


wit 


Mathcad 


gis 


Mathcad 
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1500 mm. If there is no slippage at the ground, determine the linear acceleration of the center of the 
cylinder. | Ans. 5.33 m/s’ horizontally 


A thin hoop of weight W rolls horizontally under the action of a horizontal force P applied at the top as 
shown in Fig. 16-82. Express the mass center acceleration @ in terms of P, W, and radius R. Also show 
that the frictional force of the plane on the hoop is zero. Ans. a= Pg/W 


In Problem 16.11, what must be the weight of C so that the acceleration of the disk A is 6 ft/s’ up the 
plane? Ans. 13401b 


A 2-kg uniform sphere of radius 80mm has a rope wrapped around it with one end attached to the 
ceiling as shown in Fig. 16-83. If the sphere is released from rest, determine the tension in the rope, the 
angular acceleration of the sphere, and the speed of the mass center 2 s after release. 

Ans. T =5.6N, @ =87.5 rad/s’ clockwise, v = 14.0 m/s down. 


L6G) mr 


Fig. 16-82 Fig. 16-83 Fig. 16-84 


A cylinder of weight W and radius of gyration k is released from rest in the position shown in Fig. 
16-84. If the radius of the cylinder is R, determine the tension in the cord and the acceleration of the 
mass center. Ans. T=W/(1+ R2/k*), @=g/(1 + k?7/R?) 


Figure 16-85 shows a 40-Ib weight attached to a cord that wraps around a 30-lb cylinder. The cylinder 


rolls without slipping up the 30° plane. Determine the angular acceleration of the cylinder. 
Ans. 0.98 rad/s’ 


oy As 
[e) 


aft LOO mm rad. 


—_ & 
a, #% 


200 mm rad. 


30° 
Fig. 16-85 Fig. 16-86 


In Fig. 16-86, a 2-kg cylinder B with a radius of 100 mm is free to turn in frictionless bearings. A rope is 
wrapped around 8 and is then wrapped around the 4-kg cylinder with radius 200mm. Determine the 
angular accelerations of A and B immediately after the cylinders are released with zero velocity. 

Ans. a,=14rad/s’, a, = 56 rad/s” 


In Fig. 16-87, a homogeneous cylinder and a homogeneous sphere of equal masses m = 8 kg and equal 
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radii R are harnessed together by a light frame and are free to roll without slipping down the plane 
inclined 28° with the horizontal. Determine the force in the frame. Assume that the bearings are 
frictionless. Ans. 1.27N 


A homogeneous ball of diameter 3 ft is spinning at 60 rpm about a horizontal centroidal axis when it is 
lowered onto a plane for which the coefficient of sliding friction is 0.30. Determine the time it takes 
before rolling begins. Ans. t=0.279s 

A homogeneous cylinder with a mass of 3kg and of diameter 120mm is rotating 8 rad/s about a 


horizontal axis when dropped on a horizontal plane for which the coefficient of friction is 0.25. How far 
will the center travel before rolling begins and skidding stops? Ans. d=5.2mm 


Sphere 


Cylinder 


Fig. 16-87 Fig. 16-88 


A homogeneoous cylinder of mass m and radius R is at rest on a horizontal plane when a couple C is 
applied as shown in Fig. 16-88. Determine the magnitude of the coefficient of friction between the 
wheel and the plane so that rolling will occur. Ans. = 3C/mgR 


In Fig. 16-89, the thin-walled cylinder is on a horizontal platform that has an acceleration a. Determine 
the acceleration of the center assuming rolling without sliding. Ans. a@=0.Sa 





Fig. 16-89 Fig. 16-90 


In Problem 16.84, assume that the coefficient of friction is x =0.35. Determine the maximum 
acceleration the platform may have without slip between the cylinder and platform. 
Ans. a= 6.86 m/s’ or 22.5 ft/s’ 


The 30-kg semicircular homogeneous plate of 900-mm radius is released from rest in the position shown 
in Fig. 16-90. What are the forces in the two cords for this position? 
Ans. Tap = 148N, Teo =59.8N 


In a loop-the-loop 20 ft in diameter, a car weighing 500 Ib leaves the platform 30 ft above the bottom of 
the loop. What is the normal force of the track on the car at the top of the loop? Assume that the 


center of gravity of the car is 10 ft from the center of the loop. Ans. 5001b 


A disk of weight W has its center of mass G at a distance e from the geometric center O. The disk is 
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16.89. 


16.90. 


rolling on the horizontal plane with constant angular velocity @. Determine the normal force and 
frictional force of the floor on the disk when it is in the position shown in Fig. 16-91. 
Ans. F =(W/g)ew’ cos @ to the left, N = W + (W/g)ew? sin 6 up 


600 mm 


s0 am —o| 


Fig. 16-91 Fig. 16-92 Fig. 16-93 





The disk in Fig. 16-92 has a mass of SO kg, a radius of 600 mm, and a radius of gyration relative to its 
mass center of 450 mm. The uniform slender bar is 1200 mm long and has a mass of 18 kg. Its left end is 
pinned to the disk. It is initially held in the horizontal position. Determine the angular accelerations of 
the disk and bar immediately after release from rest. 

ANS. Gay = 2.25 rad/s’ clockwise, @pa, = 10.5 rad/s* clock wise 


A 20-kg drum is homogeneous and has a radius of 450mm. A 10-kg bar is homogeneous and is 
1200 mm long. Its upper end is pinned to the bottom of the drum as shown in Fig. 16.93. Assuming that 
a couple with moment of 20N-m is applied to the drum, determine the angular accelerations of the 
drum and the bar. ANS. Qayyum = 7.9 rad/s” counterclockwise, Oy, = 4.44 rad/s” clockwise 


Translation 


16.91. 


16.92. 


A homogeneous door weighing 200 Ib is free to roll on a horizontal track on frictionless wheels at A and 
B as shown in Fig. 16.94. What horizontal force P will reduce the vertical reaction at A to zero? What 
will be the acceleration of the door under the action of this force P'? What will be the reaction at B? 
Ans. P =450|b to the left, @ = 72.5 ft/s* to the left, B = 200 1b up 





Fig. 16-94 Fig. 16-95 


Figure 16-95 shows a homogeneous slender bar with a mass of 4kg and a length of 500 mm being 
pushed along the smooth horizontal surface by a horizontal force P =60N. Determine the angle 6 for 
translation. What is the accompanying acceleration? Ans. @=33.2°, a=15 m/s” 
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A cylinder having a mass of 10 kg with a diameter of 1.2 m is pushed to the right without rotation and 
with acceleration 2 m/s”. See Fig. 16-96, Determine the magnitude and location of the force P if the 
coefficient of friction is 0.20. Ans. P=39.6N to the right, A =0.3m above surface 


Fig. 16-96 Fig. 16-97 


A homogeneous lamina with a face that is an isosceles triangle is pulled to the right with an acceleration 
of 1.2 m/s’. See Fig. 16-97. Assuming the supports at A and B are frictionless, determine the force P 
and the reactions at A and B if the mass is 2.5 kg. 

Ans. P=3N to the right, A = 15.2 N up, B = 9.25 N up 


A homogeneous sphere of weight W Ib and radius R is acted upon by a horizontal force P as shown in 
Fig. 16-98. The coefficient of sliding friction between the plane and sphere is ». Where must the force P 
be applied in order that the sphere skids without rotating? What is the acceleration? 

Ans. d=R(1-—pW/P), a=g(P/W — p») to the right 





Fig. 16-98 Fig. 16-99 


Refer to Fig. 16-99. What horizontal force is needed to give the 50-kg block an acceleration of 3 m/s? up 
the 20° plane? Assume a coefficient of friction between the block and the plane of 0.25. 
Ans. P=507N to the right 


A body is projected up a 30° plane with initial velocity 12 m/s. If the coefficient of friction between the 
body and the plane is 0.20, how far will the body move up the plane and how long will it take to reach 
this point? Ans. 10.9m, 1.825 


A water slide is inclined 35° with the horizontal. Assuming no friction, how long will it take a child 
starting from a rest position to slide 15 ft? Ans. t=1.27s8 


An object weighing W lb starts from rest at the top of a plane that has a slope of 50° with the 
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horizontal. After traveling 20 ft down the plane, the object slides 30 ft across the horizontal floor and 
comes to rest. Determine the coefficient of friction between the object and the surfaces. 
Ans. 2. = 0.357 


A dish slides 500 mm on a level table before coming to rest. If the coefficient of friction between the 
dish and the table is 0.12, what was the time of travel? Ans. t=0.92s 


A 9.3-lb block is prevented from slipping by means of a strip as shown in Fig. 16-100. What is the 
greatest acceleration the cart may have without tipping the block? Ans. a=12.1 ft/s? to the left 


ge 


a" 





Fig, 16-100 Fig. 16-101 


The homogeneous cube in Fig. 16-101 is moved along the horizontal plane by a horizontal force P. If 
the coefficient of friction is 0.2, what is the maximum acceleration the block can have if it slides but 1s 
on the verge of tipping? Ans. a=5.88m/s’ to the right 


A cylindrical shaft 6 ft in diameter and 35 in high stands on end in a flat car that has a constant velocity 
of 35 mi/h. If the car is brought to rest with uniform deceleration in a distance of 40 ft, will the cylinder 
tip? Ans. No 


An 8-kg mass is being lowered by a rope that can safely support 60N. What is the minimum 
acceleration the mass can have under these conditions? Ans. 2.3m/s? down 


An elevator requires 2s from rest to acquire a downward velocity of 10 ft/s. Assuming uniform 
acceleration, what is the force of the floor during this time on an operator whose normal weight is 
150 1b? Ans. 1271b 


An elevator having a mass of S00 kg is ascending with an acceleration of 4m/s*. The mass of the 
operator is 65 kg. Assuming that the operator is standing on spring scales during the ascension, what is 
the scale reading? What is the tension in the cables? Ans. 91.5kg, 7800N 


A body with a mass of 12 kg at rest is on a spring scale in an elevator. What should be the acceleration 
(magnitude and direction) in order for the scale to indicate a mass of 10 kg? 
Ans. a= 1.63 m/s’ down 


A 10-Ib weight hangs from a spring balance in an elevator that is accelerating upward at 8.05 ft/s”. 
Determine the spring balance reading. Ans. 12.5 1b 
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An elevator having a mass of 700 kg is designed for a maximum acceleration of 2 m/s’. What is the 
maximum load that may be placed in the elevator if the allowable load in the supporting cable is 19 kN? 
Ans. M=910kg 


A horizontal cord connects the 10- and 20-kg masses shown in Fig. 16-102. There is no friction between 
the masses and the horizontal plane. If a 4-N force is applied horizontally, determine the acceleration of 
the masses and the tension in the cord. Ans. a=0.133 m/s’. T =2.67N 


600 mim 


4N 
ee a 


Fig. 16-102 Fig. 16-103 





A 5-kg block A is pulled to the right under the action of a falling 5-kg mass B as shown in Fig. 16-103. If 
the coefficient of friction between the block A and the plane is 0.5, determine the acceleration of B. 
Also determine the maximum value of h if block A is not to tip. 

Ans. a= 2.45 m/s’ down, h = 730 mm above plane 


In Fig. 16-104, the 30-lb weight is on a horizontal floor. The coefficient of friction between the weight 
and the floor is 0.2. The pulleys shown are assumed to be massless and frictionless. Determine the 
acceleration of the system and the tensions in the cords. 

Ans. a = 3.33 ft/s’, Typ = 8.83 Ib, Tee = 17.9 Ib 





Fig. 16-104 Fig. 16-105 


A 1000-lb block stands on a truck as shown in Fig. 16-105. The weight W falls, accelerating the block 
and the 300-Ib truck. A strip nailed to the platform prevents sliding. What is the maximum acceleration 
the system may have without tipping the block? Find W. Assume rolling of the truck and neglect the 
inertia effects of the wheels. Ans. a=5.03 ft/s’ to the right, W = 241 Ib 


In Fig. 16-106, the homogeneous bar AB has a mass of 5kg and is fastened by a frictionless pin at A 
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and rests against the smooth vertical part of the cart. The cart has a mass of SO kg and is pulled to the 
right by a horizontal force P. At what value of P will the bar exert no force on the cart at B? 
Ans. P=642N 





Fig. 16-106 Fig. 16-107 


The platform A accelerates to the right on a horizontal plane as shown in Fig. 16-107. The bar B is held 
in the vertical position by the horizontal cord CD. Determine the tension in the cord and the pin 
reactions at E. The bar is uniform and weighs 18 Ib. 

Ans. T =6.71 1b. E, = 18.0 lb up, £, = 2.24 lb to the right 


In Fig. 16-108, a block is moving to the right with an acceleration of 1.5 m/s*. A homogeneous bar | m 
long with a mass of 1 kg is suspended as shown by means of a frictionless pin at A. What is the angle 
6? Ans. 0=8.7° 


A chain hangs freely from the rear of a truck. If the truck accelerates to the left 3 m/s’, what will be the 
approximate angle between the chain and the horizontal? Ans. @=73° 


A helicopter carrying an 80-ft transmission-line tower by means of a sling accelerates 6 ft/s’ 
horizontally. What angle does the centerline of the tower make with the vertical? Ans. @=10.5° 





Fig. 16-108 Fig. 16-109 Fig. 16-110 


A small block moves with an acceleration a along the horizontal surface shown in Fig. 16-109. The bob 
at the end of the string maintains a constant angle @ with the vertical. Show that @ is a measurc of the 
acceleration a in this simple accelerometer. Ans. a=gtan@ 


In Fig. 16-110, the 50-kg block is subjected to an acceleration of 3 m/s* horizontally to the right under 
the action of a horizontal force P. The homogeneous slender bar has a mass of &8kg and is 1 m long. 
Assuming a frictionless surface. determine P and 6. What are the horizontal and vertical components of 
the pin reaction on the bar? Ans. P=I174N, @=177, V =784N, H =24.0N 
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In the preceding problem, what are the valucs of P and @ if the coefficient of friction between the block 
and the plane is 0.25? Ans. P=316N,0=17° 


A box weighing 1000 Ib is shown on a truck in Fig. 16-111. The coefficient of friction between the block 
and the truck is 0.30. Determine the forward acceleration at which the box tips or slides. Assume 
homogeneity. Ans. Tips at a = 8.05 ft/s’ to the right 





Fig. 16-111 Fig. 16-112 


A block of mass M is on a surface (the coefficient of friction is 4.) that is inclined at angle @ with the 
horizontal as shown in Fig. 16-112. This surface is part of a triangular block of mass M,. A horizontal 
force P causes the system to have an acceleration a to the right. What value of P will cause the top 
block to move relative to the surface? Assume no friction on the bottom surface. What is the 
acceleration? 

_g(u—tan6) ,_ [(Mi + M,)g)(u ~ tan 8) 


Ans. a 
te 1+yptané@ 1+ ptanée 


A truck is traveling along a level road at a constant speed. Its body has a mass m and contains a box of 
mass mm. Show that if the box drops off the truck, the truck body will experience an upward acceleration 
of mg/M. 


The 2500-Ib automobile in Fig. 16-113 is brought to rest from a speed of 60 mi/h. If the car is equipped 
with four-wheel brakes and the coefficient of friction between the tires and the road is 0.6, what will be 
the time required to bring the car to rest? What will be the distance covered in that time? 

Ans. 4.568, 200 ft 





Fig. 16-113 Fig. 16-114 


In Problem 16.125, determine the vertical reaction on the two front tires and on the two rear tires. 
Ans. Ry, = 2275 |b, Rp = 225 Ib 
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16.127, The bar BC in Fig. 16-114 is vertical when the system is at rest. The bar is 3m long and has a mass of 


10 kg. It is noted that the bar is rotated 5° from the vertical when the cart to which it is fastened is 
accelerating. The spring constant is 100 N/m. Assuming the spring remains horizontal, determine the 
acceleration. The cart is on a smooth horizontal surface. Ans. a=4.37 m/s’ 


Rotation 
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The 6-m homogeneous bar of mass M shown in Fig. 16-115 falls from its vertical rest position. Assuming 
no friction at the pivot, determine the angular velocity of the bar at the time when the tangential 
component of the acceleration of the unpivoted end is equal to g, the acceleration due to gravity. 

Ans, 0@=0.73 rad, 6 = 1.12 rad/s 


Fig. 16-115 


A homogeneous cylinder 600mm in diameter with a mass of 40kg has an angular acceleration of 
2 rad/s’ about its geometric axis. What torque is acting to produce this acceleration? 
Ans. 3.6N-m 


A homogeneous disk 6 ft in diameter weighs 800 1b and is made to revolve about its geometric axis by a 
force of 80 lb applied tangentially to its circumference. Determine the angular acceleration of the disk. 
Ans. 2.15 rad/s’ 


A 90-Ib solid cylindrical disk 3 ft in diameter is rotating 60 rpm about a central axis perpendicular to a 
diameter. What constant tangential force must be applied to the rim of the disk to bring it to rest in 
2 min? Ans. 0.11 1b 


A 200-kg mass hangs vertically downward from the end of a massless cord that is wrapped around a 
cylinder 900 mm in diameter. The mass descends 8 m in 4s. What is the mass of the cylinder? 
Ans. 3520 kg 


A homogeneous bar 10 ft long weighs 30 Ib and is suspended vertically from a pivot point located at one 
end. The bar is struck a horizontal blow of 90 1b at a point 2 ft below the pivot point. Determine the 
horizontal reaction at the pivot. What is the angular acceleration of the bar due to the blow? 

Ans. R, =631b, a =5.8rad/s* 


A slender bar 1200 mm long has a mass of 3.6 kg. It is hanging vertically at rest when struck by a 
horizontal force P=12N at the lower end as shown in Fig. 16-116. Determine (a) the angular 
acceleration of the bar and () the horizontal and vertical components of the pin reaction O on the bar. 
Ans. o = 8.33 rad/s’ counterclockwise, O, = 35.3N up, O, =6N to right 
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Fig. 16-116 Fig. 16-117 


In the preceding problem, where should the 12-N force be applied so that the horizontal component of 
the pin reaction will be zero? Ans. 800mm below O 


At what point should the horizontal force P be applied to the homogeneous bar, the homogeneous 
cylinder, and the homogeneous sphere so that the horizontal component of the pin reaction at O is 
zero? See Fig. 16-117. Ans. d, = 3d, d, = jd. d, = id 


The coefficient of friction between the horizontal floor and a runner’s shoes is 0.5. Find the radius of the 
smallest circular path around which the runner can travel at a constant speed of 16 ft/s without slipping. 
Ans. r=15.9ft 


A train weighing 100,000 lb has its center of gravity 5.5 ft above the rails. At a speed of 30 mi/h, it 
rounds an unbanked curve having a radius of 2500 ft. If the centerlines of the rails are 4 ft 83 in apart, 
find the vertical force on the outer rail. Ans. 52,800 1b 


Determine the angle of banking for a roadway to allow an automobile speed of 100 km/h on a curve of 
90-m radius so that there will be no side thrust on the wheels. Ans. 41.2° 


A highway curve with a radius of 600m is to be banked for a speed of 80 km/h. What should be the 
angle of bank so that at the design speed there will be no frictional force necessary on the tire in a 
direction perpendicular to the plane of rolling? Ans. @=0.084 rad or 4.8° 


A 0.06-Ib bead slides from rest down a frictionless wire, bent as shown in Fig. 16-118. Determine the 
normal force of the wire on the bead at point A. Next find the normal forces at points B and C with the 
bead on the arc of the circle. 

Ans. N= 0.036 1b, 6, = tan™' 0.75 = 36.9°; Ny = 0.276 Ib, 6, = 36.9%: Ne = 0.348 Ib up 





Fig. 16-118 
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A flywheel with radius of gyration k and mass m is acted upon by a constant torque M = C. What will 
be the angular speed after the flywheel has rotated 6 rad from rest? Ans. w =(1/k)V2C0/m 


A uniform disk of diameter 6ft and weighing 34 1b is released from rest when O and G are on a 
horizontal line as shown in Fig. 16-119. What will be the angular velocity when G is vertically below O? 
Determine the reactions at O at that time. Ans. w =3.78 rad/s, O,, = 79.3 lb, O, =0 


2k 





Fig. 16-119 Fig. 16-120 


If the complete object of Problem 16.49 is used as a pendulum, determine the frequency of the motion. 
Ans. 0.581Hz 


Refer to Fig. 16-120. A moment M of 45 lb-ft is applied to the uniform disk A, which then drives 
uniform disk B without slip occurring between the two disks. What is the angular acceleration of each 
disk? Disk A weighs 64.4 lb and disk B weighs 128.8 Ib. 

Ans. a4 = 3.75 rad/s* counterclockwise, a, = 1.88 rad/s” clockwise 


A massless bar 4m long rotates in a horizontal plane about its center. From each end of the rod is 
suspended a 4-kg mass on a 600-mm cord. When the system is revolving at 3 rev/s, determine the angle 
between the cords and the vertical. 

Ans. (2+0.6sin 6)/tan 6 = 0.559 and 6 = 77.8° by computer solution 


What is the angular acceleration of the pulley shown in Fig. 16-121 turning under the action of the two 
masses? Ans. a =0.666rad/s’ clockwise 


i= 165 ke-m’ 


So), 





Fig. 16-121 Fig. 16-122 


In Fig. 16-122, the simple Atwood machine has weights of 10 and 15lb measured on earth with 
g = 32.2 ft/s. If the machine is moved to the moon, where the acceleration of gravity is 0.16 of the 
earth’s g, what will be the tension in the cord when the masses are released from rest? 

Ans. T =1.29 Ib 
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16.149. Two masses are connected by a light inextensible string that passes over a pulley rotating in frictionless 
bearings. See Fig. 16-123. At a place where g = 9.8 m/s’, the masses of A, 8, and the pulley are 14, 9, 
and 5 kg, respectively. The radius of gyration of the pulley is 400 mm. Determine the acceleration of the 
masses if the system is released from rest at a place where g = 4.9 m/s’. Ans, a= 0.935 m/s? 


16.150. In Fig. 16-124, the disk of weight 76 lb and radius of gyration 2.34 ft is rotating at 600 rpm. What force P 


must be applied to the braking mechanism to stop the disk in 25s? Use a coefficient of friction between 
the disk and the horizontal member equal to 0.30. Ans. P=17.8lb 


1000 coum 





Fig. 16-123 


16.151. A thin triangular lamina of weight 20 Ib is rotating at 30 rpm about a horizontal axis in two frictionless 
bearings at A and B as shown in Fig. 16-125. When the lamina is vertical as shown. determine the 
bearing reactions at A and B. Ans. A=8.91b up, B = 10.7 Ib up 





Fig. 16-125 Fig. 16-126 


16.152. In Fig. 16-126, AB = 600 mm, BC = 900mm, M =SO0kg, and R =600mm. If the system is rotating at 
13 rev/s, determine the support reactions due to ‘centrifugal’: force at journals A and C. Neglect the 
weight of the arm. Ans. A=1970N, B =1320N 


16.153. Solve Problem 16.152 if the speed is 163 rev/s. Ans, A=197kN, B=132kN 


16.154. A disk rotates uniformly at 5 rev/s in a horizontal plane. A 40-kg mass is placed on the disk at a point 
2m distant from the axis of rotation. If the mass is just about to slip in this position, what is the 
coefficient of friction between the mass and the disk? Ans. w =05 


16.155. A 2-Ib block is held stationary on a stop 18 inches from the center and a horizontal turntable by a cord that 
passes down through a hole in the shaft as shown in Fig. 16-127. What tension in the cord is necessary to 
keep the block 18 in from the center as the block and turntable rotate around the center at 30 rad/s? Assume 
that there is no friction. Ans. T = 83.8 Ib 
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2 lb 2b 





Fig, 16-128 


16.156. The horizontal member in Fig. 16-128 is 48in long and is rotating at 20 rpm about a vertical axis 
through its midpoint. Each 2-lb ball is suspended by a cord that is 12in long. What angle 6 will each 
cord make with the vertical? Use a trial-and-error solution. Ans. @=17.4° 

Do the following Problems using the inertia-force method. 

16.157. Solve Problem 16.78. 

16.158. Solve Problem 16.79. 

16.159. Solve Problem 16.90. 

16.160. Solve Problem 16.93. 

16.161. Solve Problem 16.101. 

16.162. Solve Problem 16.111. 

16.163. Solve Problem 16.115. 


16.164. Solve Problem 16.145. 


16.165. Solve Problem 16.150. 


Chapter 17 


Work and Energy 


17.1 WORK 


Work U done by a force F acting on a particle moving along any path is dcfined as the line 
integral from position P, at time f, to position P, at time ty: 


u=| Pedr 
¢C 


where dr is the infinitesimal change in the position vector r. 
The expression for work may also be written (sce Fig. 17-1) as 


u=[" fas 


where 5), 5) = respective distances of the particle from reference point P, at the beginning 
and end of the motion 
F, = magnitude of the tangential component of the force F as indicated in Fig. 17-1 
ds = infinitesimal change in position of the particle along the path 


Then. since 


F=Fit+ Rj+ Fk and dy =dxi-dyj+dzk 





Fig. 17-1 


the above line integral can be written as 
u={ (Fait Fj t+ Ek): (dx i+ dyj + dzk) =f (F. dx + F, dy + F. dz) 
Cc Cc 


This can be converted to a time integral as follows: 


Ray dv dz 
u={[ (FORO + RS) 
i dt dt dt: 
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17.2, SPECIAL CASES 
Special cases arise as follows: 


1. Force constant in magnitude and with its direction along a straight line: 
U=Fs 


where U=work done 
F=constant force 
s = displacement during the motion along the straight line 


2. Force constant in magnitude but at a constant angle with a straight line displacement: 


U = Fs cos@ 
where U=work done 
F =constant force 
s = displacement during the motion along the straight line 
6 = angle between the action line of the force and the displacement 


3. Forces constituting a couple (rotation occurs): 
@ 
U= | Mdé 
a 


where M = couple 
dé = differential angular displacement 
6,, 6, = initial and final angular displacements 


Work is positive if the force acts in the direction of motion. Work is negative if the force acts 
opposite to the direction of motion. 

The work done on a rigid body by two or more concurrent forces during a displacement is 
equivalent to the work done by the resultant of the force system during the same displacement. 

Work is a scalar quantity. In the U.S. Customary system, the unit is the foot-pound (ft-lb). In SI. 
the unit is the newton-meter (N - m), which is called the joule (J). (I N-m=1J.) 


17.3 POWER 


Power, which is the rate of doing work, equals dU/dr = F- dr/dt =F - v. In the case of a couple. 
this would be Power = dU/dt =M-o. 


(a) In the U.S. Customary system, the unit of power is the foot-pound per second (ft-lb/s). This unit is small: 
thus, a larger unit, the horsepower, which equals 550 ft-lb/s, is used. 
The formulas used for horsepower are 
F-v M-o 


=-—— hos "2. 
P=3s9 and bp = 50 


h 


where F= force in pounds 
v = velocity in ft/s 
M = moment of couple in lb-ft 
« = angular velocity in rad/s 


(5) In SI, the unit of power is the joule per second (J/s). This is, of course, the watt (1 J/s = 1 W). 


17.4 EFFICIENCY 


Efficiency is equal to work output divided by work input for the same period of time. It is also 
expressed as power output divided by power input. The work output is less than the work input by 
the work dissipated (usually in overcoming friction). 
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17.5 KINETIC ENERGY OF A PARTICLE 
Kinetic energy 7 of a particle with mass m and moving with speed v is defined as 4ynv 
In the U.S. Customary system, the unit is the foot-pound (ft-lb) 
In SI, the unit is the joule (J). 


17.6 WORK-ENERGY RELATIONS FOR A PARTICLE 
Work done on a particle by all forces is equal to the change in the kinetic energy T of the 


particle. 
ry ry 4 > a dr 
Proof: u={ F-dr={ mi de= | ran 
=m [@ t)dt=4m [S@a 
“dy, at 
= dm[v7)}? = dmv3 — dmvj = T - T; 
where U = work done 


m= mass of particle : 
initial and final speeds, respectively, at P, and P, 


U,,U2>= 
initial and final kinetic energy, respectively, at P, and P, 


1, h= 
17.7, KINETIC ENERGY T OF A RIGID BODY IN TRANSLATION 


The kinetic energy 7 of a rigid body in translation is T = 3mv 
Proof: All particles of the rigid body have the same velocity v. Then, if mm, = mass of the ith 


particle, 


2 


y 


t 
= fu? Sm, = bw 
t=1 


where m =mass of the entire body 
v = speed of the body 


17.8 KINETIC ENERGY T OF A RIGID BODY IN ROTATION 


The kinetic energy T of a rigid body in rotation is T = hw 
Proof: Let yr, be the radius vector of the ith particle and #; its velocity as shown in Fig. 17-2 


then 
a an 
T= > dm(t’ =D dm (wo Xn,/P 
t=] r=1 
ri ri 
=D bmw? = he? DS) mr? = Mow? 
1 t=] 
where sa mass moment of inertia of the entire body about the axis of rotation 


= angular speed 
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Fig. 17-2 Fig. 17-3 


17.9 KINETIC ENERGY 7 OF A BODY IN PLANE MOTION 
The kinetic energy T of a body in plane motionts T = pe? +e”. 
Proof: Study the motion of the ith particle, choosing the mass center as the base point. Refer to 
Fig. 17-3, Then 
r,=R+p, and r,=R+9, 

i = (R + 6) + (R+ 6) = R? + 2R +p; + 6; 
Then T= im# =) >) mR + DD mR-p.+4 > me 

1-1 i-1 r-1 i-1 
But R? = v*, 6, = X p,, and mR - p, = m,R - (w X p;) = R- (w X m,p,). Thus 


7 a a 
T=10" S m,+R- (wx S mp) +3 S m,@° pr 
: r=1 r=] 


r=1 
Since >7_, mip; = 0 when p; is drawn from an axis through the mass center, 
T =hmv? +04 Yo? 


where v = linear speed of the mass center 
w = angular speed 
7= moment of inertia about an axis through the mass center parallel to the z axis 


17.10 POTENTIAL ENERGY 


A conservative force is one that does the same amount of work regardless of the path taken by 
its point of application. (See Problem 17-1). 

The potential energy of a body is measured by the work done against conservative forces acting 
on the body in bringing the body from some reference or datum position to the position in question. 
The potential energy may be defined as the negative of the work done by the conservative force 
acting on the body in bringing it from the datum position to the position in question. The selection of 
the datum position is arbitrary—usually for convenience. 


17.11 WORK-ENERGY RELATIONS FOR A RIGID BODY 


The principle of work and energy states that the work done by the external forces acting on a 
rigid body during a displacement is equal to the change in kinetic energy of the body during the same 
displacement. 
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17.12 LAW OF CONSERVATION OF ENERGY 


The law of conservation of energy states that if a particle (or body) is acted upon by a 
conservative force system, the sum of the kinetic energy and potential energy is a constant. 


Proof: Let P and Q be respectively the initial and final positions of the particle. The work done 
by a conservative force F as the particle moves from P to Q has been defined as U = [2 F- dr. But, 
in terms of our standard position § with radius vector 7,, we can write 


Ss Q Ss Ss 
u~| F-dr+ | F-de={ F-de—-{ F-ar 
P Ss P Q 


But potential energy Vp = J}. F+ dr and Vg = f%,F- dr. Hence, 


U=Vp-Vo 
We have also shown in terms of kinetic energy that 
U=Tp- Tp 
Thus, Vp—- Vo =To— Tp or Ve+Tp=Vot To 


Solved Problems 


17.1. Determine the potential energy V of a body of mass m at a height A above a datum plane 
(assumed as a standard position). Assume that / is small enough that the gravitational force 
on m does not vary. 

SOLUTION 


The potential energy V is the negative of the work done against the only force acting on the body 
as it traverses any smooth path from $ (datum) to P. This force is the gravitational force stg, which is 
assumed constant throughout this travel. Refer to Fig. 17-4(a). 

Since F is constant, we can write 


v -| -~F+de= -F: ["dr= -F-(r,—85) 
Cc ity 
But Fig. 17-4(b) indicates that 


—-F- (8, —ry) = Fe (r, —4,) = mg |r, — | cos 8 = mgh 


Thus, the potential energy V of a body of mass m at a height # above an arbitrary datum plane is 
meh, 
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17.2. 


17.3. 


A body on a frictionless horizontal plane is attached to a spring with modulus & Ib/in. Refer 
to Fig. 17-S(a) for the top view. When the body is at S, a distance / from the wall, there is no 
force in the spring (k/ = 0). This will be considered the standard position. When the body is at 
P, a distance / + x from the wall, determine the potential energy Vp of the system (actually of 
the spring, because there is no change in the potential energy of the body, which is always on 
the horizontal plane). 


i ‘7 ie = F=—K(r—Ne-| 
a Pe 


(a) (b) 


| 


Fig. 17-5 


SOLUTION 


Figure 17-5(b) shows the body at a distance r from the wall as the origin. The force acting on the 
body in this position is proportional to the deformation of the spring from the standard unstressed 
length; thus, F = —k(r — /e,. The work done by this force for a differential change dr (where dr = dr e,) 
is —k(r — De, - dre, = —k(r —1) dr, since e, - e, = 1. The potential energy is 


fry 
V, = -| (—k(r —1)] dr = $kx? 
a 


The body possesses this potential energy because of the pull of the spring, which varies with the 
deformation. The pull of the spring (its internal force) always acts along the spring. Thus, the potential 
energy for a given deformation remains the same even if the spring is moved sideways on the smooth 
horizontal surface, provided the distance from O does not change. This sideways motion could be 
conceived as the sum of infinitesimal displacements perpendicular to the spring during which forces act 
only along the spring (zero work is done perpendicular to the spring). 

In Problem 17.1, the given body possesses potential energy because of the attraction of the earth 
considered constant for relatively small changes of height #. Problem 17.3 introduces an attractive force 
that varies inversely with the square of the distance. 


Determine the potential energy of a body attracted by a force that is inversely proportional to 
the square of the distance r from the source O of the force. 


SOLUTION 


The standard position S of the body will be chosen at infinity. (Note: Some students might have 
tried the source O as the standard position, but V is defined in terms of the work done in moving from 
the standard position: and since the force tends to become infinite as the body approaches O, the choice 
of O is seen to be unwise.) The body is shown in Fig. 17-6 at a distance r from the origin. The force 
acting on the body in this position is F = —(C/r’)e,. As in Problem 17.2, the potential energy is 


ete aac a 
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* 


@ 


Fig. 17-6 


17.4. A spring is initially compressed from a free length of 8 in to a length of 6 in, making a net 
initial compression of 2 in. What additional work is done in compressing it 3 in more (5 in 
total) to a 3-in length? Assume that the spring modulus k = 20 Ib/in. 


SOLUTION 


By definition, the work done in compressing the spring from 2 in to Sin is 
Sp s 
U= I Fids = 20s ds = 210 in-lb 
Sy 2 


The same value may be obtained by using Problem 17.2 to determine the work done in compressing 
the spring first 2in and then Sin. Note that both expressions are for work done from the unstressed or 
zero position. Their difference is the required value; 


U = 20s ds -f 20s ds = 250 — 40 = 210 in-Ib 
0 


0 


17.5. Solve Problem 17.4 graphically. 
SOLUTION 


To solve graphically, plot the varying force F = 20s against the displacement as shown in Fig 17-7. 

Note that the area included between the 2- and S-in displacements is in terms of inches horizontally 
and pounds vertically. 

The shaded area is therefore equal to the work done, or equal to the average height in pounds 
times change in displacement in inches: 





1 £ 4 4 3 6 


a (inches) 


Fig. 17-7 





17.6. Determine the total work done on a 5-kg body that is pulled 6 m up a rough plane inclined 
30° with the horizontal, as shown in Fig. 17-8. Assume that the coefficient of friction » = 0.20. 
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17.7. 


SOLUTION 
From the free-body diagram, V,, may be found by summing forces perpendicular to the plane: 


> F.=0=-5 X 9.8 cos 30° + N, + 70 sin 10° 


solving, N, = 30.3 .N. 
The work done by each force is determined next. The sign is positive if the force acts in the 
direction of motion of the body. 


Sign of work done Magnitude of work done 
5x98 


no work, since N,, acts | to direction of motion 


Therefore the total work done = +413.6 — 147 — 36.4 = 230 N - m. 
Now find the resultant of all the forces and then determine the work done by the resultant. 
Since only the x component of the resultant will do work, determine only that: 





R, = > EF, = +70 cos 10° — 0,20(30.3) — 5 x 9.8 sin 30° = 38.4 


Since 38.4 N is a constant force, the total work done = R,(6) = 38.4(6) = 230 N - m. 


Find the work done in rolling a 20-kg wheel a distance 1.5 m up a plane inclined 30° with the 
horizontal as shown in Fig. 17-9. Assume a coefficient of friction of 0,25. 





F F 
i 
F F F 3 
30) a a) o a4) o 
Fig. 17-9 Fig. 17-10 


SOLUTION 


The normal force N, does no work because it has no component in the direction of motion. 

The force of friction F also does no work, but for a different reason. Its point of contact moves 
with the wheel, and since there is no relative motion (no slipping involved) between the frictional force 
and the wheel, the work done by the force of friction is zero. This is not the case in the preceding 
problem, where the frictional force did negative work, but of course the body slipped along the plane. 

Another way of attacking the friction work in this problem would be to replace the single force F 
with an equal parallel force F in the same direction through the center and a couple as shown in 
Fig. 17-10. (Neglect all other forces for the time being.) 

The work done by the equivalent system is equal to the sum of the work done by the force F and 
the couple M (magnitude FR). Let us determine the work done for one revolution, ie., for 27 rad. The 
center moves a distance 27R during one revolution. Hence, the work done by F is ~F(22R). The work 


402 


17.8. 


17.9. 


17.10. 
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done by the couple aids the wheel in moving up the hill and equals +46 or 2ZFR. The sum of these two 
values is zero work. 

Therefore, of the given system. the only forces doing work are the 130-N force and the component 
of the gravitational force along the plane (refer to Fig. 17-9). The component of the gravitational force is 
20 X 9.8 sin 30°. 


Work done = +130(1.5) — (20 x 9.8 sin 30°)(1.5) = 48 N-m 


Work is expressed as U = J (¥ F.) dx, where © F, is the sum of the forces in the x direction. 
Show that the work of the expanding gas in the simple engine shown in Fig. 17-11 is 
U =f p dV, where p is the gas pressure in lb/ft” and v is the volume in ft’. 

SOLUTION 


The force F acting on the pistion is pA, where A is the area of the piston in square feet. Also, the 
change in volume dV =A dx. Hence. 


u=[(> F.)de= | (pay =| pav 





4.20" 


Fig. 17-11 Fig. 17-12 


Figure 17-12 illustrates an indicator card taken on the head end of a steam engine. The 
horizontal line is proportional to the stroke of the engine and therefore to the volume of the 
steam in cubic feet. The height of the card indicates the internal pressure in either psi or 
Ib/ft?. Assume that the length of the card is 3.20 in and that the engine is 6 in by 8 in. The 
indicator spring scale is 100. This means that a pressure of 100 psi produces a vertical 
displacement on the card of 1 in. The area of the card as measured with a planimeter is 
1.82 in’. Determine the work represented by the card. 


SOLUTION 


The 3.20 in horizontally represents the volume contained in the engine. Since the bore is 6in and 
the stroke 8in, this volume is 
V =Al = fad?! = \x(6/12)°(8/12) ft? = 0.131 fr’ 
One horizontal inch represents (0.131 ft*)/3.20 = 0.041 ft’. 
One vertical inch represents (100 Ib/in’)(144 in’/ft’) = 14,400 lb/ft”. 
Then 1.82 in’ of card area represents 1.82(14,400)(0.041) = 1075 ft-Ib of work. 


At a certain instant during acceleration along a level track, the drawbar pull of an electric 

locomotive is 100 KN. What power is being developed if the speed of the train is 90 km/h? 

SOLUTION 

90 000 m 
3600s 

= 2.5 MJ/s or 2.5 MW 


Power = (100 000 N)( ) =2:500000N - m/s =2.5 x 10" J/s 
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17.11. 


17.12. 


17.13. 


17.14, 


A belt wrapped around a pulley 600 mm in diameter has a tension of 800 N on the tight side 
and a tension of 180 N on the slack side. What power is being transmitted if the pulley is 
rotating at 200 rpm? 


SOLUTION 


The torque M is found by taking the algebraic sum of the moments of the tensile forces in the belt 
about the center of the pulley: 

Torque M = 800 x 0.3 — 180 x 0.3 = 186.N - m. 

Power = M(N - m)-w(rad/s) = (186 N - m)(200 X 277/60 rad/s) = 3.9 kW. 


The force P acting on the Prony brake shown in Fig. 17-13 is 25.6 1b. The moment M 
transmitted by the shaft of the engine to the brake drum gives it a counterclockwise angular 
velocity of 600 rpm. Determine the power dissipated by the Prony brake. Neglect the weight 
of the brake. 





se" 


Fig. 17-13 


SOLUTION 


The moment M/ being transmitted by the shaft equals the moment of the force P about the drum 
center; that is, (25.6 lb)(42/12 ft) = 89.6 Ib--ft. 


_ Mw _ 89.6 lb-ft x (27 x 600/60) rad/s 
550 550 ft-lb/s 





10.2 


Thus. the power being transmitted by the shaft is 10.2 hp. 


The power measured by a Prony brake attached to an engine flywheel is 3.8 brake horsepower 
(bhp). The indicated horsepower (ihp), as measured by means of indicator cards, is 4.1. What 
is the efficiency of the engine? 


SOLUTION 


power output 3.8 bhp 


Efficiency = = 93% 


power input 4d ihp 


A block of mass m is projected with initial speed vy along a horizontal plane. If it covers a 
distance s before coming to rest, what is the coefficient of friction, assuming that the force of 
friction is proportional to the normal force? 


SOLUTION 


The initial kinetic energy is 7, = 4v;. Its final kinetic encrgy is zero. 
The normal force is mg. Hence, the friction is zig and does an amount of work equal to — mgs. 
U=T.- T, or ~pmgs = —}mvo, from which ps = v;/2gs. 
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17.15. The strength of a magnetic field is given by F = —3/x, where F is in pounds and x is the 
distance from the magnet in feet. A disk weighing 4 oz is placed 6 ft from the magnet on a 
smooth horizontal plane. What will be the speed of the disk when it is 3 ft from the magnet? 


SOLUTION 


Using the work—-energy relation U = AT, we have 
73 
U= | F dx = [ ~= dx =[-3Inx]{ = 2.08 ft-lb 
6 x 


1 (4/16 

AT=-— Ce 

2\ g 

Hence, v = 23.1 ft/s 


je? ~ 0 = 2.08 ft-lb 


17.16. A slender rod 2 m long and having a mass of 4 kg increases its speed about a vertical axis 
through one end from 20 to 50 rpm in 10 revolutions. Find the constant moment M required 
to do this. 


SOLUTION 
The moment of inertia /,, of the rod about an axis through one end is 
fo = 4m = (QP = 5.33 kg - me 
@, = 27(20/60) = 2.09 rad/s, w2 = 27(50/60) = 5.23 rad/s, and @ = 2x(10) = 62.8 rad. 
Work done = changes in kinetic energy of rotating body 
M@ = j1o(@, — 1) 
M(62.8) = $(5.33)(5.23° — 2.09") or M=0.975N-m 


17.17. A slender rod having a mass m and length / is pinned at one end to a horizontal plane. The 
rod, initially in a vertical position, is allowed to fall. See Fig. 17-14. What will be its angular 
speed when it strikes the floor? 





Fig. 17-14 


SOLUTION 


The only force doing work is the gravitational force mg, assumed concentrated at the center of 
gravity, which falls a total vertical distance 3/. The work done by gravity is thus 4g. 
The kinetic energy is changed from 7, =0 to 7; = yw” = \(4ml?)w*. Then 


U=T,-T, or Lgl = tm? wo 


Be 
from which 8 
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17.18. A car and four wheels weigh 1800 Ib. Each wheel weighs 200 |b and is 2.50 ft in diameter. The 
car, moving at 15 mi/h, coasts to rest on a level track in 2 mi. What is the rolling resistance F? 


SOLUTION 


The initial kinetic energy 7, is the kinetic energy (of translation) of the 1000-Ib car and the kinetic 
energy (both rotation and translation) of the four wheels. The final kinetic energy 7, = 0. The work done 
by the rolling resistance F equals F(2)(5280) ft-lb. Also, 15 mi/h = 22 ft/s. Then 


U=7,~-T, 
10,560F = 0 — 4(1000/32.2)(22)? — 4(4)(200/32.2)|[(22)? + $r7w7] 


Substitute w*r? = v7 = (22) into the expression to obtain F = ~ 1.57 tb. 


17.19. A 100-Ib slender rod 4 ft long falls from rest in the horizontal line to the 45° position shown in 
Fig 17-15. In that phase, what are the bearing reactions at O on the rod? 


SOLUTION 


Choose n and ¢ axes along and perpendicular to the bar. apply reversed effective forces through the 
center of percussion P to hold the bar in “equilibrium for study purposes.” 

To determine the angular acceleration a in the phase shown, use the equation } My=0 or 
—W(2)(0.707) + mra(ki/7) = 0. The distance to P is k3/F=1,/mF = % ft. The equation then becomes 
—100(2)(0.707) + (100/32.2)(2a)(3) =0, whence a = 8.53 rad/s’. 

Summing forces along the ¢ axis, O, + mra — 100 cos 45° = 0 or O, = 17.7 Ib in direction assumed. 

To determine O,,, it is first necessary to find w. Use work-energy methods. The only force doing 
work is the weight. whose center G has fallen 2(0.707) = 1.414 ft. Hence, work = + 100(1.414) = 
141.4 ft-ib. 

The kinetic energy change is the final value 3J,w? = $[5(100/32.2)(4)]w? = 8.287. 

Since U = change in T, we have 141.4 =8.28e” or w? = 17.1. 

Summing the forces along the bar, 


~O,, + 100(0.707) + (100/32.2)(2)17.1)=0 or  O,=177Ib 


Mra 





Mat 


Fig. 17-15 Fig. 17-16 


17.20. A solid homogeneous cylinder of radius R and mass m rotates freely from its initial rest 
position (G vertically above O) about a fixed horizontal axis perpendicular to the plane of the 
paper. What is the value of its angular speed in the position @? Refer to Fig. 17-16. 


SOLUTION 


By inspection, G falls a vertical distance R — R cos 8. The work done on the cylinder by gravity is 
thus equal to mgR(1 — cos @). 
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The kinetic energy in its rest position is 7, = 0. The kinetic energy in the @ position is 7, = LI”. By 
the transfer theorem for moments of inertia, 


Ig =1+ mR? =4mR? + mR? = 3mR? 


oe 4g(1 — cos @) 
wren U=T,-T, — mgR(~ 00s @)=3mR’w” w= Ae 


17.21. a sphere, rolling with an initial velocity of 9 m/s, starts up a plane inclined 30° with the 
horizontal as shown in Fig 17-17. How far will roll up the plane? 





Fig. 17-17 


SOLUTION 


The initial kinetic energy 7, decreases to 7, =0 at the top of the travel. The only force that does 
work is the component (negative) of the weight W along the plane. 

Work done = —(mg sin 30°)x, where x is the required distance. 

The initial kinetic energy 7, for the body in plane motion is 7, = 3mdj + 3/wi. 

Since here J = mR? and v, = w,R, we have T, = mvj + yd, = pn (9Y. Then 


U=7T,-T, —(mg sin 30°%x =0-Gm(9P x =11.6in 


17.22. Fig. 17-18(a@) shows a 322-lb homogeneous cylinder that rolls from rest without slipping on a 
horizontal plane under the action of the horizontal 12-lb force. Determine the angular velocity 
of the cylinder after it has rotated 90°. The diameter is 3.2 ft. 


1ZIb 


1.6 





(2) 
Fig. 17-18 


SOLUTION 


In the free-body diagram, Fig. 17-18(b), the only force doing work is the 12-lb force. Using an 
(x, ¥) set of axes as shown. the radius vector for the top point is r= R + 1.6j. 
When the cylinder rotates through a differential angular displacement dd, we can write 


dr=dR + 1.6(dé)i 
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Also note that dR = 1.6(ddé)i. The differential work done by the 12-Ib force is now written 
dU =\2i-+ dy =121-(1.6ddi+ 1.6d¢i) 
=38Add 


and U= | 38.4 dé = 60.3 ft-lb 

This result can also be obtained by replacing the 12-lb force at the top with a horizontal 12-Ib force 
through the center and a clockwise couple equal to 12 * 1.6 = 19.2 Ib-ft. 

The work done by the force through the center and the couple is 


U=12X 1.6 xe 19.2(5) = 60.3 ft-lb 


Next determine the kinetic energy of the ae as 


imi + To" =5("=)( 2) be oe Ja. )a.6) Jo? 


Equating this to the work done. we find 


w = 2.69 rad/s 


17.23. A solid homogeneous cylinder rolls without slipping on the horizontal plane. The cylinder has 
a mass of 90 kg and is at rest in the phase shown in Fig. 17-19. The modulus of the spring is 
450 N/m and its unstretched length is 600 mm. What will be the angular speed of the cylinder 
when the spring has moved the center 500 mm to the right? 


SOLUTION 


The cylinder has initial kinetic energy 7,=0 and final 7; = sur; + lIw3. Substituting 0, = re. = 
0.15. and 7 = br? = \(90)(0.15y = 1.01 kg: m’, we obtain 7, = 1.5202. 

Since the point of application of the frictional force moves with the cylinder (and hence friction 
does no work). the forces form a conservative system, The conservation of energy law will be used here. 
The system possesses potential cnergy because of the spring configuration (see Problem 17.2). 

The initial and final lengths of the spring are s$,= = V0.6) + +(0.9P =1.08m and s.= 


V(0.6)" + (0.4)? = 0.72 m. Then 
V, = 3k(1.08 — 0.6)" = 4(450)(0.48) =51.8N-m — V.=4k(0.72-0.6)9 =3.24N-m 











Finally. from the conservation of energy law, we can write 


T4V,=h=-Ve 0+518=1.52w3+3.24 0, =5.65 rad/s 


We = 322 Ib 






eran = 020 


Wa = 193.2 Ib 





900 mm W., = 161 Ib 


Fig. 17-19 Fig. 17-20 


17.24. In the phase shown in Fig. 17-20 the block A is moving down 5 ft/s. The cylinder B is 
considered a homogeneous solid and moves in frictionless bearings. The spring is originally 
compressed 6 in and has a modulus of 6 Ib/ft. What will be the speed v of A after dropping 
4 ft? 
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SOLUTION 
Consider the system consisting of bodies A, B, and C as a unit in determining kinetic energy and 

work done. The initial kinetic energy 7, is the sum 

1/W, z 1/W,\ 5 

T= ("5 ui + ‘gw + (~*)v3 = 225 ft-lb 

2\ g 2\ zg 
where I, = }(Wy/g)(3)°, and w, =v,/r = 5/4 = 10 rad/s, since no slip of rope on cylinder is assumed. The 
final kinetic energy 72 in terms of the required speed v is 


1/We\ , 1s 2, 1/Wa\, - 
L= ae 5 I,(2v)° + ee = 9,0v? 


Work is done on the system as follows: W, does positive work; friction on C (0.20 X 322) does 
negative work; for the first 6 in. or 4 ft, the spring does positive work, but after that it is being stretched 
from the neutral position and does negative work. Thus, 


v2 35 
Work U = +161(4) — 64.4(4) +| ks ds -[ ks ds = +26.4 ft-lb 
0 oO 


Then U = 7; — 7;, 26.4 = 9.0u? — 225, and v = 5.29 ft/s. 


17.25. A cylinder is pulled up a plane by the tension in a rope that passes over a frictionless pulley 
and is attached to a 70-kg mass as shown in Fig. 17-21. The 45-kg cylinder has radius 600 mm. 
The cylinder moves from rest up a distance of 5 m. What will be its speed? 


SOLUTION 
The initial kinetic energy of the cylinder and mass is 7, = 0. The final kinetic energy of the system is 
T= T.+ Ty, = (mw? + ee?) + (4m,,0°) = 68.750" 


After substituting, m, = 45, m,, = 70, I= 4m,R’, and R’w? = 0”. 

The initial potential energy for the cylinder will be assumed zero, and it will gain potential energy 
(9.8 X 45)(5 sin 50°). The initial potential energy of the 70-kg mass will be assumed zero, and it will lose 
potential energy (9.8 x 70)(5). Thus, 


T.+V,=ThtVe  0+0=68.750? + (9.8 x 45)(5 sin 50°) — (9.8 X70)(5) 0 = 5.03 m/s 





Fig. 17-21 Fig. 17-22 


19.26. The 96.6-Ib block shown in Fig. 17-22 rests on a smooth plane. It is connected by a flexible 
inextensible cord that passes around weightless, frictionless pulleys to a support. The 128.8-Ib 
weight is attached as shown. After the system is released from rest, in what distance will the 
block on the plane attain a speed of 8 ft/s? 
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SOLUTION 


The 128.8-lb block travels half the distance that the 96.6-lb block does, and its speed is half the 
speed of the 96.6-Ib block. 
The initial kinetic energy of the system is 7, =0. Its final kinetic energy is 
T= $B\(8) + (48/2) = 128 ft-lb 


Work is done by the component of the weight along the plane and by the 128.8-lb weight. 
Assuming motion up the planc, the work done is 


U = —(96.6 sin 30°)s + 128.8 ; = 16.15 


16.15 = 128 or 5 =7.95 ft (up the plane) 


17.27. A flexible chain of length / and mass a kg/m is released when it has a free overhang of c 
meters. What will be its speed when leaving the smooth table? 


SOLUTION 


The free overhang of mass ac will fall a distance / — c; the work done by gravity on this part will be 
gac({ —c). The part on the table will fall an average distance $(/—c); the work done by gravity on this 
part is ga(/ — c) X $(2—c). The total work equals the final kinetic energy 4mv? = $alv’. Then 


> 5 7 P —¢? 
gac(l—c) + sga(l—c)* = fale’, from which v= ers 


17.28. Determine the work done in winding up a homogeneous cable that hangs from a horizontal 

drum if its free length is 6 m and it has a mass of 50 kg. 
SOLUTION 

Figure 17-23 shows the cable in its original phase. In analyzing the problem, note that any element 
dx is acted upon by a gravitational force 9.8(50/6) dx = 81.7 dx. 

Assume that the element dx is at a distance x from the free end. This element is then raised a distance 
(6 —x}m. The work done on it is the product of the gravitational force and the distance raised. 

The total work is the integral of the work done on a differential element. Note that x varies from 
zero to 6 m. 


6 
Work =| 81.7(6 —x) dx = 1470N-m 
1} 


4]. 
Ee fe 
1! 1 8 


Fig. 17-23 Fig. 17-24 


17.29. Refer to Fig. 17-24. If weight W hangs freely, it stretches the spring a distance c. Show that if 
the weight (held so that the spring is unstressed) 1s suddenly released, the spring stretches a 
distance 2c before the weight starts to return upward. 


410 


17.30. 


17.31. 


17.32. 
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SOLUTION 


The kinetic energy of the weight at the top (initial position) and the bottom is zero. Hence, the 
total work done on the weight must be zero. But the total work done is the positive work of gravity. 
(Ws) offset by the negative work of the spring (3ks”) on the weight. Therefore 


Ws — tks? =0 


But in the freely hanging position, W is balanced by the spring force kc. Putting W = kc in the above 
equation, we obtain 5 = 2c. 
The tension in the spring for this type of loading is double the weight. 


In the spring gun shown in Fig. 17-25, ball W rests against the compressed spring of constant 
k. Its initial compression is x». What will be the speed of the ball leaving the gun? Assume the 
spring is unstressed when the bearing plate is at the end of the gun. 


“A 
Uy tray 
V ih 
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SOLUTION 


The ball is shown is any position x from the end of the gun. The force doing work is the spring 
force F = kx. 

The work done = fj" kx dx = 4kx$. This is equal to the gain in kinetic energy of the ball, which is 
3(W/g)v*. Hence, v = xo Vkge/W. 


Two balls are connected by a spring whose unstressed length is 450 mm and whose modulus is 
0.044 N/mm. The balls are pushed together (compressing the spring) until they are 150 mm 
apart. They are then released on a smooth horizontal table. What work is done on the balls in 
returning them to their original distance apart? 


SOLUTION 


The work done on the balls by the varying spring force is equal to the work done in compressing 
the spring from 450 to 150 mm; that is, U = fa" Ax dx = [5kx7]p? = $(0.044)(300)° = 1.98 N - m. 


A rope is wrapped around a 10-kg solid homogeneous cylinder as shown in Fig. 17-26. Find 
the speed of its center G after it has moved 1.2 m down from rest. 


SOLUTION 


The only force doing work is the gravitational force 10 x 9.8 = 98 N. 
Initial kinetic energy is zero. Final kinetic energy is 


1S 


te 


mv + Siw? = amv? + 2(4mnr?)( ) = imu? =7.50" 


r 


Then U=98 x 1.2 =7.50; and v = 3.96 m/s 
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& = 100 lb/ft 





Fig, 17-26 Fig. 177-27 


17.33. In Fig. 17-27, block A initially rests on the spring, to which it is connected by a 2-ft 
inextensible cord, which becomes taut after the system is released. What will be the stretch of 
the spring to bring the system to rest? The cylinder may be considered homogeneous; it 
weighs 161 Ib and rotates in frictionless bearings. 

SOLUTION 


First determine the kinetic energy of the system before the spring comes into play, i.e.. while the 
weight A rises 2.0 ft. the work done cquals 100s, — 150s... 

The weight B drops 4.0 ft while A rises 2.0 ft. Hence. the kinetic energy when the spring action 
starts is the work done, or 7, = 100(4.0) — 150(2.0) = 100 ft-lb. The final kinetic energy of the system is 
T, =0. 

The work done on the system (A and 8) by gravity and by the spring as it stretches a distance x ft is 


U = -100(2x) — 150(x) — $Ax? = 50x ~ 50x° 
Since U = 7; — 7,. where 50x — 50x° = 0 — 100. x° — x —2=0, and x =2.0 ft. 


17.34. In Fig. 17-28, what weight of B will cause the cylinder having an / = 100 slug-ft* to attain a 
speed of 4 rad/s after rotating counterclockwise 6 rad from rest? 


SOLUTION 
The work done in the counterclockwise direction is 
U = [W,(2) - 64.4(4)]@ = 12W, — 193 
The system has initial kinetic energy 7, =0 and final kinetic energy 
Ts = Stguy + le? + lime ue 
But v, = 2. vp = 4w. and w = 4 rad/s: hence, 


: (  Jeay + $(100)¢4)' + 2(2)(2)° = 0.994W,, ~ 804 
9432.2. a ae 


Then U = 7,—T,, 12W, — 193 =0.994W, + 804, and W, = 90.6 lb. 


17.35. In Fig. 17-29. block A weighs 96.6 Ib and block B weighs 128.8 Ib. The drum has a moment of 
inertia / = 12 slug-ft*. Through what distance will A fall before it reaches a speed of 6 ft/s? 
SOLUTION 

Work done = 96.6s,, — 128.85, = 53.7s,, since sy = 4s,. _ 

The system has initial kinetic energy 7; =0 and final kinetic energy T, = y,ua + lw + dmgvy = 
86 ft-lb, since uv, = 6 ft/s, vu, =2 ft/s. and w =v,/r = 6/3 = 2 rad/s. 

Then 53.75, = 86 or 5 = 1.60 Tt. 
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é hi 





TKS 
A; By 30° 
96.6 1b 128.8 Ib 
Fig. 17-28 Fig. 17-29 Fig. 17-30 


The 7-kg block shown in Fig. 17-30 is released from rest and slides a distance s down the 
inclined plane. It strikes the spring, which it compresses 75 mm before motion impends up the 
plane. Assuming that the coefficient of friction is 0.25 and that the spring constant 
k =2.8N/mm, determine the value of s. 


SOLUTION 


The initial kinetic energy and the final kinetic energy (when the block has moved s + 0.075 m) are 
zero. Hence, the work done by friction, gravity, and the spring must be zero. 

The normal reaction = 9.8 x 7 cos 30° = 59.4 N, does no work. 

The friction = 0.25 x 59.4 = 14.85 N. The component of the gravitational force along the plane = 
9.8 x 7 sin 30° = 34.3 N. Each of these forces does work for s + 0.075 m; frictional work is negative, the 
other is positive. 

The work of the spring is negative and equals $&(0.075)° = 7.88 N- m. 


U = (34.3 — 14.85)(s + 0.075) — 7.88 and s = 330mm 


A 5-kg mass drops 2 m upon a spring whose modulus is 10 N/mm. What will be the speed of 
the block when the spring is deformed 100 mm? 


SOLUTION 


The mass drops (2 + 0.1)m = 2.1 m. The work done by gravity is 9.8 x 5 x 2.1 =102.9N-m. The 
work done by the spring on the mass is negative and equals 34x” = 3(10 000 N/m)(0.1 my? = 50 N- m. 
The kinetic energy of the block increases from zero to $yw? = 3(5)v? = 2.5v°. 


U =change of kinetic energy 102.9-50=2.5v? v=4.6m/s 


A weight dropped from rest through 6 ft on a spring whose modulus is 20 Ib/in causes a 
maximum shortening in the spring of 8 in. What is the value of the weight? 


SOLUTION 


Work done by gravity = W(72 + 8) = 80W in-lb. 

Work done by the spring = —}kx* = ~ 3(20)(8°) = —640 in-Ib. 

Since the block starts from rest and ends at rest. the change in kinetic energy is zero. Then U =O, 
80W — 640 =0, and W =8 lb. 


Determine the speed of escape, i.e., the initial speed, that must be given to a particle on the 
earth’s surface to project it to an infinite height. 


SOLUTION 


The particle of weight W is shown in Fig 17-31 at a distance x from the center of the earth of radius 
R. The earth’s attraction F is known to be inversely proportional to the square of the distance x; that is, 
F =—-C/x?. 
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To determine C, note that the attraction on the earth’s surface is the weight W. Thus, 
—W =-—C/R’, C =WR-, and hence F = —WR*/x”. 
The work done in going from x = R to x = * is 


; WR? yay 
/ Fdx = | ( i ) ax = wee *| = —WR 
R R x XIp 


This work done equals the change in kinetic energy. 7, = 3(W/g)u; and 7T,=0 (since v =0 when x 
becomes infinite). Hence, 





1,W 
-WR= — a, )e or Uy) = V2eR 
& 


Assuming the diameter of the earth to be 7900 mi, the required speed of escape is calculated to be 
6.93 mi/s. 


17.40. Determine the spring constant k in Fig. 17-32 such that the slender rod AB just reaches the 
vertical down position when it is released from rest in the horizontal position. The spring is 
stretched 1 in in the position shown, The weight of the bar is 8 Ib. 


SOLUTION 
The unstretched Icngth of the spring is 19in. In the vertical position, the spring is stretched 


28 in — 19in =9in. The work done by the spring is 


2 


g 2. ] , 2 
Il 2 ye 1 = a) : 
2k(s3 — 5;) (5) (3) | 0.278k ft-lb 





ee 


«a 16" eel 5" -—-4 


Fig, 17-32 
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The work done by the gravity force is 


10.55 
nigh = (ay?) =7 ft-lb 


Since the bar starts from rest and ends al rest. the change in the kinetic energy is zero. Hence, 


U=T-T, -0.278k+7=0 
and k = 25.2 Ib/ft. 


17.41. Refer to Fig. 17-33. A 100-Ib cylinder of radius | ft rolls without slipping under the action of 
an 80-lb force. A spring is attached to a cord that is wound around the cylinder. What is the 
speed of the center of the cylinder after it has moved 6 in? The spring is unstretched when the 
80-Ib force is apphed. 


k = 50 ihift 


BO ib 





Fig. 17-33 


SOLUTION 


Since the cylinder rolls without slipping. the spring becomes stretched 12 in when the center of the 
cylinder moves 6in to the right. Noting that the friction force and normal force under the cylinder do no 
work (see Problem 17.7), the work is 


2 


U = — $50(s?-s3) + Fx = - sso((1°) —o) +20(*) = 15 ft-lb 
2O(S5 — 9] : PN 2 3 


The initial kinetic energy is zero. Hence, the change in kinetic energy. where v, = 1w for no slip. is 
5 » 1100 , 1/1. 1000 \pue\P 
AT = T,~ T= uv t shew = 5 v4 als x—x °)(%) 
2 2 2\2 g 1 
3/100) , 


Hence. U=T.-7T. IS= a( Vp = 2.54 ft/s 
& 


Supplementary Problems 


matheaad «=—«s11'7.42. = A cylindrical well is 2m in diameter and 12m deep. If there is 3m of water in the bottom of the well, 
determine the work done in pumping all this water to the surface. Ans. 9IOKN-m 

vit 

watheaad «= «117.43. 9 Referring to Problem 17.42. what work must be done by a pump that is 60-percent efficiient? 
Ans. 1620KN-m 


15 


= 
8 
a| 
a 
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A person who can push 60 Ib wishes to roll a barrel weighing 200 Ib into a truck that is 3 ft above the 
ground. How long a board must be used and how much work will the person do in getting the barrel 
into the truck? Ans. 10 ft, 600 ft-lb 


A 10-Ib block slides 4 ft on a horizontal surface. (a) If the coefficient of friction is 0.3 what work is done 
by the block on the surface? (b)} What work is done by the surface on the block? 
Ans. (a) U=0, (b) U = 12 ft-lb 


The 8-kg block is acted upon by a 100-N force as shown in Fig. 17-34. If the coefficient of sliding friction 
is 0.30, determine the work done by all forces as the block moves 4m to the right. 
Ans. U=241N-m 


£05 a 


20° 
Ske 


Fig. 17-34 


A 10-Ib block slides 6 ft down a plane inclined 40° with the horizontal. Determine the work done by all 
forces acting on the block. The coefficient of sliding friction is 0.40. Ans, U=20.2 ft-lb 


A particle moves along the path x = 21, y =1t°, where ¢ is in seconds and distances are in feet. What 
work is done in the interval from t=0 to t=3s by a force whose components are F.=2+12 and 
F, = 217? Forces arc in pounds. = Ans. U =313 ft-lb 


A 2-0z bead is raised slowly along a frictionless wire from A to B as shown in Fig. 17-35. What work is 
done? Ans. U=0.5 ft-lb 


A freestanding crane has a horizontal boom 250 ft long that is 400 ft above the ground. If the crane is 
slowly lifting 8000 Ib of concrete up a distance of 300 ft, what work is done? During this lifting, what is 
the moment that tends to overturn the crane? Ans. U=2.4x 10° ft-lb, M =2.0 x 10° ft-Ib 








Fig. 17-35 Fig. 17-36 


The 20-kg solid cylinder shown in Fig. 17-36 is released from rest. Determine the work done by the 
earth’s pull when the bottom hits the floor. Ans. U=1.25N-m 


The empty cylindrical tank A in Fig. 17-37 is filled with water from the cubical tank B. Water has a 
density of 1000 kg/m*. Assume that B was filled at the beginning. How much work is done? 
Ans. U=176kN-m 
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——= 1200 mm diam 


re 


Fig. 17-37 


The 16-kg mass in Fig. 17-38 drops 2.5m. It is attached by a light rope to a drum that rotates in 
frictionless bearings. A constant torque M@ = 80 N - m is supplied to the drum. What work is done on the 
system? Ans. U=59N-m. 


#00 mm 





Fig. 17-38 Fig. 17-39 Fig. 17-40 


The drum shown in Fig. 17-39 rotates in frictionless bearings. What work is done on the system when 
the 60-Ib weight falls 3 ft? Ans. U=60ft-lb 


The homogeneous object shown in Fig. 17-40 is 25 mm thick and has a mass density of 7840 kg/m’. It 
falls from a horizontal to a vertical position. What work is done on the object? Ans. U=138N-m 


A couple M = 26? — @ is applied to a shaft that rotates from @ = 0° to @ = 90°. Determine the work done 
if Mis in N-m. Ans. U=1.81N-m 


A force of 30.N will stretch an elastic cord 250mm. If the force required to stretch the cord varies 
directly as the deformation, what is the work done in stretching the cord 1500 mm? Ans. 135N:m 
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A force of 200 1b is required to compress a spring through a distance of 4 in. If the force required to 
compress the spring varies directly with its deformation, how much work is done in compressing it 
through 9 in? Ans. 2025 in-Ib 


At a certain instant during acceleration along a level track, the drawbar pull of a locomotive is 90 KN. 
What power is being developed if the speed of the train is 60 km/h? Ans. 1.5MW 


An automobile weighing 2500 Ib climbs a 10-percent grade at a uniform rate of 15 mi/h, If the resistance 
is 20 Ib/ton, what horsepower is the car developing? Ans. 11.0hp 


A steam engine raises an 1800-kg mass vertically at the rate of 9 m/s. What is the power of the engine 
assuming an efficiency of 70% Ans. 227kW 


The power measured by a Prony brake attached to an engine flywheel is 6.3 brake horsepower (bhp). 
The indicated horsepower (ihp), as measured by means of indicator cards, is 7.1. What is the efficiency 
of the engine? Ans. Eff= 89% 


What horsepower is required to raise a 100-Ib weight to a height of 8 ft in 4s? Ans. 0.36 hp 


A 50-kg homogeneous cylinder 1200mm in diameter is rotating at LOOrpm. A torque of 30N-m is 
needed to keep this speed constant (overcoming friction). What power is required? Ans. 314W 


A 6-in-diameter pulley is rotating at 2000 rpm. The belt driving it has tensions of 1 and 3 Ib in the slack 
and tight sides, respectively. What horsepower is being delivered to the pulley? Ans. 0.19 hp 


A 100-g body falls 1500mm to the surface of the earth. What is its kinetic energy as it hits the 
ground? Ans. T=1.47N-m 


A 50-kg body starts from rest and is pulled along the ground by a horizontal force of 300N. If the 
kinetic coefficient of friction is 0.1 and the force acts for a distance of 2m and then ceases to act, 
determine the distance required for the body to come to rest. Ans. 10.2m 


A bullet enters a 2-in plank with a speed of 2000 ft/s and leaves with a speed of 800 ft/s. Determine the 
greatest thickness of plank that could be penetrated by the bullet. Ans. 2.38 in 


If the block in Problem 17.6 starts from rest, what is its speed after traversing the 6m? 
Ans. 9.6m/s 


A 2-kg block slides down a plane inclined 50° with the horizontal. The coefficient of friction between 
the block and the plane is 0.25. Determine the speed of the block after it has moved 4 m along the plane 
starting with a velocity of 2 m/s. Ans. v=7.17 m/s 


A block weighing 801b is acted upon by a 30-lb horizontal force. The coefficient of friction is 0.25. 


Determine the speed of the block after it has moved 20 ft from rest. Refer to Fig. 17-41. 
Ans. v=12.7 ft/s to the right 


BOlb 
n= 0.26 


Fig. 17-41 
Determine the kinetic energy possessed by a 100-kg disk that is 500mm in diameter, 75 mm thick, and 
rotating at 100 rpm about its center. Ans. YAN-m 


A 100-Ib 6-in-diameter sphere rotates at 120 rpm about an axis 16in from its center. What is the kinetic 
energy of rotation? Ans. 442 ft-lb 
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A homogeneous cylinder weighing 20 1b and with a radius of 8in is moving with a mass center speed of 
6 ft/s. What is its kinetic energy? Ans. T = 16.8 ft-lb 


A 4-kg sphere has a radius of 1000 mm and a radius of gyration of 600 mm. It is rolling on a horizontal 
plane with angular speed 3 rad/s. What is the kinetic energy of the sphere? Ans. T=24.5N-m 


In Fig. 17-42, the angular velocity of crank CD is 1.5 rad/s clockwise. The weights of the slender bars 
are as follows: AB is 31b, BC is 5Ib, and CD is 4lb. Determine the kinetic energy of the system. 
Ans. 4.09 ft-lb 





Fig. 17-42 Fig. 17-43 


The slender rods AB and BC in Fig. 17-43 weigh 10 and 6 1b, respectively. AB rotates with an angular 
velocity of 8 rad/s clockwise, while BC has an angular velocity of 6 rad/s counterclockwise. Determine 
the kinetic energy of the system. Ans. 243 ft-lb 


A 900-kg solid cylindrical flywheel is 1200 mm in diameter. If the axle is 150 mm in diameter and the 
coefficient of journal friction is 0.15, find the time required for the flywheel to coast to rest from a speed 
of 500 rpm. Ans. 85.55 


An electric motor has a rotor weighing 20 1b with radius of gyration k = 1.83 in. A frictional torque of 
8oz-in is present. How many revolutions will the rotor make while coming to rest from a speed of 
1800 rpm? Ans. @=979 rev 


A drum rotating 20 rpm is lifting a 1-ton cage connected to it by a light inextensible cable as shown in 
Fig. 17-44. If power is cut off. how high will the cage rise before coming to rest? Assume frictionless 
bearings. Ans. h=0.36 ft 


i = 80.0 slug-#t" 
Ton 





Fig. 17-44 Fig. 17-45 


A car travels down the smooth incline and then moves inside the loop shown in Fig. 17-45. Determine 
the least value of 4 so that the car will remain in contact with the track. Ans. h=25m 


a 4-kg homogeneous slender bar is | m long. It pivots about one end. When released from rest in the 
horizontal position, it falls under the action of gravity and a constant retarding torque of SN +m. What 
will be its angualr speed as it passes through its lowest position? Ans. wo =4.19 rad/s 


ylt 


Mathcad 
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The 30-kg drum in Fig. 17-46 has a radius of gyration A = 800 mm. Assume no friction and determine 
the speed of the drum after it has made one revolution starting from rest. Ans, « = 3,35 rad/s 


(Uf = 
oft iy 


Fig. 17-46 Fig. 17-47 













A well bucket of weight W, is attached to a windlass of weight W4 and radius of gyration k. See 
Fig. 17-47. If r is the radius of the windlass. how long will it take the bucket to drop a distance s from 
rest to the water level? Neglect bearing friction and the weight of the rope. 

Ans. t= V2s(1 +WRTWe ye 





A homogeneous bar of length L is pivoted about a point a distance a from one end as shown in 
Fig. 17-48. If the bar is released from rest in the 30° position, what will be the angular spced when the 
bar is vertical? 
> 0.402g(L — 2a) 

Ans. w=: Fae 

L>—3La + 3a" 
A 200-Ib sphere, 2 ft in diameter, rolls from rest down a 25° plane for a distance of 100 ft. What is its 
kinetic energy at the end of the 100 ft? Ans. 8450 ft-lb 


In Problem 17.86, what is the speed of the center of the sphere after it has traveled the 100 ft? 
Ans. 44.2 ft/s 


A homogeneous sphere rolls a distance s down a plane inclined at angle @ with the horizontal. What is 
the speed of the sphere if it starts from rest? Ans. v = 6.78Vs sin @ 


A car has a 900-kg body, four 20-kg wheels. and a 70-kg driver. The wheels are 700 mm in diameter and 
have a radius of gyration k = 300mm. What will be the speed of the car if it moves from rest 300m 
down a 5-percent grade? Ans. 60km/h 


The 8-Ib homogeneous sphere shown in Fig. 17-49 has a string wrapped around a slot as shown. What 
will be the speed of the center if it falls 3 ft from the rest position? Ans. v=I11.8 ft/s 





Fig. 17-48 Fig. 17-49 Fig. 17-50 
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A 5-Ib homogeneous disk 2 ft in diameter is attached rigidly to a 20-lb homogeneous disk 4 ft in 
diameter. If the assembly is released from rest as shown in Fig. 17-50, what will be the angular speed 
when the small disk is at the bottom of its travel? Ans. w =2.25 rad/s 


In Fig. 17-51, A has a mass of 7kg and B has a mass of 4kg. If B falls 400 mm from rest, determine its 
speed (a) if no friction exists and (b) if the coefficient of friction between A and the horizontal plane 
is 0.20. Ans. (a) v= 1.69 m/s, (b) v = 1.36 m/s 





7 = 62 slug-f? 
W = 100)b 


I= 10.0 slug-ft? 
W = 1 lb 


Fig. 17-51 Fig. 17-52 


In the system shown in Fig. 17-52, all ropes are vertical. The 45-lb weight rises 1.6 ft from rest. What 
will be its speed? Ans. vu = 3.21 ft/s 


A 36-Mg freight car moving 8km/h horizontally hits a bumper with a spring constant of 1750 N/mm. 
What will be the maximum compression of the spring? Ans. ad =320mm 


A 16-Ib weight slides 6in from rest down the 25° plane shown in Fig. 17-53. It hits a spring whose 
modulus is 101b/in. The coefficient of kinctic friction is 0.20. Determine the maximum compression of 
the spring. Ans. ad =2,57in 


a 


e 
= 
~ 46 a 
oman 
2fo 


Fig. 17-53 Fig. 17-54 
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A spring compressed 75mm and with a modulus k = 5 N/mm is used to propel a 50-g mass from the 
frictionless tube shown in Fig. 17-54. Determine the horizontal distance r at which the mass will be at 
the same height as it was initially. Neglect air resistance. Ans. r=55.4m 


(a) In Fig. 17-55(a), the 2-Ib weight W slides from rest at A along a frictionless rod bent into a quarter 
circle. The spring with modulus & = 1.2 lb/ft has an unstretched length of 18 in. Determine the speed of 
W at B. (b) If the path is elliptical, as in Fig. 17-55(6), what is the speed at B? 

Ans. (a) v= 11.3 ft/s, (b) v = 9.49 ft/s 





y ¥ 
A w A wy 
2" 2 
BR = y B * 
(a) ce {b) : 
Fig. 17-55 Fig. 17-56 


The pull of the earth on a particle varies inversely with the square of the distance from the center of the 
earth. If W is the weight of the particle on the carth’s surface (radius R) then the pull at distance p is 
WR?/p’. (a) What work must be done against this gravitational pull to move the particle from the 
earth's surface to a distance x from the earth's center? (b) To infinity? See Fig. 17-56. 

Ans. (a) U= WR — WR?/x, (b) U= WR 


The wheel shown in Fig. 17-57 weighs 322 lb and has a radius of gyration of 1.20 ft with respect to its 
center of mass G. In the initial phase shown, the velocity of G is 6 ft/s down the plane, and the spring is 
stretched 0.50 ft. If the spring modulis is 80 1b/ft, what will be total stretch of the spring? 

Ans. 3.78 ft 





Fig. 17-57 


17.100. In Problem 17.40, the bar is started, when it is vertically up and the spring is unstretched, with an 


angular velocity of 2 rad/s clockwise. What will be the angular velocity when the bar rotates through 
180°? Ans. w=7.63 rad/s 


17.101. Using the result of Problem 17.100, determine the moment on the bar at A that will bring the bar to rest 


when it is horizontal to the left. Ans. M =4.74\b-ft 
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The circular disk in Fig. 17-58 has a mass of 3kg and the slendcr bar AB has a mass of 8 kg. The initial 
angular velocity of the disk is 6 rad/s as shown. What is the value of the moment that will stop the 
disk when it has rotated 90° counterclockwise? Assume that the roller at B is massless. 

Ans. 0.54N-m counterclockwise 


~_ 


Ie Ge 2m 
oO=6 rs 
M A 
B 


Fig. 17-58 


The plank AB in Fig. 17-59 has a mass of 7 kg. The rollers D and E are each of mass 5 kg and are 0.5 m 
in diameter. The plank is released from rest with roller D under the end A and roller & under the mass 
center C. Assuming no slip, determine the velocity of the plank when roller F is under end B. 

Ans. 7.11 m/s 





Fig. 17-59 


In Fig. 17-60, the 5-kg slender rod AB is pinned at A to a 3-kp uniform disk. The rod rests on the 
horizontal plane at B. If the system is released from rest in the position shown, what will be the velocity 
of the center of the disk when the bar is horizontal? The disk rolls without slipping, and the friction 





under the bar at B can be neglected. Ans. vy = 1.81 m/s to the right 
300 mum 
A 
5DO mn 
B 
>? FF ma a ee 


Fig. 17-60 
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17.105. In Fig. 17-61, gear A drives gear B under the action of a clockwise moment M = 250Ib-in. If the 
two gears are at rest when the moment is applied. what is the angular velocity of gear B when gear A 
has turned through four revolutions? Assume the gears A and B to be disks of weight 8lb and 32 Ib, 


respectively. Ans. Wg = 27.4 rad/s 





Fig. 17-61 


Chapter 18 


Impulse and Momentum 


18.1 LINEAR IMPULSE-MOMENTUM RELATION FOR A PARTICLE 
The linear momentum of a particle was defined in Section 13.1 as 
G=mv 


where m =mass of the particle 
v= velocity of the particle 


The vector sum of the external forces acting on a particle is equal to the time rate of change of 
the linear momentum G: 





_d(mv) dG, 
oa dt 7 (1) 


Integration over the time interval during which of the velocity of the particle changes from v, to 
v2 results in the expression 


f2 ‘G2 

i S Fdt= dG = G — G, =mv,- mv, (2) 
zy G, 

The left-hand side of equation (2) is called the linear impulse I of the resultant force (> F) during 

the time interval from ft, to ¢,. Thus, the linear impulse is equal to the change in the linear 

momentum during this time interval. 


18.2 LINEAR IMPULSE-MOMENTUM RELATION FOR AN ASSEMBLAGE OF 
PARTICLES 


The vector sum of the external forces acting on an assemblage of n particles equals the time rate 
of change of the linear momentum of a mass m that is equal to the sum of the masses of the n 
particles and that possesses a velocity equal to that of the mass center of the n particles: 





Spode 


= 3 
dt dt Sy 
where > F=sum of the external forces acting on the group of particles 
m= X7_, m, = mass of all n particles 
¥ = velocity of the mass center of the group of 7 particles 
As in the case of one particle, the above equation may be integrated as 
L> v2 e 
i > Far= | d(m¥) = m¥2— m¥, = AG (4) 
ty v1 


This states that the linear impulse I of all the forces acting in the stated time interval is equal to the 
change in linear momentum of a mass m, as stated in the first sentence of this section. Note that the 
vector AG does not, in general, pass through the mass center of the assemblage of particles. 
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18.3 MOMENT OF MOMENTUM Hou 


The moment of momentum Ho (also called angular momentum) is the moment about any point 
O of the linear momentum vector G. In Fig. 18-1, O can be any point, fixed or moving. Thus, 


Ho =pXG=pxX(mv) (5) 


where p= radius vector of particle P relative to O 
v = absolute velocity of P (tangent to the path) 


The sum of the moments about a fixed point O of the external forces acting on a particle is equal 
to the time rate of change of the moment of momentum Ho; that is, 


dH . 
> Mo = a ae (6) 





Proof: From equation (5), Hp =r X (mv), where ris the radius vector in a Newtonian frame 
of particle m, and v = absolute velocity of the particle. Taking the time derivative, 
dH 
——2 =X (mv) + FX (mv) 
dt 
Since r= v, vX v=0, mv¥ =ma=XF, andr X (ma) =r X (ZF) => Mo, we obtain dHy/dt = > Mo. 
Equation (6) may be integrated as follows: 


f2 2 
i SiModt=] dHo=H2—H, =41X (mv, - mv,) (7) 
nu H, 
The integral on the left is the angular impulse acting throughout the time interval ¢, to t,, and the 
right-hand side of (7) is the change that occurs in angular momentum during this time interval. 
Equation (6) can be applied as follows to an assemblage of particles. The sum of the moments 
about point O of the external forces acting on an assemblage of n particles is equal to the time rate of 
change of the moment of momentum Hy, about this point O, only if (a) point O is at rest or (b) the 
mass center of the 7 particles is at rest or (c) the velocities of O and the mass center are parallel 
(certainly true if O is the mass center). See Problem 18.1, which proves equation (6) holds for an 
assemblage of particles. 


mv =G 
mp 
e iP 
a 
e O 
Oo 
Fig. 18-1 Fig. 18-2 


18.4 MOMENT OF RELATIVE MOMENTUM Ha 


The moment of relative momentum Ho is the moment about any point O of the product of the 
mass of the particle and the time rate of change of the radius vector p of the particle relative to O 
(see Fig. 18-2): 

Ho = p X (mp) (8) 


where p=radius vector of particle P relative to O 
p = time rate of change of p 
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The sum of the moments about O of the external forces acting on an assemblage of particles is 
equal to the time rate of change of the moment of relative momentum Hy, about this point O, that is 


dH; 
2 Mo=—— (9) 
dt 


only if (a) O is the mass center of the # particles or (b) O is a point of constant velocity (or at rest) 
or (c) O is a point with an acceleration vector that passes through the mass center. See Problems 
18.2 and 18.3. 


18.5 CORRESPONDING SCALAR EQUATIONS 


For a body in translation (all particles have the same velocity), equation (3) can be replaced by 
the scalar equations 


> (imp), = AG, = (vt — vt) (10) 
> (Imp), = AG, = mu" — v1) 1) 


where > (Imp),. > (Imp), = linear impulses of external forces in the x and y directions 
m= mass of the body 
vi. uv, = final velocities of the body in the v and y directions 
v,, VU, = initial velocities of the body in the v and y directions 


For a body in rotation about a fixed axis, the above equations become 


> (Ang Imp), = AHp = [,(e" — w') (12) 


where 3 (Ang Imp), = angular impulse of external forces about the axis of rotation through O 
1,4 = moment of inertia of the body about the axis of the rotation 


w” = final angular velocity of the body 
w' = initial angular velocity of the body 


For proof see Problem 18.4. 
For a body in plane motion, the above equations become 


> (mp), = AG, = mv" — 04) (13) 
> (mp), = AG, = ma ~ 0) (14) 
S (Ang Imp), = AA =1(w" - w') (15) 


where > (Imp),. = (Imp), = linear impulses of external forces in the x and ¥ directions 
ni = mass of the body 
vy, v = final velocities of the mass center in the v and y directions 


ve 
samy, 


v,, v, = initial velocities of the mass center in the x and y directions 
> (Ang Imp);, = angular impulse of the external forces about the axis through the 
mass center G 
/ = moment of inertia of the body about the mass center G 
w” = final angular velocity of the body 
w' = initial angular velocity of the body 


For proof. see Problem 18.5. 
Alternatively. for a body in general plane motion, if the axis of angular momentum is not the 
center of mass. the scalar angular momentum becomes 


Ho = Taw + nitug, — mye, 
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where Ho = angular momentum about an axis through O 

fy = moment of inertia about an axis through O 

w = angular velocity of the body 

m= mass of the body 

x, y= coordinates of the mass center 
Vox: Voy = components of the velocity of the axis O 

This formulation of the angular momentum is of particular value in problems involving eccentric 
collisions. 


18.6 UNITS 


Mass slug = Ib-s’/ft 


Linear impulse Ib-s 





Linear momentum slug-ft per s = Ib-s kg-m/s=N-<-s 





Angular impulse Ib-s-ft N-m-s 








Angular momentum (slug-ft”)(rad/s) = Ib-s-ft (kg -m*)(rad/s) = N-m-s 





18.7 CONSERVATION OF LINEAR MOMENTUM 


Conservation of linear momentum in a given direction occurs if the sum of the external forces in 
that direction is zero. This follows because there is then no linear impulse in that direction. and 
hence no change in linear momentum can occur. 


18.8 CONSERVATION OF ANGULAR MOMENTUM 

Conservation of angular momentum about an axis occurs if the sum of the moments of the 
external forces about that axis is zero. This follows because there is then no angular impulse about 
that axis, and hence no change in angular momentum can occur. 


18.9 IMPACT 

Impact covers the cases where the time intervals during which the forces act are quite small and 
usually indeterminate. The surfaces of two colliding bodies have a common normal, which is the line 
of impact. 


(a) Direct impact occurs if the initial velocities of the two colliding bodies are along the line of impact. 
(b) Direct central impact occurs if the mass centers in (a) are also along the line of impact. 
{c) Direct eccentric impact occurs if the initial velocities are parallel to the normal to the striking surfaces but 
are not collinear. 
(d) Oblique impact occurs if the initial velocities are not along the line of impact. 
In direct central impact of the two bodies, the coefficient of restitution is the ratio of the relative 
velocity of separation of the two bodies to their relative velocity of approach. Thus, 
U2—- Vy, A U2 — vy 


e= 
uy — Uo Uy — Uy 
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where = coefficient of restitution 
U,, Uz = velocities of bodies 1 and 2, respectively, before impact (#, > uz for collision to 
occur if both are moving in the same direction) 
U1, V2 = velocities of bodies 1 and 2, respectively, after impact 


Note: When the impact is oblique, the normal components of the velocities are used in the 
above formula. 

Since during impact the same force acts on each body (equal and opposite reaction), the sum of 
the momenta before impact must equal the sum of the momenta after impact; i.e., momentum Is 
conserved. This relation is expressed as 


mu, + Mou2 = MV, + Mgv2 


18.10 VARIABLE MASS 


Suppose at time ¢ a mass m is moving along a straight line with an absolute speed v (see 
Fig. 18-3). Further suppose a mass dm immediately in front of mass m is moving along the same 
straight line with absolute speed u. If the mass mm absorbs the mass dm in a time interval df then the 
combined mass (m + dm) will move with speed (v + dv). 


v 


—— 
a 
The momentum of the system at time ¢ is (mv + dmu). The momentum of the system at time 
(¢ + dt) is (m+ dm)(v + dv). The change in momentum is then 
dG =(m+dm)(u + dv) — (mv + dmu) 
=mu+mdu+dmvu+dmdvu—-mv—dmu 

Since the magnitude of (dm dv) is of second order, we shall drop the term. Dividing by dz, 

dG du ‘ any ) 

SEN epee yee fap 

dt ge ide 


If the mass is released (decrease in mass) then dm/dt will be negative. 
The above formula was shown for straight line motion, but is of a more general nature. 
Since the sum of the forces acting equals the time rate of change of momentum, 


dG dv dm 
2 dt mt dt fue) go) 


Solved Problems 


18.1. Given an assemblage of n particles of masses m,, mz, 114,...,M,, Show that the sum of the 
moments about point O of the external forces equals the time rate of change of the moment 
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of momentum of the group of particles about this point O only if (a) point O is at rest or (5) 
the mass center of the n particles is at rest or (c) the velocities of O and the mass center are 
parallel (which is certainly true if O is the mass center). 


SOLUTION 


Figure 18-4 shows the ith particle of the group with mass m,. The given point O has a position 
vector ry relative to a Newtonian frame of reference: O” is fixed. The position vector of P, relative to the 
fixed frame, is rp. Let Hy be the angular momentum relative to O of all the particles of which m;, is 
representative. Thus, 


Ho oe > Dp, x (m,¥,) (a) 
r=1 
Taking the time derivative of equation (a), 
: z = d 
Ho = D6, x (my) + D9: + 5 (mw) (b) 
r= i=l 


From the figure, rp =r + p, and hence fp =iy + p,. Substituting for p, into (d), 
H, = > (eto) * (mu) + Dp. (ond) 6) 
Expand the first term on the right of (c) into 
> ip X (m,v,) — > to X (m,v;) (d) 


Since tp is the absolute velocity v,; of P, the first term of (d) is zero. Also, since fg does not change 
during the summation and is therefore independent of i, the second term of (d) can be written 


faa 
tox D>) (my) or tg X (mv) 
1 


where ¥ is the velocity of the mass center. 





The last term of equation (c) is equal to & My, the sum of the moments of the external forces on 
all the particles. Thus, (c) may now be written as 


Hy = -k X (mi) + ¥ Mo (e) 
Equation (e) indicates that the time rate of change of the moment of momentum about O equals 
> Mo only if —t> X (mv) is zero. This occurs when (1) O is fixed, that is, tg = 0; (2) ¥ = 0; or (3) Fp and ¥ 


are parallel (cross product of parallel vectors is zero). If O is the mass center then tp =¥ and 
io X mv =0. 
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18.2. Given an assemblage of n particles of masses 71, m2, m3,...,m,, Show that the sum of the 


moments about O of the external forces equals the time rate of change of the moment of 
relative momentum of the group of particles about this point O only if (a) point O is the mass 
center of the 7 particles or (b) point O has constant velocity (or is at rest) or (c) point O has 
an acceleration vector that passes through the mass center. 





SOLUTION 


Figure 18-5 shows the ith particle of the group with mass m,. The given point O has a position 
vector ro relative to a Newtonian (inertial) frame of reference, i.e., O' is fixed. The position vector of P 
relative to the fixed frame is rp. Let Hi be the moment of relative momentum with respect to O of all 
the particles of which m, is representative. Then, from equation (8), 


Ho = > eX (mp) (2) 
fol 
Taking the time derivative of equation (a), 
Ho = > B. X (mp;) + S, p, X (mip;) (b) 
r=] rl 


From the figure, rp =ro +p; and hence ¥, =f, + p,. Substituting for p; in (6) and noting that the first 
term on the right of (6) is zero (6, X p, =0), we have 


Ho = > p. X (mt) — > p, X (Fo) (c) 
1=1 11 
The last term in (c) may be written 
(> mo.) x Fo 
1=1 


since ¥p does not change as the sum is taken over the n particles. Also. 
S p; X (mp) = s Mo and SS mp; = mp 
iol f= 
where p is the position vector relative to O of the mass center. Then 
Ho = > Mo ~ mp Xe (d) 


The last term in (d) is zero if (1) O is the mass center (p = 0); (2) O has constant velocity (Fp = 0); 
or (3) O has an acceleration ¥, passing through the mass center, i.e., along p (the cross product of 
parallel vectors is zero). 
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18.3. Four equal masses m are spaced at the quarter points of a thin massless rim of radius R. Show 
that the moment of momentum relative to the mass center O using absolute velocities is the 
same as that obtained by using the relative velocities of the masses to the mass center O. 


SOLUTION 


Let v = speed of the mass center as the rim rolls to the right. 

Figure 18-6(a) shows the rim with the masses 2 and m, in a vertical line. In Fig. 18-6(b), the linear 
momentum G of each mass is shown using the absolute velocities of each mass. Thus, v; = V2 v at 315°, 
while v, = V2v at 45°. Of course, vz = 2v, and v, is that of the instant center with no absolute velocity. 





aoe oe Lp eat Te my 
a” a 
/ nN 7 \ 
7 
/ i 2) ‘ my / \ 

tf \ \ 

45° 

eee J ee 
45° 

\ / \ 

x 7 \ 7 yeu 
ec ae mies) Ee nse 
m0) mY iO 

(b) (c) 
Fig. 18-6 


The moment of each linear momentum is in the negative z direction. Thus, summing in 1, 2, 3, and 
4 order, we can write 


Ho = —[m,(V2v)($V2R) + m2(2v)R + m3(V2v)(V2R) + O]k = —(4mvR)k 


Figure 18-6(c) illustrates the velocity of each mass relative to the center multiplied by the mass. 
The moments about O of these relative momentum vectors are 


Ho = —(4mvR)k (as before) 


18.4. For a body rotating about a fixed axis that is through O and perpendicular to the plane of the 
paper, show that the sum of the angular impulses of the external forces about the fixed axis is 
equal to the change in Jo, where J, is the angular momentum Ho of the entire body. 


SOLUTION 


In Fig. 18-7, dm represents any differential mass with position vector p in the plane of the paper. 
The angular momentum of dm is p X (dm v). The angular momentum Ho for the entire body is 


Ho= [ px (amy) 


But v = » X p is in the plane of the paper and has magnitude pw because the vectors « and p are at right 
angles. Also, p X (e X p) is directed out of the paper and has magnitude p*w because p and v are at right 
angles. Thus, 


Ho= | p’wam k 


where k is the unit vector perpendicular to the paper and directed toward the reader. 
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Fig. 18-7 Fig. 18-8 


Since w and k do not change with dm, they may be taken outside the integral sign. Also, 
J p? dm = Ip. Hence, 
Hy = Iowk 


Then, using equation (6), we have 


dH, d(Iow) 
Mo = 2 = Og 
> Mo dt dt 


Since the moments of forces and « are in the k direction, the equation can be written in scalar form 
as 


| (= Mo at) = AHp=1,(0" — 0) 


where w’ and w” are the initial and final angular speeds, and f (XM, dt) => (Ang Imp)o. 


For a rigid body of mass m in plane motion (assume the plane of the paper is the plane of 
motion), show that equations (/3), (24), and (J5) at the beginning of this chapter are true. 
Refer to Fig. 18-8. 


SOLUTION 


Since a rigid body is an assemblage of particles that remain at constant distances from each other, 
equation (4) of this chapter applies. Thus 


d(mv 2 = 
pr or | > F dt = AG = mv, — mi, 
fy 
This vector equation is equivalent to the two scalar equations 
> (Imp), = m(y — v3) (13) 
> (Imp), = m(v; — v,) (14) 


To derive equation (/5), make use of equation (9). As indicated in Problem 18.2, the mass center is 
one of the points which can be selected in order to apply equation (9). Then Ho becomes H’, the 
moment of relative momentum of the rigid body about the mass center, and 


f= | px (ame) 


Because of the rigid body constraint, the vector p (from the mass center to the element of mass dm) can 
change only in direction but not in magnitude. Hence, p is perpendicular to p (it is in the plane of the 
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18.6. 


paper) and of magnitude pw. Then pX (dm) is perpendicular to the plane of the paper and of 
magnitude p*w. Thus, the vector equation may be replaced by the scalar equation 


B= | p*dm=To 


and equation (9) becomes 


« d(Iw) 
M, = H' =——— 
> Mc th 
which can now be expressed as 
(Ang Imp)g = | SS) Mg dt = AH = [w" — 0 (15) 


A thin rim of mass m and radius R is rolling without slipping on a horizontal plane as shown 
in Fig. 18-9(a). A horizontal force of magnitude P is applied at the top. Show that the sum of 
the external forces about the mass center G, when equated to the time rate of change of the 
relative momentum about G, yields the same result as obtained by equating the sum of 
the moments of the external forces about the instant center A to the time rate of change of 
the relative momentum about A. 





(6) (c) 





Fig. 18-9 


SOLUTION 


The free-body diagram in Fig. 18-9(a) shows the normal force N, the friction force F, the applied 
force P, and the weight mg concentrated at the mass center G. 
Scalar equations will be used in this discussion. 


(a) Figure 18-9(b) shows a differential mass dm of the rim at an angle 6 with the vertical. The mass dm 
is that part of the rim subtended by the angle d@; hence, dm =m d@/2a. The speed of dm relative 
to the mass center G is Rw as shown. The moment of relative momentum about G of dm is thus 
dm R’@. The moment of relative momentum of the entire rim is 

2K 
Ho= [ mR?a ae =mR’w 
lo 20 


The sum of the moments of the external forces about G (considering clockwise positive) is 
> Mc = PR - FR 


But for any group of particles (in this case the rim with mass center speed v = rw), 


. d 
SE=G, or P+F=~ (mRo) 
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From this, 
F P+ d (mRw) 
= —(mRo 
dt 
The equation © M,, = H¢ yields 
PR | Pt g (mR ye d (mR’o) oO 2PR d (2mR’w) 
Bis 2 nee os a 
at . dt 7 - dt 

(b) To use the instant center A as the center, Jet / be the distance from A to the mass dm as shown in 


Fig. 18-9(c). The speed of dm relative to A (which is at rest) is /w. It is perpendicular to the line / as 
shown. The line has length 


1=VR?* + R*+2RR cos @ 


The moment of relative momentum of dm about A is dm (2R?+2R’cos @)w. Using 
dm = m d@/2n, 


20 d @ 
H,= i mR’ (2 +2 cos 6) — = 2mR’w 
0 20 
The sum of the moments of the external forces about A is 
rye d 2 
S| M, =2PR=H, = 2k w) 
This is the same result as determined in part (a). 


It is interesting to note that since 2mR? is the moment of inertia 1, of the thin rim about the 
instant center, the above equation can be written 


d 
Ds M, = ae) =a 


18.7. If the mass center of an assemblage of particles is at rest, equation (6) is true and any point O 
may be used. For two particles of equal mass m mounted on a weightless rim of radius R 
rotating about the center of the rim, show that © Mo = (d/dt)(2mR?w). Refer to Fig. 18-10. 





Fig. 18-10 


SOLUTION 


The bearing reactions are F to the left and 2g up. Summing moments about any point O, 
> Mo = FR and is independent of the moment center O: 


Hy = m(Rw cos @)(x_ + Ros 8) + m(Rw sin 6)(yo + R sin @) 
— m(Ro cos 8)(xp — R cos 6) — m(Rw sin 6)(yo — R sin @) = 2mR?w 


Hence, FR = (d/dt)(2mR’w), the same equation as when moments are taken relative to mass 
center G. 
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18.8. 


18.9. 


A 100-lb object is pushed for 5s by a horizontal force F over a horizontal plane where the 
coefficient of friction is 0.2. During this time interval, the speed changes from 5 to 10 ft/s. 
Determine the value of the force F. 


SOLUTION 
The normal force equals the weight of 1001b. The frictional force opposing motion is 0.2 x 100 = 
20 Ib. The linear impulse in the horizontal direction is equal to the change in linear momentum. Hence, 
° 100 100 
(F — 20) dt = —— (10) - — (5) 
a & & 


Solving, 
F =23.1 Ib 


A 10-kg block slides from rest down a plane inclined 30° with the horizontal. Assuming a 
coefficient of kinetic friction between the block and the plane of 0.3, what will be the speed of 
the block at the end of 5 s? 





Fig. 18-11 


SOLUTION 


This problem may, of course, be solved by previous methods. However, with time as one of the 
quantities given, the impulse-momentum method is the simplest. This is a problem of translation. 

Draw a free-body diagram indicating all external forces acting on the block (see Fig. 18-11). Since 
only motion along the plane is considered, one impulse~-momentum equation will suffice. 


> (Imp), = AG, 
BE (SB) = mer wy 


where i=elapsed time 
m= mass of block 
v, = final speed 
v, = initial speed 


Assuming the downward direction as positive, the equation becomes 
(+98 sin 30° — wN,)(5) = 10(v" — 0) (A) 


To determine N,, it is only necessary to sum forces perpendicular to the plane and equate to zero, 
because no motion in this y direction occurs: 


> £=0=N,—98cos30° or = NN, = 84.9N 


Substituting in (A) for N,, we obtain vy = 11.8 m/s 
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18.12. 
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An 80-Ib block rests on a horizontal plane. It is acted upon by a horizontal force that varies 
from zero according to the law F = 201. If the force acts for 5s, what is the speed of the 
block? The coefficient of static friction is 0.25, and the coefficient of kinetic friction is 0.20. 


SOLUTION 


The force F increases until it reaches the limiting value of static friction; ie., F = 20 = 0.25 x 80. 
Thus, at ¢=1s, the block begins to move with friction now equal to 0.2 x 80 =16 Ib, which remains 
constant. 

After t= 15, the linear impulse horizontally equals the change in linear momentum horizontally. 
Thus, 


2 : 80 
> (imp), =AG, — or [ Fae- | 16 dt = -—- (v — 0) 
: f 32.2 


Using F = 201, we obtain v = 70.8 ft/s. 


A 1.5-kg block starts from rest on a smooth horizontal plane under the action of a horizontal 
force F that varies according to the equation F = 3f — 5’. Determine the maximum speed. 


SOLUTION 


> (Imp), = AG, or i Fdt= [ (3t — 517) dt = 1.5(v — 0) 
0 0 


from which v =7?—1.110°. To find the maximum value of v, determine the value of rt at which 
du/dt = 2t — 3.3327 = 0. This gives t = 0.6s, and hence maximum v = 0.12 m/s. 


The 40-kg block shown in Fig. 18-12 is moving up initially with a speed of 2.5 m/s. What 
constant value of P will result in an upward speed of 5 m/s in 12 s? Assume that the pulleys 
are frictionless and that the coefficient of friction between the blocks and the plane is 0.10. 


SOLUTION 


Solve the problem by summing impulses and momenta along the line of travel of the system. For 
example, the force P and a component of the gravitational force on the 10-kg block have positive 
impulses in the line of travel of the 10-kg block, while the friction acting on the 10-kg block has a 
negative impulse. The cord tension acts on both the 10- and 15-kg masses in opposite directions; 
therefore its linear impulse along the line of travel is zero. Proceeding in this way, the impulse- 
momentum equation becomes 


> (mp) = AG 
[P + 9.8 x 10 sin 45° — 0.10(9.8 X 10 cos 45°) — 0.10(9.8 x 15) — 9.8 x 40](12) N-s 


=(10 +15 + 40)(5 —2.5)N-s 
from which P = 358 N. 


Filb) 





Fig. 18-13 
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18.13. 


18.14. 


18.15. 


18.16. 





A 4lb weight is at rest in a smooth horizontal slot. It is struck a 2-lb blow that lasts for 0.04 s. 
Two seconds after the start of the first blow, a second blow of —2 Ib is delivered and lasts for 
0.02 s. What will be the speed of the body after 3 s? 


SOLUTION 


The forces in this problem may be represented graphically in a plot against time as shown in 
Fig. 18-13. 

The linear impulse for any length of time larger than 2.02s is the algebraic sum of the two areas; 
i.e., +2(0.04) — 2(0.02) = 0.04 Ib-s. Then 


4 
> Imp = AG or 0.04= (55 )e —0) 
or v = 0.322 ft/s 
In Fig. 18-14, the mercury in the left column of the manometer is falling at the rate of 1 in/s. 


The left column is 18 in long and the right column is 22 in long. What is the vertical 
momentum of the mercury? The manometer is made of quarter-inch glass (inside diameter). 
Mercury weighs 850 Ib/ft°. 


SOLUTION 


Neglecting the bend in the tube, it is evident that the momentum of the left column is down while 
that of the right column is up. The net upward momentum is that of a 4-in, j-in-diameter column moving 
1 
ia ft/s. 
12 





In(Ly4 41/8 
a e|(S slugif?)(4 ft/s) = +0.00025 Ib-s 


saseuteel 
omentum 32.2 


A flywheel of mass 2000 kg and radius of gyration 1200 mm rotates about a fixed center O 
from rest to an angular speed of 120 rpm in 200 s. What moment M is necessary? 


SOLUTION 


» (Ang Imp)o = AH, = Ip(w2 — w;) 
M(200 s) = [2000(1.2)° kg - m*}[(2407/60 — 0) rad/s} M=181N-m 


rae 600 pun 
&o= 450 mom 
co -= center 





Fig. 18-14 Fig. 18-16 


A pendulum consists of a bob of mass m and a slender rod of negligible mass. See Fig. 18-15. 
Show that the differential equation of the motion is 6 + (g/L) sin 6 = 0. 
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18.18. 
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SOLUTION 


The free-body diagram shows the pendulum displaced an angle @ from the vertical position. The 
angular momentum H, of the bob relative to the support is /6k, where k is the unit vector perpendicular 
to the page, with the arrow pointing toward the reader. 

The only force with a moment ts the gravitational force acting on the bob; the moment is clockwise 
oT negative. Then 


_dHo 
dt 


> Mo 


Since 1 = mL? for the bob, we obtain the scalar equation 6 + (g/L) sin @ = 0. 


or ~mg(Lsin @)k =< (6k) 


In Fig. 18-16, a massless rope carries two masses of 5 and 7 kg when hanging on a pulley of 
mass 5 kg, radius 600 mm, and radius of gyration 450 mm. How long will it take to change the 
speed of the masses from 3 to 6 m/s? 


SOLUTION (A} 


Draw a free-body diagram. 

Let 7, and 7; be the tensions in the rope supporting the 5-kg and 7-kg masses, respectively. 

The useful impulse-momentum equations are as follows, where equation (/) applies to the 5-kg 
mass, equation (2) applies to the 7-kg mass, and equation (3) applies to the pulley: 


(F -5 X 9.8) = 5(6 — 3) (1) 
(7 X 9.8 — T;)t = 7(6 — 3) (2) 
(. a q )(0.6)2 > M(sina fa Wer) (7) 


In (3), substitute 7 = mk? =5(0.45P = LOL kKg-> m?, @gna = 6/0.6 = 10 rad/s, and nna = 3/0.6 = 5 rad/s. 
Solve equations (/), (2), and (3) simultaneously to obtain ¢ = 2.27. 


SOLUTION (B}) 


Realizing that the moment about the center of the pulley of the linear momentum of either hanging 
mass is the angular momentum of the mass, a system approach may be used to solve this problem. Thus, 


(initial Ang Mom), + (Ang Imp), = (Final Ang Mom), (4) 


The tensions do not occur in the system impulse expression because they occur in pairs and thus cancel 
each other. Also, only the two gravitational forces on the two hanging masses have angular impulses 
about the center of the pulley. The equation becomes 


(Lo@rnnat F SP ait % 0.6 + Tyna % 0.6) + (7X 9.88 — 5X 9.81)0.6 = retina + Vana X 0.6 + Ten * 0-6) (5) 
or (L01x5+5*3x*0.6+ 7x3 x 0.6) + 11.762 = (1.01 x 1O+5 x6 *06+76 x 0.6) (6) 


Hence. ¢ = 2.27s. 


Refer to Fig. 18-17. Determine the mass of B necessary to cause the 50-kg mass A to change 
its speed from 4 to 8 m/s in 6s. Assume that the drum rotates in frictionless bearings. 


SOLUTION 


Apply the system solution, noting that the initial angular momentum about the drum center O plus 
the angular impulses about O of all the external forces is equal to the final angular momentum about O. 
Note that NV, = 50 x 9.8 and hence F = 0.25 x 50 X 9.8 = 123 N. The angular speeds of the drum are 4/0.8 
and 8/0.8, respectively (5 rad/s and 10 rad/s). 


{30(5) + 1, (4)(0.8) + 50(4)(0.8)] + [9.8272,,(0.8) — 123 X 0.8]6 = [30(10) + 21,,(8)(0.8) + 50(8)(0.8)] 
The solution is mt, = 20.5 kg. 
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18.19, The drum shown in Fig. 18-18 consists of two homogeneous cylinders integrally connected. 
The smaller cylinder weighs 250 lb and the larger weighs 500 Ib. How much time will elapse 
before the drum changes its speed from 100 to 300 rpm? 


SOLUTION 
The moment of inertia of the drum equals 


l ) xe 


e — }(2)° = 85.4 slug-ft" 
; 5 (—)t2°=85.4stug 


The linear impulse of the 161-lb weight has a moment about G that is clockwise and has a 
magnitude of 2(161)(t) = 3221 lb-s-ft. The linear impulse of the 64.4-Ib weight has a counterclockwise 
moment about G and equals —3(64.4)r = —193¢ lb-s-ft. The total angular impulse is the sum of the two 
values, or 1291 Ib-s-ft. This total angular impulse acting on the system is equal to the total change in 
angular momentum of the system with reference to G. 

The change in angular momentum of the drum cquals 


2 20 
Kes 0) = 85.4( 300 x =" 10x" | 
40 60 
= 1790 Ib-s-ft 


The linear momentum of each weight is multiplied by its arm to determine the moment of its 
momentum (angular momentum) about G. The 161-Ib weight is moving down, and thus its linear 
momentum has a clockwise (positive) moment of momentum about G. This change in angular 
momentum equals 


161\/._ 6007. 200z 
275 oar ee |} = 419 Ib-s- 
al (39)(2% gr oe )| 419 Ib-s-ft 


Similarly, the change in linear momentum of the 64.4-lb weight is up, and thus the weight has a 
positive (clockwise) moment about G. Its value is 


| (S5)(3 ee aa} | = 377 ib-s-ft 
“La nee 
The total angular impulse is equal to the total change in angular momentum of the system, or 


1297 = 1790 + 419 + 377 
which yields r=20.0s 


18.20. Refer to Fig. 18-19. A cylinder of radius r, mass m, and moment of inertia / (about the center) 
rolls from rest down a plane inclined at an angle @ with the horizontal. What is the speed of its 
center at time ¢ from rest? 
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Fig. 18-19 


SOLUTION 


Draw a free-body diagram showing all external forces acting on the cylinder. Do not make the 
mistake of assuming that the friction force F is equal to the product of coefficient of friction and the 
normal force N. 

Since the cylinder is in plane motion, the impulse-momentum equations for this type of motion are 


> (Imp), = AG, (2) 
and >) (Ang Imp), = AH (2) 
Note that F is the only external force with a moment about the center O. Equations (7) and (2) 
become 
(mg sin @ — F)t =m(v — 0) (3) 
Fri = I( — 0) (4) 
In these equations, the friction force F and the speed v are unknown. (w = wv/r, since no slipping is 
assumed.) _ 
From (4), F = ([w)/(rt). Substitute this into 3), with w = v/r, to obtain 
mg sin @ 


ee ae ie 


A solid homogeneous cylinder 3 ft in diameter weighing 300 lb is rolled up a 20° incline by a 
force of 250 Ib applied parallel to the plane. Assuming no slipping, determine the speed of the 
cylinder after 6 s if the initial speed is zero. Refer to Fig. 18-20. 


SOLUTION 


Draw the free-body diagram of the cylinder, assuming that the frictional force F acts up the plane. 
The impulse—-momentum equations of plane motion are 


300 
> mp) =A4G, or = (250 + F — 300 sin 20)6 = —— (7) 
g 


> (AngImp)¢=To or [250(5) od (5) : A a) an) Oi 


from which the speed v after 6s is 171 ft/s, parallel to the plane. 


Refer to Fig. 18-21. A solid homogeneous cylinder starts up the 30° inclined plane with a mass 
center speed of 20 ft/s. If it rolls freely to rest, how long does it take to reach its highest 
point? 
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300 ib 





27 
Fig. 18-20 Fig. 18-21 


SOLUTION 


The initial speed v of the mass center G is 20 ft/s. The initial angular velocity w = 20/4 =5 rad/s. 
The final speed is zero. The free-body diagram shows the forces acting on the cylinder. 
Apply the two impulse-momentum equations of plane motion: 


S (Imp),=AG, or (F—Wsin30°)r= 2 (0 — 20) (1) 


> (Anginpje= Ans: er 4B =3()@0-5) (2) 


from which = 1.86s. 
The solution may also be found using the instant center as the reference point. The one equation 
needed is 


> (AngImp);=AH, — or —(4sin 30)Wi = ; (Fare —5) 


from which ¢ = 1.86s. 


In Fig. 18-22, the 75-kg wheel has a radius of gyration with respect to G of 900 mm. The 
pulley is massless and runs in frictionless bearings. The wheel is rolling initially 10 rad/s 
counterclockwise. How long will it take until it is rolling 6 rad/s clockwise? 


SOLUTION 


In the free-body diagram, friction is assumed to act to the left. By kinematic relations, the initial 
speed of G is vg = —1.2(10) = —12 m/s, that is, to the left. 

Its final speed is +1.2(6) = +7.2 m/s, to the right. To find the speeds of the 30-kg mass, determine 
the initial and final velocities of point B on the wheel: vz = vag + Vg. Hence, the initial speed of B is 
—0.8w — 12 = —0.8(10) — 12 = —20 m/s. The final speed of B is, by simlar reasoning, +12 m/s. Thus, the 
initial speed of the 30-kg mass is 20 m/s up and its final speed is 12 m/s down. 

In the equations, the following sign conventions are used. For the wheel, to the right is positive and 
clockwise is positive. For the 30-kg mass in equation (3), down is positive. 


> (imp),=AG, or  (T—F)t=75[+7.2 -(-12)] (1) 
S(Angimp)g=A4Hg or (0.87 + 1.2F)r = 75(0.9)'[+6 — (-10)] (2) 
S (Imp), =AG, or = (9.8 X 30— T)r = 30[+12 — (—20)] (3) 


The solution is t = 7.86 s. 


Refer to Fig. 18-23. A solid homogeneous 8-in-diameter cylinder weighing 96.6 Ib is spinning 
36 rad/s clockwise about its horizontal geometric axis when it is dropped suddenly onto a 
horizontal plane. Assuming a coefficient of friction is 0.15, determine the speed v of the mass 
center G when pure rolling begins. Through what distance has the mass center moved before 
this occurs? 
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Fig. 18-22 Fig. 18-23 


SOLUTION 


Draw the free-body diagram when contact with the plane is first established. The same force system 
will act on the cylinder until pure rolling is attained. The frictional force F acts (1) to decrease the 
angular speed and (2) to increase the mass center speed from zero to its value ¥ = rw when pure rolling 
obtains. _ 

Here N = W = 96.6lb, F =0.15N = 14.5 lb, m =3 slugs, and J = $mr’ = 3(3)(4) = = slug-ft’. 

The impulse—momentum equations are 

DS (Imp),=4G, or Fr=m(v-0) (1) 

> (AngImp)g=AHe or —Frt = I(w — 36) (2) 

In the second equation, assume that the clockwise direction is positive. The equations become 14.57 = 30 

and —14.5(4)t = 2(w — 36), where w=#/r=3v. The solution is thus v= 4.0ft/s, :=0.83s. Then 
5 =3(v + Ot = 1.66 ft. 


A 2-in-diameter stream of water moving 80 ft/s horizontally strikes a flat vertical plate as 
shown in Fig. 18-24. After striking, the water moves parallel to the plate. What is the force 
exerted on the plate by the stream of water? 


SOLUTION 


Consider all the particles of water in time interval Az. The total mass m of these particles is 


2\ 62.4 
m = Av(An)é = ta( =) soan(5) 
= 3.39(At) slugs 


where A =area of the cross-section of the stream in ft’ 
v = speed of stream in ft/s 
&= density of water in slugs/ft’ 


Let P = force of plate on the mass m of water. Then 


SD E(At) = AG, = m(v — v!) 
or P(At) = 3.39(Ar1)(0 — 80) 


from which P = —271 Ib. The force of the water on the plate is +271 lb, that is, to the right. 


Rework Problem 18.25, but assume that the plate is moving to the right with a speed of 
20 ft/s. 


wis 


Mathcad 
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Fig. 18-24 Fig. 18-25 


SOLUTION 
Again consider the mass of all particles of water in time Ar. The speed of the wate relative to the 


plate is v = (80 — 20) = 60 ft/s. Then m = Av(Ar)& = 2.54(Ar), and, using the linear impulse-momentum 
equation in the x direction, we obtain 


P(At) = 2.54(An)(20 — 80) 


where the final speed of water is that of the plate. Solving, the force of the plate on the water is 
P = —153 Ib. Of course, the force of the water on the plate is +153 Ib, that is, to the right. 


18.27. A stream of water with cross-sectional area 2000 mm? and moving 10 m/s horizontally strikes 
a fixed blade curved as shown in Fig. 18-25. Assuming that the speed of the water relative to 
the blade is constant (no friction is considered), determine the horizontal and vertical 
components of the force of the blade on the stream of water. 


SOLUTION 


Note that the final velocity v” has the same magnitude v as the initial velocity v’ but a different 
direction. The mass m of all particles of water in time interval Af is 


m = Av(At)8 = (2000 X 107° m)(10 m/s)(Az)(1000 kg/m) = 20(At) 
Using the linear impulse-momentum equation for the x and y directions, 
SD (At) = AG, = m(v" - v') or P,(At) = (20A2)(— 10 cos 45° — 10) 
S F(A) =AG, =m(ut—v) oor (Ar) = (20A0)(+10 sin 45° — 0) 


where P, and P, are, respectively, the x and y components of the blade force. Solving, P, = —340 N (to 
the left on the water) and P, = +140N (up on the water). 


18.28. A tank weighing 150 lb rests on platform scales. A vertical jet empties water into the tank 
with a speed of 20 ft/s. Its cross-sectional area is 0.20 in’. What will be the scale reading 1 min 
later? 


SOLUTION 


The water from the jet exerts a continuuous force F on the bottom of the tank and thus to the scale. 
From the impulse-momentum equation, considering the water at any time 7 as a free body, we may 
write > (Imp), = AG, or Ft = m(0— 20), where m = Auté. Then 


_ 0.20 62.4 


P44 e0nin( 55 


“ F=-1.11 
a eo 20) or 1.1lb 


The negative sign indicates that an upward force (from the scale) is required to stop the water. 
At 2=60s, the tank holds (0.20/144)(20)(60)(62.4) = 104 Ib of water. 
Thus, the scale reading after 1 min will be (1.1 + 104 + 150) = 255 Ib. 
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A 130-Ib person sitting in a 150-Ib iceboat fires a gun, discharging a 2-oz bullet horizontally aft 
(along the fore-and-aft line). If the pullet speed leaving the gun is 1200 ft/s, what will be the 
speed of the boat after the bullet is fired, if we assume no friction? 


SOLUTION 


Since the impulse of the entire system is zero, the total momentum remains zero. This is true 
because the action on the bullet is equal to the reaction on the person, gun, and boat. The initial 
momentum is zero. The momentum after the bullet is fired must also be zero. Assuming the bullet speed 
to be positive, we can write 

Wooat + Waenan v Wouter 


& 


+ 
Hence, poe vt Zito 1200 =0 
& 


& 


This yields v = —0.54 fts, with the minus sign indicating that the boat and person move in the opposite 
direction from that of the bullet. 


A 60-g bullet was fired horizontally into a 50-kg sandbag suspended on a rope 900 mm long as 
shown in Fig 18-26, It was calculated from the observed angle @ that the bag with the bullet 
embedded in it swung to a height of 30 mm. What was the speed of the bullet as it entered the 
bag? 





SOLUTION 
Let 
v, = speed of bullet before impact 
v2 = speed of (bag + bullet) after impact = V2gh = V2(9.8)(0.03) = 0.767 m/s 
Momentum of system before impact = momentum of system after impact 
(0.06 kg)v. + 0 = (0.06 + 50) kg x 0.767 m/s 
from which v, = 640 m/s. 


As another example of conservation of linear momentum, consider the recoil of guns. 
ANALYSIS 


Initially the projectile is at rest in the gun. The charge explodes, pushing the projectile from the gun 
and at the same time pushing back with the same force on the gun. Since no external forces act during 
this explosion. the sum of the momenta of the projectile forward and the gun backward must be the 
same as the initial momentum of the system, i.e., zero. Thus, 


MpUp + mv, =0 
where m,,m, = masses of projectile and gun, respectively 
U,, U, = speeds of projectile and gun, respectively, immediately after the explosion 


Solving for speed of recoil, v, = —(m,/m,)v,. The minus sign indicates that the gun moves in the 
opposite direction to the projectile. 
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The greater the mass of the gun, the less will be the speed of recoil. Hence, the energy to be 
absorbed by the recoil spring or other devices will be correspondingly less. Of course, the weight is 
limited by the need for mobility. 


A 60-g bullet moving with a speed of 500 m/s strikes a 5-kg block moving in the same 
direction with a speed of 30 m/s. What is the resultant speed v of the bullet and the block, 
assuming the bullet to be embedded in the block? 


SOLUTION 


Momentum of system before impact = momentum of system after impact 
(0.06 kg)(500 m/s) + (5 kg)(30 m/s) = (0.06 + 5) kg X v 
v = 35.6 m/s 


A spring normally 6in long is connected to the two weights shown in Fig. 18-27 and 
compressed 2 in. If the system is released on a smooth horizontal plane, what will be the 
speed of each block when the spring is again its normal length? The spring constant is 
12 Ib/in. 


SOLUTION 


Since the same spring force acts on the two weights, but in opposite directions, the total linear 
impulse on the system of both weights is zero. Hence, the momentum of the two weights is constant, i-e., 
zero, and (2/g)v. + (3/g)v,;=0, where the subscripts refer to the 2- and 3-lb weights. From this 
equation, v, = —(3/2)v; at all times. 

Another equation involving v, and v3 is necessary. The work done by the spring in expanding to its 
original length (by virtue of its potential energy) is equal to the change in kinetic energy of both weights. 
As the spring expands a distance x from its compressed position, its compressive force = 12(2 — x) Ib. 

Hence, the total work done = Jj 12(2 — x) dx = 24 in-lb or 2 ft-lb. Equating this to the final kinetic 
energy (initial is zero), 2 = 3(2/g)v3 + 3(3/g)v3. Solve simultaneously with the previous equation to 
obtain v; = 4.14 ft/s (to the right) and v. = —6.22 ft/s (to the left). 


Figure 18-28 shows a remote-controlled 10-Ib object at a distance of 4 ft from the center of a 
horizontal “weightless” turntable that is turning 2 rad/s about a vertical axis. An opposing 
moment M = 2 lb-ft is applied to the shaft. Determine (a) how long it will take for the 
turntable to reach a speed of 1.5 rad/s and (b) how far the object must be moved, if the 
moment is removed, in order to bring the turntable back to a speed of 2 rad/s. 


SOLUTION 
(2) The angular momentum of the object is the product of its linear momentum mu and its radial 


distance r. The angular impulse equals the change in angular momentum. Hence, using v = rw, we 
have 


[ ~2t dt = at  1.5)(4) — ai x 2)(4) 


Hence, t=1.58s 
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(6) To solve the second part of the problem, use conservation of angular momentum to determine the 
necessary radius r at which to place the object: 


10 (4)(1.5(4) = 2 (QV) 
& & 


and thus r = 3.46 ft, and the object must be moved from 4 to 3.46 ft, or 0.54 ft toward the center. 


© 





Fig. 18-28 Fig. 18-29 


18.35. Two small spheres, each weighing 2.5 lb, are connected by a light string as shown in Fig. 
18-29. The horizontal platform is rotating under no external moments at 36 rad/s when the 
string breaks. Assuming no friction between the spheres and the groove in which they ride, 
determine the angular speed of the system when the spheres hit the outer stops. The moment 
of inertia / for the disk is 0.4 slug-ft?. 


SOLUTION 


The initial moment of inertia J, is that of the disk and the two spheres at distance 3 in from the 
center. Hence, 
2.5 


5\(3\ 
=0.4 + 2( —~ }( — ] =0.41 slug-ft? 
es (=>)(5) aisles 


The initial angular momentum is /,w, or 0.41(36). The final moment of inertia J; is 
2.5 \/11\? 
L,=0.4+ (==)() = 0.531 slug-ft’ 
f 32.2/\12 
Since no external moments act on the system, there is conservation of angular momentum; then 


ho,=1o,  0.531w, =0.41(36) and =, = 27.8 rad/s 


18.36. Solve the following impact equations for unknowns v, and 1: 


V2—v 
e--+ (2) 

uy, — U2 
My ly + Mgls = M1, Vv, + Mov (2) 


where e = coefficient of restitution 
U1, U2 = speed of bodies 1 and 2, respectively, before impact 
v1, V2 = speeds of bodies 1 and 2, respectively, after impact 
mM ,, Mz = masses Of bodies 1 and 2, respectively 
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SOLUTION 


Multiply (7) by (u,—u2)m, to obtain (3) em,(u, —u2)=m,v,— m,v,. add (2) and (3) to get 
mu, + molt, + em, (u, — U2) = (mM. + m,)v2. Then 
_mu,(1 + e) + u2(m2 — em) 


w= 
m,+m, 


Similarly, A ae ea) 
mit+m, 


Discuss impact for purely elastic bodies (e = 1). 
SOLUTION 
For elastic impact, substitute e = 1 in the equations for v; and vu, derived in Problem 18.36: 


_ 2mzu, + u,(mt, ~ m2) 


yp, = Ht 1 
1 i: (7) 
2 + 27m 
ee mu, + u(m, 1) (2) 
mi+m, 
Of special interest is the case when ™, = m, = m. Then the equations become 
2 +0 
v= callie Eel la (2’) 
mtm 
2mu, +0 
v2 = ee uy (2’) 
mt+tm 


The above equations explain what takes place when a moving coin strikes a stationary coin on a 
smooth surface. The final speed of the moving coin will be the initial speed of the other coin (in this case 
zero), while the final speed of the formerly stationary coin will be the initial speed of the moving coin. In 
other words, the moving coin stops and the stationary one assumes its speed. The same thing is true of a 
straight row of coins. The first one (farthest away from the moving coin) moves away while the others 
remain stationary. 


What happens during inelastic impact? 
SOLUTION 


This is the case when one body absorbs the other or clings to it. Common sense indicates that they 
have a common final speed. Note that if e =0 is substituted into the equations for v, and v, in Problem 
18.36, this is actually so: 

_ mu, tm, mu, + mlz 


Vv; v= or v, =v, 
m,+m, m,+m, 





Two equal billiard balls meet centrally with sppeds of 6 and —8 ft/s. What will be their final 
speeds after impact if the coefficient of restitution is assumed to be 0.8? 


SOLUTION 


Let subscript 1 refer to the 6-ft/s ball and subscript 2 to the —8-ft/s ball. The masses are equal 
(m, =m,=m). 

Hence, uv, = 6 ft/s and u, = —8 ft/s. The problem is to determine v, and v2. Work directly from the 
following fundamental equations rather than applying the results of Problem 18.36: 


v2 7 Uy 27 Vy 
Soe .8 =— 2—v, =11.2f 1 
e eon 6-(-8) or U2 — VU, 2 ft/s (7) 
muy, + m2, =my,v, + mv m(+6) + m(-8) = mv, +m, or v, + v2, = —2 ft/s (2) 


Solve the two equations simultaneously to get v, = —6.6 ft/s and v, = 4.6 ft/s. 
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A ball rebounds vertically from a horizontal floor to a height of 20 m. On the next rebound, it 
reaches a height of 14 m. What is the coefficient of restitution between the ball and the floor? 


SOLUTION 


Let subscript 1 refer to the ball. The initial and final speeds of the floor, u2 and v2, are zero since it 
is assumed that the floor remains stationary during impact. 
The second time the ball hits the floor it has fallen from a height of 20 m. Its speed u, is 


u, = V2gh = V2(9.8 m/s*)(20 m) = 19.8 m/s 


By similar reasoning, the speed v, of rebound may be found. The ball with speed v, rises to a 
height of 14m. Hence, its starting speed v, is v; = V2(9.8)(14) = 16.6 m/s. 

Now apply the following equation of impact, where downward speeds are chosen positive: 

UV2—-vU, O-(—-16.6) 
=———_ =-——__~ = 0.84 
uta :19.8—0 

The value of e could be determined by considering the square roots of the successive heights to 
which the ball bounced. This is true since the value of e in this case is actually the ratio of the speeds 
which depend on the square roots of the heights e = V14/20 = 0.84. 


A 2-lb ball moving horizontally with a speed of 12 ft/s, as shown in Fig. 18-30(a), hits the 
bottom of the rigid, slender 5-lb bar, which pivots about its top. If the coefficient of restitution 
is 0.7, determine the angular speed of the bar and the linear speed of the ball just after 
impact. 





——r— 12 Steer 


(a) (b) (e) 
Fig. 18-30 


SOLUTION 


During the first phase of the impact, from time zero to t,, the linear impulse acting between the ball 
and bar will cause the sphere to slow down and the lower end of the bar to speed up to a common speed 
u. The free-body diagram for this first phase is shown in Fig. 18-30(b). The linear impulse of the 
interacting force F causes the change in linear momentum of the ball as indicated in equation (7), where 
to the right is considered positive: 


-[ Fat = AG =" (u ~12) (1) 


This linear impulse has a moment about the pivot point O of the bar, and causes a change in the angular 
momentum of the bar as indicated in equation (2), where counterclockwise is considered positive: 


mn i i F(6) dt = AHo = Io(w — 0) (2) 
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where Ig = 4mL? = 1(5/g)(6”) = 60/g shug-ft?, w = u/6 rad/s. Putting these values into equation (2) and 
dividing by 6, we have 


+ ‘Faia (3) 
0 3g 


Adding (/) and (3), we find u = 6.55 ft/s. Thus, at the end of this first phase (compression phase) the 
ball and the lower end of the bar have a common speed of 6.55 ft/s to the right. The bar then has an 
angular speed w = 6.55/6 = 1.09 rad/s counterclockwise. 

The linear impulse acting during this phase can be calculated from (/) as 

ny 
I Fdt= 28 (655 ~ 12) = b-s 
0 & & 
This value can be checked by substituting u = 6.55 ft/s into (3). 

In the second phase (restitution phase), the linear impulse acting is only 0.7 of that acting in the 
compression phase, as shown in Fig. 18-30(c). Proceeding as before, using v as the speed of the ball 
immediately after impact and w’ as the angular speed of the bar immediately after impact, the equations 
for the ball and bar are, respectively, 


-0.1(—) a¥ Gy 2655) (4) 

g/g 

+0.7(\6) al — 1.09) (5) 
g g 


from which v = 2.72 ft/s to the right and w’ = 7.73 rad/s counterclockwise. 


Refer to Fig. 18-31. The 9-kg ball moving down at 3 m/s strikes the 5.5-kg ball moving as 
shown at 2.5 m/s. The coefficient of restitution e = 0.80. Find the speeds v, and v2 after 
impact. 

SOLUTION 


To determine the y components of the final speeds, apply the two equations 


—_ (v2), re (v,), 
é —————————— 


(v1), _ (U2), and m,(v;), + m(v2), = m,(u,), + m2(u2), 
=v (v2), = (V1), yes 
Then 0.80 “(LT and —-9(v,), +. 5.5(v2), = 9(—3) + 5.5(41.77) 


whose solution is (v2), = —3.56 m/s, i.e., down; (v,), = +0.26 m/s, i.e., up. 

In the x direction, the 5.5-kg ball will continue to the right with undiminished speed. Thus, 
(v2), = 1.77 m/s to the right, and (v,), = 0. 

To summarize, the 9-kg ball will rebound up with a speed of 0.26 m/s, and the 5.5-kg ball will move 
to the right and down with components of 1.77 m/s and 3.56 m/s, respectively. 


Refer to Fig. 18-32. A body at rest is free to move on a smooth tabletop. It is struck by an 
impact force F at a distance d from its mass center G. Investigate the motion and locate the 
instantaneous center of the body in terms of d and its radius of gyration about its mass center. 


SOLUTION 


Employing the impulse-momentum equations for plane motion, 
> (imp),=AG, — or [Fa = m(¥-—0) (1) 
> (AngImp)¢=AHg or i Fd dt = I(w — 0) (2) 
Since the distance d is constant, it may be removed from under the integral sign. Then 0 = f Fdt/m and 


w =(d/I)f F dt. But P= mk’; hence, w = (d/mk?) J Fdt, where k is the radius of gyration of the body 
with respect to the mass center. 
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ly = 2.5 mip 


Fig. 18-31 Fig. 18-32 Fig. 18-33 





To locate the instantaneous center—a point about which the body tends to pivot only—select any 
point O at a distance b from the mass center on a line perpendicular to the action line of the impact 
force F, as shown in the figure. The velocity of O is vo = vo, + v. But v has been found in terms of the 
linear impulse. Also, vg,g = bw, where w has just been defined in terms of the linear impulse. Note that 
for the object shown, v is to the right (+) and is counterclockwise. Hence, vg is to the left (—). 


Substituting in the formula, 
—bd | 1 | 
= | Fdt+— | Fdt 
mk m 





Vo=—bw t+v= 


To make O an instantaneous center, vp must be zero. Set the above expression equal to zero and solve 
to obtain b = k?/d. 

This may be viewed slightly differently. Suppose the distance d was chosen originally as k?/b. Then 
point O will remain at rest. When this occurs, the force F is said to be applied through the center of 
percussion P. 


Apply the results of the preceding problem to find the height # above the plane at which a 
solid cylinder of radius R should be struck by a horizontal impact force F in order to have no 
sliding at the point of contact O. See Fig. 18-33. 


SOLUTION 


According to the theory, F should be struck through the center of percussion P in order that the 
point of contact O be the instantaneous center. 2 wt 

Hence, h= d+ R=k?/R+R. But, for a cylinder, kK? =I/m =4mR?/m =4R*. Then h=3R+R= 
a 
BR. 


The sphere of mass m, in Fig. 18-34(a) is moving to the right on a smooth horizontal plane 
with a velocity u, when it strikes (at right angles) a slender bar of mass mm, that has a 
mass-center velocity uw, to the right and an initial angular velocity w; clockwise. If the 
coefficient of restitution is e, set up the equations needed to solve for the final velocity v, of 
the sphere, the final mass-center velocity v2 of the bar, as well as the final angular velocity w, 
of the bar. The moment of inertia of the bar relative to the mass center G is /. 


SOLUTION 

Figure 18-34(b) depicts the conditions immediately after impact. Note that the initial velocity of the 
point of impact on the bar is given by the kinematic relation u2 + dw;. Similar reasoning shows its final 
velocity to be v. + dwy. 


Linear momentum is conserved; hence, calling to the right positive, there results 


Mu, + My, = MV, + MV, (/) 
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= ee ate 


oy 





(a) (b) 
Fig. 18-34 


Angular momentum relative to the mass center G is conserved; hence, calling clockwise positive, 
there results 
mud + Io, =m,v,d + lo, (2) 
A third equation is found by using the definition of e along the impact line: 


oa Lert deo) = 01 3 


(ti + dw,) — u, 


The three unknowns v,, v2, and w, may now be found. 


A box in the shape of a cube with edge 1.5 m is sliding across a floor with a speed of 4 m/s. 
The leading lower edge of the box strikes an upraised floor tile with a completely inelastic 
impact. What is the angular velocity of the box immediately after the box hits the tile. The 
mass of the box is 9 kg. 


SOLUTION 


Since the impact forces on the box act through the leading lower edge, the angular momentum 
about that edge is conserved. Because the impact is completely inelastic, the leading edge has zero 
velocity during impact, and so the motion subsequent to the impact is rotation about O, the leading 
lower edge of the box. Hence, as shown in Fig. 18-35, 


Ho= He 
mu(3s) =Ipw 
But Ig=l+m@? or In = ns? + mI(bsY + Gsy] 


ly = fms? = 39) (1.5) = 13.5kg-m 
Substituting in the conservation of momentum equation yields 
(9)(4)(0.75) = 13.5 


from which w = 2 rad/s clockwise. 





Fig. 18-35 
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A rocket and its fuel have an initial mass 77). Fuel is burned at a constant rate, dm/dt = C. 
The gases exhaust at a constant speed relative to the rocket. Neglecting air resistance. find the 
speed of the rocket at time ¢. 


SOLUTION 


Let 
m = mass of rocket and remaining fuel at time f. that is. m = mg — Ct 
v = speed of rocket 
u = speed of gases 


We shall assume vertical motion with up being positive. The only external force to the system at 
time ¢ is the weight mg which is negative. Our equation is 


pe eas 
dt dt : 


where (v — u) is the relative speed of the rocket to the gases and is a constant K. Then 





dv dy du CK 
—mg=m=—-CK — —(my- Ct)g = ny - Cr) - CK —=—g + 
mg=m i (m Jg =(n t) at or dt 8 ho 
Integrating the last equation, 
ve f ft CK 
du =| ~gdt+| -—-~—dt 
[iw I os omy ~ Cr 
or v= —gr+{-K In (m, — Ct), = —gt — K In (ta — Ct) + K In my = K In ae — gt 
My — 


An empty rocket has a mass of 2000 kg. It is fired vertically up with a fuel toad of 8500 kg. 
The exit speed of the exhaust gases relative to the nozzles is a constant 2000 m/s. At what 
rate, in kg/s, must the gases be discharged at the beginning if the desired acceleration is 
9.8 m/s’ up? Assume that the nozzles exhaust at atmospheric pressure. 


SOLUTION 


Selecting up as positive, we insert values into the equation 


Soh du dm ran 
=m—-~—(v-1 
dt dt 


to obtain 


1 
~ 10500 X 9.8 = 10 500(9.8) — oe (-2000) 


dm 
Solving, — = -103 kg/s 
olving, hi g/s 


The negative sign indicates the loss in the mass of the system. 
Study the motion of the gyroscope shown schematically in Fig. 18-36(a) as a spinning wheel 


and rotor that is attached to point O in such a way that it is free to turn in any direction 
about O. 
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(e) (b) 
Fig. 13-30 


ANALYSIS 


Assume that the wheel is spinning with a large angular velocity w, about the x axis, which is called 
the spin axis. Also assume that the system is released; the external forces acting on it are the weight W 
of the wheel (neglect weight of rotor) and the upward reaction R at O. The weight W exerts a torque on 
the system about the z axis, which is called the moment axis. It is known by actual experiment that the 
wheel does not fall but turns about the y axis, which is called the axis of precession. 

The explanation for this follows. Before the system is released, the angular momentum of the 
system is equal to the product of its moment of inertia and its angular velocity ,, that is, leo. This can 
be represented by a vector OB as shown in Fig. 18-36(b) directed along the x axis to the right. 
(According to the right-hand rule, the thumb points to the right when the fingers are curled in the 
direction of w,. This is also expressed by saying that a right-handed screw would advance to the right 
when turned in the direction of «,.) 

Immediately upon release, there is an external torque M acting on the system. It acts clockwise 
about the z axis when viewed from the positive end of that axis, and its magnitude is equal to the 
product of the weight and the perpendicular distance from the z axis to the center of mass. For a short 
time interval dt, the impulse of this torque is M df. Its units are the same as the units of angular 
momentum, and it may be represented according to the right-hand rule by a vector along or parallel to 
the z axis and acting in the negative direction. Figure 18-36(5) illustrates this vector BC. But this angular 
impulse M dt is the change in the angular momentum of the system. The new angular momentum is the 
vector sum of OB and BC. This line OC is in the xz plane but at an angle d¢ with the original x axis. 
Note that the new axis of spin is along OC. Using scalar quantities and substituting d¢ for tan d¢, there 
results 


Md 


a lw, 


dd or M =lo,— 


dt 
But dd/dt is the angular speed of the spin axis about the precession axis, say wp. 

The equation of the gyroscope is M =/@,@,. Note that the spin axis remains in the xz plane, 
provided w, remains large. 


A rotor weighing 4000 tb and with a radius of gyration 3.00 ft is mounted with its geometric 
axis along the fore-and-aft line of a ship that is turning 1 rpm counterclockwise as viewed 
from above. The rotor turns 300 rpm counterclockwise when observed from the rear of the 
ship. Assuming the center-to-center distance between bearings to be 3.50 ft, determine the 
front and rear bearing reactions on the rotor. 


SOLUTION 


Draw a free-body diagram of the rotor with the x axis as the fore-and-aft line of the ship. See 
Fig. 18-37. The front and rear reactions are R,; and Rr, respectively. According to the right-hand rule, 
the angular momentum about the x axis (Jw,) is drawn to the left along the x axis. To precess in the 
given direction about the y axis, the rotor must be acted upon by an angular impulse (M dt) as shown. 
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According to the right-hand rule, this moment (caused by the reactions) must be counterclockwise when 
viewed from the positive end of the z axis. The magnitude of this moment is M = (3.50/2)(R;. — Rr). 

The values given are w, =27(300/60) =31.4 rad/s, @, =27(1/60) = 0.105 rad/s, and [= mk?= 
(4000) /(32.2)(3.00)? = 1118 slug-ft?. 

Then M = Iw,w, = 3690 lb-ft and (Rp — Re) = M(2/3.50) = 2110 lb. 

A vertical sum yields R,. + Rp = 4000 lb. The solution is 


Re = 3055 Ib and Rp = 945 Ib 


x OO a 





Fig. 18-37 Fig. 18-38 


18.51. A satellite in circular orbit about the earth ejects a pod tangent to its path. If the satellite is 
orbiting 500 mi above the earth, what must be the speed of the pod such that it will strike the 
earth at an angle of 60° with respect to the ground? Refer to Fig. 18-38 


SOLUTION 


Since the gravitational force on the pod acts through the center of the earth, the angular 
momentum of the pod about the earth’s center is conserved. So AH,=0 and mv,(R +500) = 
mv, cos 60° (R), where R is the radius of the earth or 4000 mi. Hence, vz = 2.25u. 

Also, from the work—-energy equation, U = AT, 





GM. 
| (- =") dr = 4m(u3 — v7) where GM = 1.41 x 10" ft?/s? 
+500 r 





1 1 4 
om(; Re =a) = (v3 — vj) = 2.03107 


uv, = 6040 ft/s 


18.52. One end of an elastic band, shown schematically in Fig. 18-39, is attached to a fixed pin. The 
other end is attached to a }-Ib ball. The elastic constant of the band is 4 lb/ft. The elastic is 
stretched 1 ft and released with a velocity of 5 ft/s perpendicular to the elastic band. The 
unstretched length of the elastic band is 2 ft, and motion takes place on a smooth horizontal 
plane. How close to the fixed pin will the ball pass? 


SOLUTION 


Since the force of the elastic band on the ball acts through point O the angular momentum about O 
is conserved. Hence, (mv,y)3 = (mu)d. Or, vd = 15. Furthermore, U = AT or 


~ 3k(s° — so) = am(v" — up) 
2 2 1 1 2 
— 340° - 17) ==— (vw? - 5?) v = 16.77 ft/s 
22g 


Substituting in ud = 15 yields d = 0.89 ft 
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Supplementary Problems 


In Problem 18.6, show that the selection of the top point as the moment center yields 2PR = 
(d/dt)(4mR?w), which does not agree with the results obtained in that problem. [It should not agree, 
because the top point does not fit the conditions imposed on point O in equation (9).} 


A 50-kg mass falls freely from rest for 4s. Find its momentum at that time. 
Ans. 1960 kg-m/s = 1960N -s 


A pile-driver hammer weighing 1000 1b is dropped from a height of 25 ft. If the time required to stop 
the pile driver is 1/20s, determine the average force acting during that time. Ans.  F,, = 25,000 Ib 


A body is thrown upward with an initial speed of 15 m/s. Find the time required for the body to attain a 
speed of 6 m/s downward. Ans. 2.145 


A 50-Ib body is projected up a 30° plane with initial speed of 20 ft/s. If the coefficient of friction is 0.25, 
determine the time required for the body to have an upward speed of 10 ft/s. Ans. (0.4338 


A 2000-Ib sphere with a diameter of 10 ft is rotating about a diameter at 600 rpm. What angular torque 
will bring the sphere to rest in 3 min? Ans. T = 216 lb-ft 


A block weighing 120 ]b rests on a horizontal floor. It is acted upon by a horizontal force that varies 
from zero according to the law F = 151. If the force acts for 10s, what is the speed of the block? Assume 
that the coefficient of static and kinetic friction is 0.25. Ans. 129 ft/s 


The magnitude of a force applied tangentially to the rim of a 1200-mm-diameter pulley varies according 
to the law F = 0.031. Determine the angular impulse of the force about the axis of rotation for the 
interval 0 to 35s. (Hint: Use the integral definition of angular impulse.) Ans. 11.0N-s-m 


A 300-lb disk rotating at 1000 rpm has a diameter of 3 ft. Find its angular momentum. 
Ans. 1100 Ib-s-ft 


A bob of mass # travels in a circular path of radius R on a smooth horizontal plane under the restraint 
of a string which passes through a hole O in the plane as shown in Fig. 18-40. If the angular speed of the 
bob is w, when the radius is R, what will be the angular speed if the string is pulled from underneath 
until the radius of the path is 5R? Find the ratio of the final tension in the string to its initial value. 
Ans. 8 


A 12-kg disk with a radius of gyration equal to 600mm is subjected to a torque M=2:N-m. 
Determine the angular speed of the disk 2 after it started from rest. Assume frictionless bearings. 
Ans. w=0.93 rad/s 
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Fig. 18-40 Fig. 18-41 


18.64. A 20-lb block is acted upon by a horizontal force P that varies according to the graph shown in 
Fig. 18-41. The block moves from rest on a smooth horizontal surface. What will be the position and 
speed after 7s? Ans. v =33.8 ft/s, s = 134 ft 


18.65. A 12-Ib homogeneous rotor with radius of gyration 1.2 ft comes to rest in 85s from a speed of 180 rpm. 
What was the frictional torque that stopped the rotor? Ans. T =0.119 lb-ft 


18.66. The two masses shown in Fig. 18-42 are connected by a light inextensible cord that passes over a 
homogeneous 4-kg cylinder having a diameter of 1200 mm. How long will it take the 7-kg mass to move 
from rest to a speed of 2 m/s Ans. t=1.435 


B ke Tk¢ 





Fig. 18-42 Fig. 18-43 


18.67. A 100-kg rotor has a radius of gyration of 700 mm. The rotor is rotating at 6rad/s counterclockwise 
when the force P is applied to the brake as shown in Fig. 18-43. What is the magnitude of P if the rotor 
stops in 92s? The coefficient of friction between the brake and rotor is 0.4. Ans. P=1.42N 


18.68. A drum rotating at 20 rpm is lifting a 1-ton cage connected to it by a light inextensible cable as shown in 
Fig. 18-44. If power is cut off, how long will it take the cage to come to rest? Assume frictionless 
bearings. Ans. 1=0.172s 





f= 80.0 slug-ft? 





Fig. 18-44 Fig. 18-45 
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Two homogeneous disks of weights W, and W, and radii r, and r, are free to turn in frictionless bearings 
in the fixed vertical frame shown in Fig. 18-45. The upper disk W, is turning with angular velocity w 
clockwise when it is dropped onto the lower disk W,. Assuming that the coefficient of friction pw is 
constant, determine the time until slipping stops. What are the angular velocities at that time? 

hw 





: ry @ é 
Ans. clockwise, w, = — (7) counterclockwise 


a@ 
i = 
2ue(l + W/W)’ 1+ ww, r, \1 + W/W, 


A rotor with a moment of inertia of 320 slug-ft? is supported by a shaft that turns in two bearings. The 
friction in the bearings produces a resisting moment of 250 lb-in. After the power is cut off, the rotor 
slows to 180 rpm in 150s. What was the original speed of the rotor? Ans. 273rpm 


A table fan with a mass m is at rest on a horizontal tabletop. The coefficient of friction between the fan 
and the top is uz. Let A be the area of the air drawn through the fan and 6 the mass density of the air. If 
u is the velocity of the downstream air, derive an expression for the theoretical maximum velocity 
before there is slip of the fan on the tabletop. Ans. v= (Vumeg)/Aé 


Water issues at the rate of 60 ft/s from a 4-in-diameter nozzle. Determine the reaction of the nozzle 
against its supports. Ans. 610 Ib 


A jet of water 50mm in diameter exerts a force of 1200N on a flat vane perpendicular to the stream. 
What is the nozzle speed of the jet? Ans. 24.7 m/s 


A jet of water issues from a 25-mm-diameter nozzle at 30m/s. Determine the total force against a 
circularly curved vane where the direction of the jet changes 45°. Assume no friction. 
Ans. 338N. 


A jet of water leaves a nozzle at a speed of 30 ft/s. It impinges at right angles against a vertical plate, 
which is stopped from moving by a horizontal force of 85 lb. What is the diameter of the nozzle? 
Ans. 2.99in 


The force on a curved vane that changes the direction of a jet of water by 45° is 450 Ib. If the nozzle 
speed of the jet is 80 ft/s, calculate the diameter of the nozzle. Ans. 2.95 in 


Refer to Fig. 18-46. A stream of water 2700 mm’ in cross section and moving horizontally with a speed 
of 30 m/s splits into two equal parts against the fixed blade. Assuming no friction between the water 
and the blade, determine the force of the water on the blade. Ans. P,=4150N to the right 





In the preceding problem, assume that the stream splits so that two-thirds of the water moves to the top 
portion of the blade and one-third to the lower portion of the blade. Determine the reaction of the 
water on the blade. Ans. P,=4150N to the right, P, = 573 N up 


A nozzle with a 1700-mm‘” cross-sectional area discharges a horizontal stream of water with a speed of 
25 m/s against a fixed vertical plate as shown in Fig. 18-47. What is the force against the plate? 
Ans. 1060 N to the right 
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Fig. 18-47 Fig, 18-48 


A stream of water with a 3-in’ cross-sectional area moving at 30 ft/s strikes a stationary curved blade as 
shown in Fig. 18-48. Assuming that friction is negligible, find the horizontal and vertical components of 
the force of the blade on the stream. Ans. P,=10.7 1b to the left, P, = 25.7 Ib up 


A horizontal jet of water issues left to right from a 4-in-diameter nozzle at a rate of 100 ft/s. Determine 
the force exerted on the curved vane if the direction of the stream is changed through 120°. 
Ans. F, = 2540 1b to the left, F, = 1460 Ib up 


Two homogeneous sliding disks A and B are mounted on the same shaft. A is a 50-kg disk 1000 mm in 
diameter, 50 mm thick, and at rest. B is a 100-kg disk 1000 mm in diameter, 100 mm thick, and rotating 
clockwise at 600 rpm. If the disks are engaged so as to rotate together, what is their common angular 
speed? Ans. 400 rpm 


In Problem 18.82, what is the percent loss is kinetic energy of the system because the disks are coupled 
together? Ans. 33.3% 


A 70-Ib child is standing in a 100-Ib boat that is initially at rest. If the child jumps horizontally with a 
speed of 6 ft/s relative to the boat, determine the speed of the boat. Ans. 2.47 ft/s 


After a flood, an 18-kg goat finds itself adrift on one end of a 25-kg log 2m long. As the other end 
touches shore, the goat maneuvers to that end. When it gets there, how far is it from shore? Assume 
that the log is at right angles to the shore and the water is almost calm after the storm. 

Ans. 0.837m 


A 0.2-Ib bullet is fired from a 14-lb rifle with a muzzle speed of 1000 ft/s. What is the speed of the rifle 
recoil? Ans. 14.3 ft/s 


A 50-Mg gun fires a 500-kg projectile. [f the recoil apparatus exerts a constant force of 400 kN and the 
gun moves back 200 mm, calculate the muzzle speed of the projectile. Ans. 179 m/s 


A 600-Ib projectile is shot with an initial velocity of 2000 ft/s from a 200,000-lb gun. What is the velocity 
of recoil of the gun? = Ans. up = 6 ft/s backward 


In Fig. 18-49, a series of n identical balls is shown on a smooth horizontal surface. If number | moves 
horizontally with speed uv into number 2, which in turn collides with number 3, etc., and if the coefficient 


of restititution for each impact is e, determine the speed of the nth ball. Ans. v,=(1+e)" 1u/2""' 
= 3 ft/sec 
1= 6 ft/sec bse! 
Es i = 


Q 22 Ci) 


Fig. 18-49 
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In Fig. 18-50, the 20-lb block is moving to the right with a speed of 6 ft/s. The 40-lb block is moving to 
the left with a speed of 3 ft/s. If the coefficient of restitution is assumed to be 0.4. determine the speeds 
immediately after impact. Ans. V2) = 2.4 ft/s to the left, vag = 1.2 ft/s to the right 


A 3-kg ball and a 5-kg ball of the same diameter move on a smooth horizontal plane along a straight 
line with speeds of +5 and —3 m/s, respectively. Determine their speeds after impact if the impact is (a) 
inelastic, (b) elastic, and (c) such that the coefficient of restitution is 0.4. Ans. (a) 0, 0; (b) —5, +3; 
(c) -2, ~1.2m/s 


A 20-kg block A moving {2m/s horizontally to the right meets a 16-kg block & moving 8m/s 
horizontally to the left. If the coefficient of restitution is e =0.7, determine the speeds of A and B 
immediately after impact. Ans. vu, =3.11 m/s to the left, vg = 10.9 m/s to the right 


A 2000-Ib car traveling at 30 mi/h overtakes a 1500-Ib car traveling at 15 mi/h in the same direction. 
What is their common speed after coupling? What is the loss in kinetic energy? 
Ans. 34.6 ft/s, 6300 ft-lb 


A 30-kg ball (A) moving to the right with a speed of 30 m/s strikes squarely a 10-kg ball (8) that has a 
speed of 7 m/s in the opposite direction. If the coefficient of restitution is 0.6, determine the speeds of 
the balls after impact. Ans. vu, = 15.2 m/s to the right, ug = 37.4 m/s to the right 


A ball falls freely from rest 5m above a smooth plane angled at 30° to the horizontal. If e = 0.5, to what 
height will the ball rebound? Ans. h=0.08m 


A ball falls 6m from rest. It hits a horizontal plane and rebounds to a height of 5m. Determine the 
coefficient of restitution. Ans. e=0.91 


A glass ball is dropped onto a smooth horizontal floor, from which it bounces to a height of 9m. On the 
second bounce, it attains a height of 6 m. What is the coefficient of restitution between the glass and the 
floor? Ans. e€ =0.82 


A 4-lb weight falls 0.5 ft onto a 2-lb platform mounted on springs whose combined k = 50 lb-ft. If the 
impact is fully plastic (e + 0), determine the maximum distance the platform moves down from its initial 
position. See Fig. 18-51. Ans. 3.90in 


In Fig. 18-52, the mass M is moving with speed u when the string becomes taut. What will be the speed 
of mass m if the coefficient of restitution is e. The masses are on a smooth horizontal plane. 
Ans. uv = Mu(1+e)/(M+m) 


[ss] i 


on 


Fig, 18-51 Fig. 18-52 Fig. 18-53 


A mass m, moving with speed u strikes a stationary mass sm, hanging on a string of length L as shown in 
Fig. 18-53. If the coefficient of restitution is e, determine (a) the speed of each mass immediately after 
the impact and (b) the height h to which mass my will rise. 

m,— em, m(1 +e) u’m?(1 + ey 


Ans. =u——,, vp =u _ ; (bp h= 
Sakae Sm, — m, * Om, +m, (0) (m, + m2)2g 
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A 1-kg ball traverses the frictionless tube shown in Fig. 18-54, falling a vertical distance of 900 mm. It 
then strikes a 1-kg ball hanging on a 900-mm cord. Determine the height to which the hanging ball will 
rise (a) if the collision is perfectly elastic, (b) if the coefficient of restitution is 0.7. 

Ans. (a) 900mm, (6) 650mm 


yi) 





Fig. 18-54 Fig. 18-55 


Refer to Fig. 18-55. A ball thrown from position A against a smooth vertical circular wall rebounds and 
hits position B at the other end of the diameter through A. Show that the coefficient of restitution is 
equal to the square of the tangent of angle @. 


A billiard ball moving at 4m/s strikes a smooth horizontal plane at an angle of 35° as shown in 
Fig 18-56. If the coefficient of restitution is 0.6, what is the velocity with which the ball rebounds? 


Ans. v=3.55 m/s, @ =22.8° 
500 g 
ae 
73 
18 kg am 


Fig. 18-56 Fig. 18-57 





The 500-g sphere shown in Fig. 18-57 is moving on a smooth horizontal plane with a velocity of 5 m/s. It 
strikes the end of a homogeneous slender 1.8-kg bar that is 4m long. If the bar is initially at rest and the 
coefficient of restitution is 0.6, determine the speed of the sphere immediately after impact. 

Ans. 4.06 m/s 


Solve Problem 18.46 if the collision between the box and the tile is perfectly elastic. 
Ans. ow =4rad/s clockwise 


A slender, horizontal homogeneous bar is falling downward at 10 ft/s when its right-hand end strikes 
the edge of a table. If the coefficient of restitution between the table and the bar is 0.45, determine the 
angular velocity of the bar immediately after impact. The bar is 3 ft long and weighs 3 Ib. 

Ans. w = 7.25 rad/s counterclockwise 


In Fig. 18-58, a large drum is filled with liquid weighing 50 Ib/ft*. The drum and liquid weigh 200 Ib and 
are at rest on a horizontal sheet of ice for which the coefficient of friction is 0.05. If a 4-in plug 3 ft 
below the surface of the liquid is suddenly removed, will the drum move? Ans. Yes 


yvJ+ 
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h 
F _t 
Fig. 18-58 Fig. 18-59 


A tank of liquid with a mass density of 6 rests on a cart. If hf is the height of the fluid above the orifice, 
what horizontal force F is necessary to hold the tank at rest when the fluid starts issuing from the 
nozzle? The cross-sectional area of the orifice is A. See Fig. 18-59. Ans. F =2Ahig 


A rocket has a mass of 3000 kg empty. If it is projected vertically up from the earth with a fuel load of 
7000 kg, calculate the initial acceleration. Assume that the gases exhaust at 2000m/s relative to the 
rocket and that the initial rate of fuel burning is 150 kg/s. Ans. a =20.2 m/s’ 


The rotor of a gyroscope is a homogeneous 4-in-diameter cylinder weighing 60z. It is mounted 
horizontally midway between bearings 6in apart. The rotor is turning at 9000rpm in a clockwise 
direction when viewed from the rear. The assembly is turning at 2 rad/s about a vertical axis in a 
clockwise direction when viewed from above. What are the bearing reactions on the rotor shaft? 

Ans. R, =12.80z up, Ry = 6.8 oz down 


Refer to Fig. 18-60. A solid 6-in-diameter wheel that is 2 in thick rotates at 6000 rpm. Neglect the mass 
of the shaft attached to it. Assume a weight density of 4801b/ft*. Determine the speed of 
precession. Ans. w,=1.10 rad/s clockwise about the y axis when viewed from above. 





Fig. 18-60 


A space shuttle is to link up with a space laboratory orbiting at a constant altitude of 400km. At an 
altitude of 80km and speed of 4000 m/s, the shuttle engine is shut off. What must be the angle that the 
velocity makes with the vertical, at shut-off, if the shuttle is to arrive tangent to the orbit of the 
laboratory? Ans. 56.8° 


A satellite is launched parallel to the surface of the earth at an altitude of 400 mi. The speed of launch is 
20,500 mi/h. Determine the maximum altitude reached by the satellite. Ans. 8420 mi 


Repeat Problem 18.113 if the satellite is launched outward at 60° from the vertical. Ans. 1470 mi 


Chapter 19 





Mechanical Vibrations 


19.1) DEFINITIONS 


Mechanical vibration of a system possessing masses and elasticity is motion about an equilibrium 
position which repeats itself in a definite time interval. 

The peried is the time interval for the vibration to repeat itself. 

A cycle is each repetition of the entire motion completed during the period. 

The frequency is the number of cycles in a unit of time. 

Free vibrations occur in a system not acted upon by periodic external disturbing forces. 

Natural frequency is the frequency of a system undergoing free vibrations. 

Forced vibrations occur in a system acted upon by periodic external disturbing forces. 

Resonance occurs when the frequency of the forced vibrations coincides with or at least 
approaches the natural frequency of the system. 

Transient vibrations disappear with time. Free vibrations are transient in character. 

Steady-state vibrations continue to repeat themselves with time. Forced vibrations are examples 
of steady-state vibrations. 


19.2 DEGREES OF FREEDOM 


The degrees of freedom of a system depend on the number of variables (coordinates) needed to 
describe its motion. 

For example, in Fig. 19-1(a), the motion of the mass on a spring that is assumed to vibrate only 
in a vertical line can be described with one coordinate, and thus possesses a single degree of 
freedom. A bar supported by the two springs in Fig. 19-1(b) needs two variables as shown, and 
therefore possesses two degrees of freedom. 





Fig. 19-1 


19.3 SIMPLE HARMONIC MOTION 


Simple harmonic motion can, as shown in Section 12.2, be represented by a sine or cosine 
function of time. Thus, x =X sin wt is an equation of simple harmonic motion. It could represent the 
projection on a diameter of a vector of length X as the tip of the vector X rotates on a circular path 
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with a constant angular velocity w radians per second. For this motion, 


x = length of projection 

X = length of rotating vector 

w = circular frequency in rad/s 

7 = 2n/w = period in seconds 

f= w/2n = frequency in cycles per second (Hz) 


All bodies vibrate with simple harmonic motion or some combination of simple harmonic 
motions with different frequencies and amplitudes. 


19.4 MULTICOMPONENT SYSTEMS 


A multicomponent system is analyzed by replacing it with an equivalent system of masses, 
springs, and damping devices. The differential equations of this idealized system, when solved, will 
approximate the desired results. Engineering judgment will suggest proper modifications to fit the 
actual system. 

The problems that follow illustrate free vibrations with and without damping, and forced 
vibrations with and without damping. Only viscous damping (where the damping force is 
proportional to the velocity of the body) is considered. However, it is well to point out two other 
types of damping: (7) Coulomb damping, which is independent of the velocity and arises because of 
sliding of the body on dry surfaces (its force is thus proportional to the normal force between the 
body and the surface on which it slides), and (2) solid damping, which occurs as internal friction 
within the material of the body itself (its force is independent of the frequency and proportional to 
the maximum stress induced in the body itself). 


19.5 UNITS 


The following is a table of the U.S. Customary and SI units used in mechanical vibrations 


problems. 


Length in 

Time Ss 

Velocity ft/s or in/s 
Acceleration ft/s? or in/s” 


Mass slug 

Mass moment of inertia | slug-ft? or Ib-s?-in 
Force 

Spring 

Damping constant 





Solved Problems 


Free Vibrations—Linear 


19.1, A mass m hangs on a vertical spring whose spring constant or modulus is k. Assuming that 
the mass of the spring may be neglected, study the motion of the mass if it is released at a 
distance x9 below the equilibrium position with an initial velocity vy downward. 
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— Unetretched position without m 
A 

— Equilibrium position with m 
x m 


CJ —- Position at any time during motion 


a 
x i is 
Fal — Position of initial release 
i, 
1 


rc 7 — Position of greateat diaplacement 


—at 


Fig. 19-2 


ANALYSIS 


In Fig. 19-2, various positions of the mass m are shown. The distances are exaggerated for clarity. 
The value X is the amplitude of the motion. Of course, the mass will also rise to a height X above the 
equilibrium position. 

The tension in the spring is equal to the product of the spring modulus k and the distance the spring 
is stretched or compressed from its unstretched position (without m). Draw free-body diagrams of the 
mass in its equilibrium position and at the position x below equilibrium. Note that the position x of the 
mass at any time is expressed from its position of static equilibrium. 

In Fig. 19-3, no acceleration is shown, since the system is in equilibrium. Hence, 7 = kA = mg. Note 
that consequently A = mg/k. 


T—ka T = k(z +4) 


| 
| 
t 


mg mg 
Equilibrium position Position below equilibrium 
Fig. 19-3 Fig. 19-4 


In Fig. 19-4, assume that displacements below the equilibrium position are positive. Since the 
direction of the acceleration is unknown, assume it to be positive. A negative sign would then mean it is 
directed up. Apply Newton’s laws to this free-body diagram and obtain 


> B=ma or mg-T=ma 


Substitute T = k(A + x) and mg = kA to get kA— kA—kx =ma. Since a = d’x/dt’, the equation of 
motion becomes 


d’x ik 
agar ok =0 
dt om 


It should be apparent that whenever x is positive (below the equilibrium position), the acceleration 
(which is then negative) is directed up. This means that as the mass moves down to its lowest position, 
the acceleration is up or the mass is decelerating. Just after reaching the bottom and starting up, the 
displacement is still positive and the acceleration is still directed oppositely, i.c., up. Therefore the mass 
will accelerate up to the equilibrium position. Above this position, the displacement is negative and the 
acceleration is directed down to the equilibrium position. Hence, up to its top point of travel, the mass 
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19.2. 


decelerates, and between the top point and the position of equilibrium it accelerates. The acceleration is 
always directed toward the equilibrium position. 
Assume that the solution of the above second-order differential equation has the form 


x =Asin wt — Bcos at 


where w is the circular frequency in rad/s. 
To determine whether or not this is a solution, take the second derivative with respect to time 
(d?x/dt”) and substitute it into the differential equation. Note that 
dx . d’x . 
an Aw coset — Bw sinwt and i —Aw’ sin wt — Bw’ cos wt = — wx 
t 
Substitute the value of d?x/dr’ into the equation of motion to obtain — w?x + (k/m)x =0. Hence, w 
must equal Vk/m if the assumed value of x is to be a solution. Then the solution is thus far 


. kK k 
x=Asin ,/—'t+Bcos,/—t 
m m 


Note that a cycle of motion will be completed at intervals of 27 rad, i.e., when (Vk/m)7 =2z, 
where 7 is the period or time for one cycle. Hence, 7=22Vm/k. The frequency is the inverse of the 
period, or 


1 1 k 


f= r 2x \m 
As pointed out previously, A = mg/k; hence, the above formulas may also be written 7=22VA/g and 
f=(/2n)Veg/A. 
The constants of A and B should be evaluated on the basis of the initial conditions given in the problem. 
Here it is assumed that at ¢ = 0, x = xo, and v = wo. Substitute these values of x and v into the equations for 
these variables, but be sure also to substitute the time f = 0: 


Xo = Asin (w+ 0) +B cos (w - 0) 
Up = Aw cos (w - 0) — Bw sin (w - 0) 


The first equation yields B = xo, and the second equation gives A = up/w. 
Hence, the solution is 


Uo. 
x =—sin of + Xp) COS wt 
w 


The solution may be written in another form: x =X cos(wt— @), where the amplitude X = 
V(uo/w)? + (x,)* and the phase angle @ = tan”! (vy/xow). Note that w = Vk/m. 

This problem is the most commonly used example of free vibrations, which theoretically would 
continue indefinitely after the mass is set in motion. Since only one variable has been used to describe 
the motion, the system possesses one degree of freedom. Many additional problems can now be solved 
by reducing them to this type. In other words, replace the actual elastic suspension by an equivalent 
spring attached to the vibrating body. 


A 60-Ib machine is mounted on 80-Ib platform, which in turn is supported by four springs. 
Assume that each spring carries one-fourth of the load, and determine the period of vibration. 
Each spring has a spring constant of 18 Ib/in. 

SOLUTION 


Each spring carries 35 Ib, and hence the frequency is 


1 fkg_ 1 /(18)(386) _ 
fs NW on 35. hes 


Note that g is used in in/s’ because k was given in Ib/in. 
The period is 1/f =0.45s. 
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19.3. Solve Problem 19.1 using the conservation of energy theorem. 
SOLUTION 


This theorem states that the sum of the potential energy V and kinetic energy T of the system is a 
constant provided the system is conservative (no friction or damping is assumed at this point in the 
discussion). 

At any distance x below the equilibrium position, the spring tension is mg + kx. Hence, the 
potential energy V, of the spring is equal numerically to the work done by this force in stretching the 
spring: 


V= | (mg + kx) dx = myx + bkx? 
0 


During this same displacement +, the mass has lost potential energy of the amount mgx. Then the 
total potential energy of the system is $kx’. 

At a distance + below equilibrium, the kinetic energy T of the mass, which is moving with a velocity 
dx/dt, is T = 4m(dx/dt). Since the spring is assumed to be massless, its kinetic energy is zero. Therefore 
the kinetic energy of the system is that of the mass only. 

The conservation of energy theorem states that 7 + V = constant, or that d/dt(7T + V) =O. Then 


2 d’x 1 d. 
¢ [5(S) + 5k] =0 or m(2)(<) See popes 0) 








dtl2- \dr/ ~ 2 2 a) de 2° dt 
This reduces to the same differential equation obtained in Problem 19.1: 
dx ik 
5 +—x=0 
dr om 


Hence, the frequency is 


k 1 
ie rad/s or a x Hz 
m 2x Vm 


Note that in a linear differential equation of the type shown above with the second-order term 
having a coefficient |, the circular frequency w in rad/s equals the square root of the coefficient of the x 
term. (w = 2zf, where w is in rad/s and f is in hertz.) 


19.4. A small mass ™ is fastened to a vertical wire that is under tension 7 as shown in Fig. 19-5. 
What will be the natural frequency of vibration of the mass if it is displaced laterally a slight 
distance and then released? 





Fig. 19-5 


SOLUTION 


Assume the mass 7 at some time during the motion is at a distance x to the right of equilibrium. 
In the horizontal direction, this mass is acted upon by the components of the two tensions T shown. 
For small displacements, these x components of the tensions will be 7x/b and Tx/c, both acting to the 
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19.5. 


19.6. 


left, or negative, if we assume x to the right is positive. Hence, the differential equation of motion is 


Tx Tx d’x dx | 1 (7.7) F 
—-——-—=ma, = or =—(- = 
cb oP dt m\c b 








Note that this differential equation is entirely similar, except for the coefficient of the x term, to the 
spring equation. Hence, as indicated in Problem 19.3, the frequency is 





1 T f(bt+e 
=—4/- Hz 
f 20 alae) a 


A cylinder floats as shown in Fig. 19-6. The cross-sectional area of the cylinder is A and the 
mass is m. What will be the frequency of oscillation if the cylinder is depressed somewhat and 
released? The mass density of the liquid is 5. Neglect the damping effects of the liquid as well 
as the inertia effects of the moving liquid. 


SOLUTION 


When the cylinder is a distance x below its equilibrium position, it is acted upon by a buoyant force 
equal in magnitude to the gravitational force on the displaced liquid. This is exactly analogous to the 
spring in Problem 19.1. Using Newton’s laws, the unbalanced force, which is up for a downward 
displacement, is equated to the product of the mass and its acceleration. Call a downward displacement 
positive. Then the differential equation of motion is 


as d’x d?x 584 4 
- =m— oO sto x= 
B dt? dr om 


Thus, the frequency is 









Equilibrium position 
Any position 
xz 
Equilibrium 
position 


Any position 


Fig. 19-6 Fig. 19-7 


Liquid of density 6 and total length / is used in a manometer as shown in Fig. 19-7. A sudden 
increase in pressure on one side forces the liquid down. Upon release of the pressure, the 
liquid oscillates. Neglecting any frictional damping, what will be the frequency of vibration? 


SOLUTION 


Assume the liquid to be a distance x below the equilibrium position in the left column and, of 
course, a distance x above the equilibrium position in the right column. 
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The unbalanced force tending to restore equilibrium is the gravitational force on a column of the 
liquid 2x high. This force is 2xA 8g, where A is the area of the cross section of the liquid. The total mass 
of liquid in motion is /A8. Using Newton’s law, 


2 


dx d’x 2g 
” r x 


1 [2 
and pap fire 


Note that f is independent of the density of the liquid and the cross-sectional area. The units for g 
and / must be in SI units or both be in U.S. Customary units. 





—2xAbg = 1A5 


Determine the natural undamped frequency of the system shown in Fig. 19-8. The bar is 
assumed massless and the lower spring is attached to the bar midway between the points of 
attachment of the upper springs. The spring constants are as shown. 





maiz = mgl2 
mg 
ty se sata Rie postion 
T r Any position 
a 1 Eguilibrium position 
ws 
cto i Any position 
ae | 
Fig. 19-8 


SOLUTION 


The total static displacement A of the mass 7m is equal to the stretch x; of spring k; plus the average 
of x, and x,, which are the extensions of springs k, and k2, respectively. 

This problem may be solved by substituting this value of A into the equation f = (1 /2nyVg/A (refer 
to Problem 19.1). Note that the entire gravitational force mg is transferred through spring k, whereas 
3img is transferred through each spring k, and k, to the support. The latter fact can be ascertained by 
referring to the free-body diagram of the bar shown to the right of the figure. Hence, 


m 2m zn 
= are hee 
and Amey + Meat x)= mg 





Substituting, f= 1 4k kik; 
2m Nm(4kik2 + kiks + k2ks) 


In Fig. 19-9, the mass ym is suspended by means of spring k, from the end of a rigid massless 
beam that is of length / and attached to the frame at its left end. It is also supported in a 
horizontal position by a spring k, attached to the frame as shown. What is the natural 
frequency f of the system? 
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Unatressed position 
without m 
Equilibrium position 
with m 





Fig. 19-9 


SOLUTION 


The horizontal position is the state of equilibrium. Determine the static displacement A, of the end 
of the beam from its original position when no load is impressed. In the free-body diagram of the beam 
in the equilibrium position, note that the tension in spring k, must be T = (//b)mg to hold the beam in 
equilibrium. (This can be seen by taking moments about O.) Hence, the spring k, elongates under this 
tension by an amount mgi/bk,. If a point on the beam a distance b from the left end is displaced this 
amount, mgi/bk,, the right end is displaced (using similar triangles) by an amount 


= {mel _me (1) 
bbk, k, 


1 


b 


The total static displacement A of mm is then equal to the sum of A, and the elongation of spring kz in 
transmitting the force mg to the beam. Then 


Ket (1) jpg (ECE 
b/ k kk, 


k, L 
1 & 1 kik, 
nd = = 
i f Af Qn VW mik, + (l/by ke] 


Free Vibrations—Angular 





19.9. What will be the natural frequency of the system shown in Fig. 19-10(@) for small 
displacements? 


SOLUTION 


In the equilibrium position shown in Fig. 19-10(a), the spring has been stretched a distance equal to 
b@). In any other position during the motion such as that shown in Fig. 19-10(b), the cylinder is 
displaced through an additional angle @ and the spring is stretched a total distance of b(@ + 6,). Note 
that the angular displacements are assumed small. Also assume clockwise angular displacements are 
positive. The acceleration of the mass m is a = re. 

The equations of motion for the mass and the cylinder are, respectively, 


> F=ma or mg —T=mra (J) 
S Mo=Joa or Tar — bk(@ + 6,)b =Joa (2) 


where J, is the centroidal polar moment of inertia. Substitute the value of 7, from equation (7) into 
equation (2) to obtain 

(mg — mra)r — b?kO — b?kO, =Joa 
But in the equilibrium position with P directly above O, > Mj, =0; this means that (k@)b)b = mer. 
(Note that 7, = mg when the system is in equilibrium.) The equation of motion for the cylinder becomes 


eo 1 b’k 
— + b*k@= i =— 
de b’ké = 0, from which =f on Nise 





VJo+ mr’) 
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Equilitrinm position jo = fre 


(a) (b} 
ing 


Fig. 19-10 


19.10. A circular homogeneous plate with radius R and weight W is supported by three cords of 
length /, equally spaced in a circle, as shown in Fig. 19-11(a). Determine the natural frequency 
of oscillations for small displacements of the plate about its vertical centerline. 


SOLUTION 


The tension in each cord is 5W. If the plate rotates through a small angular displacement @, the 
bottom of each cord rotates through a distance r@ as shown in Fig. 19-11(b). The horizontal component 
of the tension is approximately 3W sin B = 3W(r6/l). Each of the three tensions supplies a resisting 
moment about the vertical centerline equal to 5W(r@/I)r. 

The moment equation about the vertical centerline becomes 


(FF) -2 (Qa 





This reduces to 


l/r 2, 
and f= on (;) Bee 


(b) 





Fig. 19-11 
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19.11. 


19.12. 


A homogeneous steel disk 200 mm in diameter and 50 mm thick is rigidly attached to a 
vertical steel wire 2 mm in diameter and 900 mm long. What is the natural frequency of the 
system? 


SOLUTION 


When a wire is twisted through an angle @, there is a restoring torque K@ The equation of motion 
for the disk becomes —K@ = J,a. Hence, 
s 
Jo 


d’e 
Pa as 


Ll {K 
and PES 
f 22 NJo é 
According to the theory developed in strength of materials, the angle of twist for the wire is 
Tl 
C= 
aud G 
where T= oa in N-m 
2=length of wire in meters 
G = shear modulus of elasticity (80 GPa for steel) 
d = diameter in meters 


Hence, the torsional constant is 
K= doe nd'G S 7(0.002)*(80 x 10°) 
@ 321 32(0.9) 
The moment of inertia of the disk 1s 
Jo = bmr = 4(42)(0.2)?(0.05)(7850)(0.1)? = 0.062 kg + m? 
Note that the density of steel used was 7850 kg/m’. 


Finally, 
1 [k 1. [o14 
=— ,/>=— ,/—— =0.24Hz 
f JE on Voor 


Discuss the motion of two heavy masses with moments of inertia J; and J, and connected by a 
shaft of small diameter d, as shown in Fig. 19-12. 


=0.14N- m/rad 





ANALYSIS 


If one mass is held and the other rotated and then both released, the system will oscillate. Since no 
external torques are assumed to act on the system, the angular momentum of the system is conserved. 
Thus, J, wv, + 4,02 = 0; hence, w3 = —(,/b)/. 

Note that w, and w, represent the varying angular velocities of J, and J, during a complete cycle for 
each mass. 
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Since the previous equation indicates that the masses always are rotating in opposite directions, 
there is a section of the shaft that is always at rest. This nodal section can be used to study the motion of 
the masses, since each can be treated as a torsional pendulum (see Problem 19.11). 

The time for one mass to complete a cycle must equal the time for the other to complete a cycle. If 
they differed, one mass would eventually rotate in the same direction as the other. But the above 
equation indicates that the masses always rotate in opposite directions. Since the periods are equal, the 
number of cycles per second for each must be equal. Thus, 


ped [eld [ke 
aaVi wVa 


where K, and K, are the torsional spring constants of the parts of the shaft from the nodal section N to 
each end. Hence, those constants are related by K,/K2 =A,/Ja. 

For a cylindrical shaft, K = 2d°G/32l, where d is its diameter, G is the shearing modulus of 
elasticity, and / is its length (see Problem 19.11). Assume the nodal section is a distance b from the J, 
mass; then 





‘ _ ad*G i ae nd'G 
'" 32b "321 — b) 4 





Hence, K,/K.=(/— b)/b =J,/J,, from which 6 = Js1/(/ + J,). This locates the nodal section. 


For the left portion, _ 
1 K, 
f= 2n i 


_xd'G_nd’GU+h) 


K = ae! 
' 32b 321, 
1 [xd*GU, + J) 
Th Sk Se A wat 
i Pan NO 3A 
Since the polar moment of inertia of the area of a circle is J = gd", the above expression may be 


written 
oat [iG +42) 
20 Jdal 


Note that /,, J, refer to the mass polar moments of inertia of the cylinders and J refers to the area polar 
moment of inertia of a cross section of the shaft. 





where 





An engine has a 120-kg flywheel at each end of a steel shaft. Assume that each flywheel has a 
radius of gyration of 300mm. The shaft connecting the two is 600 mm long and has a 
diameter of 50 mm. Determine the natural frequency of torsional oscillation. 


SOLUTION 
The moment of inertia for each flywheel is 
Jp=mr = 120(0.3)? = 10.8 kg - m? 
The moment of inertia for the cross-sectional area of the shaft is 
J = 4n(0.05)* = 6.14 * 10 7 m* 


Using the formula from the preceding problem, we have 








WG(ith) 1 (oe 10 7(80 x 10°)(10.8 + 10.8) 
Wb 2x 0.6(10.8)(10.8) 


= 19.6 Hz 
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19.14, 


19.15. 


A 2-in-diameter steel shaft 15 in long is attached at one end to a flywheel weighing 300 Ib with 
a radius of gyration of 6 in and at the other end to a rotor that weighs 100 Ib and has a radius 
of gyration of 4 in. Where is the nodal section and what is the natural frequency of torsional 
oscillation? 
SOLUTION 

Moment of inertia of the flywheel is J, = (W/g)r? = (300/386)(6)’ = 28.0 Ib-s”-in. 

Moment of inertia of the rotor is J, = (W/g)r’? = (100/386)(4)? = 4.15 Ib-s-in. 


Moment of inertia of the shaft cross section is J = $ad* = 332(2)* = 1.57 in*. 
From Problem 19.12, the distance of the nodal section from the flywheel is b = J,//UJ, +J,) = 


1.94 in. 
1 [0GG,+5)_ 1 /f.5702x« 1098.04 4.15) 
The f Spa] ae =94.1 
eee a Eh On 15(4.15)(28.0) oP 


Figure 19-13(@) shows a 10-Ib homogeneous bar pivoted at its left end. The right end is 
supported by a weightless cylinder, which is floating as shown in water. The cylinder has a 
cross-sectional area of 2 in’. Neglecting the damping effect of the water and the inertia effect 
of the moving water, determine the frequency of oscillation if the bar is depressed slightly 
from its horizontal (equilibrium) position. 





10 (244i 5 + Op)h62.4 


(5) 





Fig. 19-13 


SOLUTION 


In Fig. 19-13(6), the equilibrium position is shown in the horizontal phase. The force at the right 
end is equal to the weight of the displaced water. The moment equation for any angle @ is 


ae 

2 Mae la Ge 
2 1/10 a’e 
or 10x25 ~ (= )is + 62.4 x -3(-) 2 —— 
0 jag I5(0 + 60))62.4 x= (NS) Ge 


However, in the equilibrium phase, the moments about A equal zero, and hence 
2 
10 X2.5— (=) X62.4X5= 
144 58 5=0 
The equation of motion is 
2 ) de 
—|—— ]5@ x 62.4 x 5 = 2.59 —| 
a eee dr’ 
which reduces to 
d’e 
=z + 8.378 =0 
dt’ 


Hence, w,, = V8.37 = 2.89 rad/s 
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19.16. A reed-type tachometer is composed of small cantilever beams with weights attached to their 
free ends. If the vibration frequency of a disturbing force corresponds to the natural vibration 
frequency of one of the reeds, it will vibrate. Since each reed is calibrated, it is possible to 
determine the frequency of the disturbance immediately. What size weight W should be 
placed on the free end of a spring steel reed 0.05 in thick, 0.20 in wide, and 4.00 in long so 
that its natural frequency is 50 Hz? See Fig. 19-14. 





SOLUTION 


By the use of theory developed in strength of materials, the static deflection of a cantilever beam 
due to a concentrated mass m on the free end is A = mgl*/3EI, where E is the tensile (or compressive) 
modulus of elasticity and / is the moment of inertia of the cross-sectional area about the neutral axis. 
Hence, 

_1 BET 1. BElg 
f 2x Vm 2n \ WP 





Hz 


where f =50cps 
g = 386 in/s” 
E = 30 X 10° Ib/in’ 
1=4.00in 
T= g3bh? = 75(0.20)(0.05)° = 2.08 x 10° in* 


Substituting values in the above equation, we find W = 0.011 Ib. 


Free Vibrations—Plane Motion 


19.17, A homogeneous disk of mass m and radius r rolls without slipping on a horizontal plane. It is 
attached to a wall by a spring of modulus x. If the disk is displaced to the right and released, 
derive the differential equation of motion and determine the frequency of oscillation. See 
Fig. 19-15. 


SOLUTION 
Figure 19-15(6) shows the free-body diagram of the disk. The equations of motion are 
S R= —-F-ki=mE 


S Mg =rF =4mré 
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— i x 
mg 
| \e 
a ate 
ky *. ; 
F 
Nv 
(a) (b) 


Fig. 19-15 


For a non-slip rolling wheel, ¥ = ré. 
Adding the equations of motion yields 


—kx = m¥ + 5m¥ 


Or #+2(=\r=0 
3\m 

and pe Ze 
2x \V3m 


Alternatively, the conservation of energy theorem can be used. 
Consider the center of mass G to be displaced x from the equilibrium position. The potential 
energy V of the spring is given by 


Vv = | ara = kx? 


The kinetic energy of the rolling disk is 
T =4mi? + 5168” 


Because energy is conserved, J + V =constant. Or 


d(T+V)_ 0 
dt 
d 1. =2) 17 f2, lpssy2 
ag be + 51607 + 3k(x)*] =0 
mit + 1,06 + kxt =0 

But X=r0 *£=r6,€=r6 Io=1mnr 
from which, 

nike amr(=)(2 ) + ket =0 

r/\r 

Simplifying yields 
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The result in equation (7) above 
1 2k 


Hence, f=- 
2x \3m 


Free Vibrations with Viscous Damping 
19.18. A mass m suspended from a spring whose modulus is k is subjected to viscous damping 
represented in Fig. 19-16 as occurring by means of a dashpot. This damping force is 


proportional to the velocity; that is, F =c(dx/dt), where c is the damping constant. Discuss 
the motion as the damping coefficient ¢ varies. 











T = kix+ a) 
Unstretched position without m 
A 
Equilibrium position with m 
z 
Position any time during motion 
de 
di 
mg 





Equilibrium position of dashpot 


Position at any time during motion 
Fig. 19-16 


ANALYSIS 


Figure 19-16 indicates the essential data. The free-body diagram to the left illustrates all the forces 
acting on the mass when displaced a distance x below equilibrium and traveling down. 
Note, as before, that in the equilibrium position kA=mg. Note also that the damping force 
c(dx/dt) opposes motion. The equation of motion (X F = ma with an assumed position down) becomes 
dx d’x d’*x cdx k 
mg—k(x+A)-c—=m—5 or) 5 4+——+—x=0 
ores) “dt de "dP mdt m> 
Assume a solution of this differential equation in the form x = Ae“, where A and s are nonzero 
constants. Substitute this value into the equation (noting that dx/dt = Ase“ and d?x/dt* = As’e") to 
obtain 
k ky , 
Aste +A<se"+A—e=0 9 or (se+<s +=)e"=0 
m m mom 
The desired solution must be such that the above equations are zero. Since e* cannot be zero, its 
coefficient must be zero; that is, s? + (c/m)s + k/m =0. 
Using the quadratic formula, the two solutions for s are 


-c (£) k 
s=——+ =) 
2m 2m m 


The general solution is of the form 
=e rey ke wee 
cid FPGA) al te la Van) a 


The radical may be real, imaginary, or zero depending on the magnitude of the damping coefficient 
c. The value of c that makes the radical zero is called the critical damping coefficient c,. Its value is 
obtained by equating the radicand to zero, and is 


k 
Cc. = 2m4/—=2me, : 
m 
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Note that w,, is the undamped natural frequency of the system. 

The ratio of the damping coefficient c in any system to the critical damping coefficient c, is called 
the damping factor d. Its use simplifies the analysis of the problem. 

Multiply c/2m by c./c. and substitute d =c/c,. and c, = 2mw,, to get 


co cG& 2mw,, 


a d 
2m c.2m 2m ee 


The solution for x obtained above may be written 


x = Ael tent Vero, — oF 4 Bigl-deo, ~ View? — othe 
= Axl dt VE Newt 4. Bel-d- Va? — leapt 
Three cases arise, depending on the value of d. 


Case A: Large damping (d>1) means that the radical is real and less than d. Hence, both 
exponents are negative. The value of x is then equal to the sum of two decreasing exponentials. When 
t=0, x =Ax°+ Be =A + B. The plot of either part of the solution of such aperiodic motion indicates 
that the frictional resistance is so large that the mass, after its initial displacement, creeps back to 
equilibrium without vibrating. See Fig. 19-17. Since there is no period to the motion, it is called 
aperiodic. 






1 = Ald + VE = Te,t 


Fig. 19-17 


Case B: Light damping (d <1) means that the radical is imaginary. Using i= V—1, the solution 
may be rewritten 


ee Aecat™t -d Ju, + Bed-™! ~ d)w,t 
— e t(Ae™! = Pot + Be —ivi- dat 


The term in parentheses may be expressed in terms of a sine or cosine function. When this is done, we 
obtain x = Xe~“*" sin (V1 — d?w, + &) where X sin ¢ = displacement at t=O and = phase angle. 
Note that ,, d, X, and ¢ are all constants. A plot of this solution shows the sine curve with its height 


continuously decreasing because it is multiplied by the factor e ““’, which decays with time. See 
Fig. 19-18. 





Fig. 19-18 Fig. 19-19 
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19.19. 


19.20. 
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Case C: Critical damping (d = 1) means that the solution must be written 
v=(A+ Bre 
The ¢ term is inserted with B because otherwise only one of the two solutions would be found. This 
method is developed in a differential equations course. 
The graph here is similar to Case A. 


The motion is aperiodic, but the time of return to equilibrium is a minimum when the damping is 
critical. 


In Fig. 19-19, the weight W is suspended from a spring whose constant is 20 Ib/in and is 
connected to a dashpot providing viscous damping. The damping force is 10 lb when the 
velocity of the dashpot plunger is 20 in/s. The weight of W and the plunger is 12 lb. What will 
be the frequency of the damped vibrations? 


SOLUTION 
101b 
20 in/s 
The natural frequency of the undamped system (let us say that the oil has been removed from the 
dashpot) is 


The damping coefficient c = = 0.5 Ib-s/in 


ke  20(386) 
Or To = 25 Are : 
ie \ r 25.4 rad/s 


Oo, = 


The critical damping coefficient according to Problem 19-18 is 


2W 2(12 
= -w, = (2) (25.4) = 1.58 Ib-s/in 
g 386 
The damping factor d = c/c, = 0.5/1.58 = 0.316, which is less than L. According to Problem 19.18. 
this is light damping and oscillations will be present. The solution is of the form 


xaXe “sin(VI — do, + ob) 
The frequency of the damped vibration «, is the coefficient of the time fin the sine term: 
w, = VI — dw, = V1 — (0.316)(25.4) = 24.1 rad/s 


Note that the period of the damped vibration is 277/24.1 =0.26s, and the period of the undamped 
system is 27/25.4 = 0.25 s. 


In Problem 19.19, determine the rate of decay of the oscillations. 
SOLUTION 


This is conveniently expressed by introducing a new term, the logarithmic decrement 6, which ts 
the natural logarithm of the ratio of any two successive amplitudes one cycle apart: 
Xe “sin (VI —d*a,! +d) 
6=-In-—=In Re are opt! eee ae ea ee ee he ata 
X> Xe sin[ V1 —d-w,(t + T) +d] 
The numerator indicates a value of x at time ¢, whereas the denominator gives the value at time / + f, 
where rt is the period of motion. Hence. the two amplitudes occur one cycle apart (we neglect the fact 
that the sine curve is tangent to its envelope Xe “"” at a point slightly different from the point of 
maximum amplitude). 
Now sin V1 — d’w,f + o) = sin[ V1 — dw,(t + 7 + oJ, since they are evaluated one cycle or 27 rad 
apart. Hence, the above expression for § reduces to 8 =dw,7. 
In Problem 19.19, the period t =2717/w, = 2717/24.1 = 0.261 s. 
The logarithmic decrement 8 = dw,7 = 0.316(25.4)(0.261) = 2.095. 
The ratio of any two successive amplitudes is e® =e? = 8.12. 
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19.21. Set up the differential equation of motion for the system shown in Fig. 19-20. Determine the 
natural frequency of the damped oscillations. 






aie 
Le \ Unstretched position without m 
=e te ae 


Equilibrium position with m 


‘ s Any position during motion 






~— 
teen Equitibrium position 


PSS Any position 






kb(o, + 6) 





Fig. 19-20 


SOLUTION 


In linear vibration, we expressed the distance a body moves from equilibrium as a function of time. 
In rotation such as this, we are interested in expressing the angular displacement of a body in terms of 
time. 

The free-body diagram for any phase during the motion is shown separately. Note that if the arm is 
moving down, the damping force opposes motion and acts up. It is equal to the product of the damping 
coefficient c and the velocity of the plunger in the dashpot. This is the velocity of the point B on the rod 
that is a distance 6 from O and hence has a linear velocity equal to the product of 6 and the angular 
velocity d@/dt of the rod. 

The spring force is the product of k and the total linear displacement of the spring. This 
displacement is that of point B, and hence equals 6(@, + @). The force is Kb(@ + 8). 

The equilibrium free-body diagram is also shown. Take moments about O to show kb76) = mel. 
This information will simplify the differential equation of motion. 

The sum of moments about O for the free-body diagram for any phase is equated to Jpa@. But, for a 
concentrated mass m, Ij7=ml? and a =d?@/dt?. Therefore the equation of motion, >} Mo=TIoa, 
becomes 

deo, d’0 


+mgl — kb?(@) + 0) — cb? ae mi ae 


But mgi = kb*@. Then, simplifying, 
ae cb’dé kb? 
oR Oe oat 
dt? mP dt m?P 


To solve, let @ = e*. Then the equation becomes (if e“ is a solution) 


ser + as sev + oe e* =0 or s= ate + ey ee aes 
mM? ml? Im? 2 Nm me? 











Critical damping occurs when the radicand is zero. Hence, 


I 
C =25 Vmk 
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2 


’ 2ps np 
= fp (htt oe 2 b + kb + 
eee a ( Vo anct me! ) 


If vibrations occur, the radicand will be negative and the solution will be of the form 
where C and ¢ are determined by the conditions of the problem. Compare this solution with that of 








Problem 19.18, Case B. 

“bb? kb? ob otk by? 

. + —[G=- (< ) rad/s 
mo of Vm \2ml 


4m? 


The frequency w, of the damped vibration is the coefficient of the time f in the sine term; i-e., 


19,22. A homogeneous slender rod of length / and weight W is pinned at its midpoint as shown in 
Fig. 19-21(a). Derive the differential equation for small oscillations of the rod. What is the 


expresison for critical damping? 


d/2 





2 
C/2)\(dBjdtye 


k 
(6) 


(2) Fig. 19-21 


SOLUTION 
The free-body is shown displaced clockwise through a small angle @ in Fig. 19-21(b). The damping 
force and the spring tension both resist motion as shown. The moment equation about O becomes 


5) Ga) G gs) 











2\ 2 
This is rewritten as 

PQ 3ee/d 3k, 

a+ er ~) +—F@=0 
dr W\adt Ww 

To solve, assume that @ =e“. Hence, 

dé “i or ave ., 

—=se n — = se 
dt dr 

Substitute to obtain 
es 3ec 3k 
set + + set ape" =0 


Since e” will not be zero, this equation is satisfied if 
. 3gc_ . 3kg 
+ ——s +—P =) 
owe w 
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The solution is a Sf 
—3gc 1 [ey (8) 

=- +- 2 —4\— 

5 ow ~2 Vw. Ww 


Critical damping occurs when the radicand in the expression for c is zero. Hence, 
(78°) 12kg 4kW 
Sl SS Or ce = j—— 
Ww Ww V 3¢ 


Forced Vibrations without Damping 


19.23. In Fig. 19-22, a mass m is suspended on a spring whose modulus is k. The mass is subjected to 
a periodic disturbing force F cos wt. Discuss the motion. 








T = kix+ a) 
F cos ot 
mg 
F cos at 
Fig. 19-22 
ANALYSIS 
The differential cquation now has an additional term when compared with the cquation of free 
vibrations: 
—kx + F cos at =m—, 
dr® 
dx kx F 
or 7 +— =— cos wt 
ad mm 


According to the theory of differential cquations, the solution of this equation consists of the sum 
of two parts: (1) the solution previously determined in Problem 19.1 for the equation when the 
right-hand side is sct equal to zero (the transient part) and (2) a solution to make 


x " kx F : 
—>[+—=— cosa 
d? om m 


Assume that the second solution, which is called the steady-state solution, is of the form 
x = X cos wt. Then dx/dt = —Xw sin wt and d?x/dt? = —Xw* cos wt. 
Substituting, 


5 k F 
—Xw* cos wt + — X cos wt = -~ cos wt 
m m 
Hence, X must be (F/k)/(1 — w7m/k). 

Let A, be the deflection that the force F would impart to the spring if acting on it statically, that is, 


A, =F/k. Also note that w2=k/m, where @, is the natural frequency when the disturbing force is 
absent. 
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Then X may be written 
1 - (w/w, 


For convenience in analysis, let w/w,, =r; then the steady-state solution is 





Ap 
x= 5 COS wf 
l-r 


Note that its frequency is the same as the disturbing frequency. 
The entire solution is then 


vaasiny|Kr+ seo [r+ | =p aa conor 


The first two terms, representing the free vibrations, are transient in character becausae some 
damping is always present to cause those vibrations to decay. Hence, study only the solution 


l 
x =A,—; i 3 COS wt 
Its maximum value, which occurs when cos wt = 1, is A,/(I -— r’) and is called the amplitude. The ratio 


of the amplitude of the steady-state solution to the static deflection A, that F would cause is called the 
magnification factor. Its value is 


A./U-r’) . 2 al 
Ay l-r 
Since r = w/w, =f/f,, this can be written 
— 
1-(f/f.Y 


Its value can be positive or negative, depending on whether or not f is less than f,, When f =f, 
resonance occurs and the amplitude is theoretically infinite. Actually, damping, which is always present, 


holds the amplitude to a finite amount. 
A plot of the magnification factor versus the frequency ratio r is shown in Fig. 19-23. 





polis 
1-7 
, 


. 


Magnification factor = 











Fig. 19-23 


The negative value when r > | indicates that the force F is directed one way while the displacement 
x iS Opposite. 
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Note that when r = V2, the magnification factor is 


l 


This means that if the ratio 7 is made greater than V2, the magnitude of the magnification factor will be 
less than 1. Thus, the disturbing force under these conditions will cause less movement than if it were 
applied statically. 


19.24. A disturbing force of 9 N acts harmonically on a 5-kg mass suspended on a spring whose 
modulus is 6 N/mm. What will be the amplitude of excursion of the mass if the disturbing 
frequency is (a) 1 Hz, (b) 5.40 Hz, (c) 50 Hz? 


SOLUTION 


The natural frequency of the system is 


1 fk 1 feoo0 
f, HE Ales 2 —— = 5.51 Hz 
2x Vn 20 5 


The deflection that the disturbing force would give to the spring if applied statically is 
A, = 9/6 = 1.5mm. 


(a) The frequency ratio r = f/f, = 1/5.51 =0.185; hence, the amplitude will be A,/(1 — ry=Ls5/( - 
0.0329) = 1.551 mm. 


(b) The ratio r = 5.40/5.51; hence, the amplitude will be 37.9 mm. 


(c) The ratio r = 50/5.51: hence. the amplitude will be —0.018 mm. Note that in this case the amplitude 
is Opposite to the direction in which the force is exerted but is negligible in magnitude. 


19.25. A refrigerator unit weighing 60 lb is supported on three springs. each with a modulus of 
k Ib/in. The unit operates at 600 rpm. What should be the value of & if one-twelfth of the 
disturbing force of the unit is to be transmitted to the supporting box? 


SOLUTION 


Assume that the disturbing force transmitted is proportional to the amplitude of the motion of the 
unit. This is logical because the supporting springs transmit forces proportional to their deformation, 
which equals the amplitude of the motion of the unit. 

From Problem 19.23, the ratio of the amplitude of the steady-state motion to the static deflection 
which the disturbing force would cause (in this case —j,) is equal to 1/(1 — 7’). Note that the ratio is 
negative because the natural frequency of the springs must be less than the disturbing frequency for a 
reduction to occur, and, thus, according to the graph in Problem 19.23, the magnification factor is below 
the line. 

Hence, in this problem, —7s=1/(1—7°), from which r°=13, r=f/f,=V13, and f, = (600+ 
60)/V13 = 2.77 cps. Using the weight W on one spring, f, is equated to (1/27)Vkg/W. Then 
1 k (386) 

2.77 On 50 





from which k = 15.7 Ib/in. 


Forced Vibrations with Viscous Damping 


19.26. In Fig. 19.24(a), a mass m is suspended from a spring whose modulus is k. It is also 
connected to a dashpot that provides viscous damping. Discuss the motion if the mass is 
subjected to a harmonic disturbing force Fy cos wt. 


484 MECHANICAL VIBRATIONS [CHAP. 19 





k(a + 4) 
Equilibrium without m 
Equilibrium with 
Any position during motion 
Fa con wt mg 
dx 

c= 
Equilibrium with m dt 
Any position during motion 

(a) (6) 


Fig. 19-24 


SOLUTION 


The free-body diagram in Fig. 19-24(b) shows the forces acting on the mass. Assuming that down is 
positive, the equation of motion is 


S\ F=ma 
d a 
or mg + Fcos wt — k(x +A) ~eF = mos 
As in previous problems, the free-body diagram for the equilibrium position shows mg — kA =0. 
Thus, the equation becomes 
dx cdx k Kk 
+ eel 


— —+—x=—~"cos wt 
d? mdt mm 


The transient solution will be neglected, as in Problem 19.23. The steady-state solution is 


__ cos (at — ) ‘ ___ colk 
<"Vk=omeyrca St R= Teak 


Since usually only the amplitude X of the motion is considered, the equation for the amplitude may 
be written 
ia . Filk 
Vk — mo’) + (cwl VO — mw fkY + (co/k)? 


This is further simplified by noting that //k is the static deflection A,, that the disturbing force would 
give the spring. Also, m/k = 1/7, where o, is the natural undamped frequency of the system (rad/s). If 
d is the ratio of the given damping coefficient c to the critical damping coefficient c,, the last term in the 
radicand may be expressed as 





X= 


Cc 


C.@ _ due™ 


ie ae 
k ck k 





But the critical damping coefficient (Problem 19.18) is c. = 2nw,. Then the last term of the radicand is 


@,@ 


d(2mw,) ; = a(2 > ) =2rd 





where r = w/w,. Thus, 
x 1 2rd 
A. VGorys ory eee Foe 


0 
The ratio X/A,, is called the magnification factor. 
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In Fig. 19-25, a graph of the magnification factor versus the frequency ratio shows the peaking that 
occurs near r = w/w, = 1 and the influence that damping exerts on the heights of these peaks. 





d = 0 (no damping) 











eo wk 
~ AF 
eo 





Magnification factor 


Fig. 19-25 


Note that the amplitude peaks in the graph are at a value slightly less than r = 1. The exact value 
may be found by taking the derivative of X/A,, with respect to r and equating the result to zero: 


< (=) = —3fa = ry + (2rd) '7[20 eA )\(-2r) + 2(2rd)2d] =0 


The radical cannot equal zero; hence, 2(1 — r?)(—2r) + 2(2rd)2d = 0 or r(r* + 2d* — 1) =0. 
The solution for the peak amplitude is r = V—2d? + 1. 
In Fig. 19-26, a plot is also shown of the phase angle ¢ for various damping coefficients. 


2rd 
arc tan i-7 





Phase angle ¢ 





Fig. 19-26 
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19.27. A small mass m is attached with an eccentricity e to the flywheel of a motor mounted on 
springs as shown in Fig. 19-27. The modulus of each of the springs is k. The dashpot 
introduces viscous damping of an amount c. If the total mass of the motor and small mass is 
M, study the motion of the system under the action of the disturbing force caused by the 
eccentrically mounted mass m. (This problem illustrates the effect of either reciprocating or 
rotating unbalance.) 







; Equilibrium position. 
Motor stationary, 


Any position during motion. 
Motor running. 


¢ ain wt 


Fig. 19-27 


ANALYSIS 


In the running position shown, the mass mm is below the centerline by an amount e sin wt. Hence, if 
the positive direction is assumed as down, the absolute displacement x, of the mass m is the sum of its 
vertical displacement (e sin wt) relative to the centerline and the absolute displacement x of the 
centerline; that is, x, =x + e sin ot. 

Let F = unbalanced force exerted by motor on mass m to impart to it an acceleration d’x,/d0. 
Then 

a d’x, d(x+esinot) — dx 
ae da? ae 


~— mew’ sin ot 


The equation of motion of the motor without the small mass 77 is 
dx d?x 

—F-—kx-c—=(M-m)—,; 

a at ee dr’ 


Note that F is used with a negative sign because this unbalanced force of the mass m on the motor is 
opposite in direction to that of the motor on m. Substitute the value of F obtained above into the motor 
equation and simplify to obtain 


dx, c dx | k ae 
+> +—x =~ e0% si 
d? Md MM? ™0® 
This differential equation is similar to the one in Problem 19.26, provided F, is replaced by mew’. 
The amplitude of the motion of the centerline of the motor is 


____ (m/IMe(oloy __ 2dw/w, 
WS ley Odea Ne a Gay 
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where w = frequency of disturbance—the motor speed—in rad/s 
@,, = natural frequency of the spring-supported system in rad/s 
d = damping ratio 
@ = phase angle 


At resonance, the above equation reduces to X = (me/M)/2d. Also, for very large values of w/e,, 
the same equation reduces within reasonable limits of accuracy to X = me/M. 

The distance b frorn the geometric center O of the motor to the center of mass G of the system, 
ie., of the motor plus the mass m, can be determined by taking moments about QO. Refer to 
Fig. 19-28. 





Fig. 19-28 


Thus, bM =em or b =me/M, which at large values of w/w, is equal to X. Hence, at high motor 
speeds (w/w, very large), the magnitude of the displacement X of the centerline is equal to the 
magnitude of b. However, at large values of w/w,, the value of 6, as deduced from the equation 
2dw/ Ww, 


tan @ =--_——_,, 
ee 1 = (olan? 


approaches 180°. Hence, the displacement X equals b but is 180° out of phase. 

From the geometry of the figure, the absolute displacement x,, of the center of mass G equals the 
sum of the absolute displacement of the centerline and the relative displacement of the center of mass to 
the centerline, or 


X¢ =X sin (wt — 180°) + b sin wt = —6b sin wt + b sin wt =0 


The center of mass G stands still at high motor speeds. 


19.28. A spring-supported mass is subjected to a disturbing force of varying frequency. A resonant 
amplitude of 12 mm is observed. Also, at very high disturbing frequencies, an almost fixed 
amplitude of 1.3 mm is observed. What is the damping ratio d of the system? 


SOLUTION 


At resonance, X = (me/M)/2d: and at high frequencies, X =me/M. Thus, me/M = 1.3 mm. 
Substituting into the first equation, 12 = 1.3/2d or d = 0.054. 


Supplementary Problems 


oJs 


manceaa 19,29, A 5-kg mass vibrates with harmonic motion x =X sin wt. If the amplitude X is 100mm and the mass 
makes 1750 vibrations per minute, find the maximum accelcration of the mass. Ans. a= 3360 m/s? 


yi 


Mathcad 
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19.30. 


19,31. 


19.32. 


19.33. 


19.34. 


19.35. 


19.36. 


19,37. 
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A cylinder oscillates about a fixed axis with a frequency of 10 cycles per minute. If the motion is 
harmonic with an amplitude of 0.10 rad, find the maximum acceleration in rad/s’. 
Ans. a =0.11 rad/s? 


An instrument weighing 4.4 lb is fastened to four rubber mounts, each of which is rated at 0.125-in 
deflection per pound loading. What will be the natural frequency of vibration in Hz? 
Ans. f =8.44Hz 


A 5-in-diameter maple log weighing 50 Ib/ft’ is 5 ft long. If, while it is floating vertically in the water, it is 
displaced downward from its equilibrium position, what will be the period of oscillation? 
Ans. T=2.218 


Determine the natural frequency of vertical vibration of a horizontal simple beam of length / to which a 
mass mm is fastened at the midpoint. Neglect the mass of the beam. Note that the deflection of mm is 
mg? /48EL Ans. f = (2/n)V3EI/mP Hz 


A 100-g¢ mass is fastened to the midpoint of a 150-mm-long vertical wire in which the tension is 15 N. 
What will be the period of vibration of the mass if it is displaced laterally and then released? 
Ans. t=0.1s 


A simple pendulum consists of a small bob of mass m tied to the end of a string of length /. Show that, 
for small oscillations, the natural frequency is (1/27)V ¢/i Hz. 


Refer to Fig. 19-29. Determine the natural frequency of the system composed of a mass m suspended by 
a spring, whose constant is k, from the end of a massless cantilever beam of length  [Hint: A unit 
force applied at m will cause it to deflect a total distance of 1/k + 1/(3EI/P).] 


1 3EIk 
Ae fo 
‘as Qn Va + KE) 





Fig. 19-29 Fig. 19-30 


Determine the natural frequency in Hz of the pendulum system in Fig. 19-30. The springs have constants 
k, and k,, respectively, and are unstretched in the equilibrium position. Neglect the weight of the stiff 
rod. (Hint: The pendulum in its displaced position is acted on by a gravitational force mg and the sum 
of the forces in the springs.) 


2 
Ans. f= = (re eke GFE Hz 


2n me 
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19.38. [In Fig. 19-31, the weight W = 12 1b. The spring modulus & = 30 Ib/in. Neglecting the weight of the bell 
crank, determine the frequency of the system in cps. Ans. f =1.65 cps 


k = 350 N/mm 


+ 


1200 mm 


ae 


Fig. 19-32 





19.39. The slender rod shown in Fig. 19-32 has a mass of 7kg and is 1200mm long. The spring constant is 
350 N/m. Determine the frequency for small oscillations. ©§ Ans. 1.87 Hz 


19.40. A disk with moment of inertia Jy is rigidly attached to a slender shaft (or wire) of torsional stiffness K. K 
is the torque necessary to twist the shaft through one radian. What will be the frequency of oscillations if 
the shaft is twisted through a small angle and then released? See Fig. 19-33. 
Ans. f = (1/2n)V K/Jo Hz 


19.41. A steel disk 100 mm in diameter and 3 mm thick is rigidly attached to a steel wire 0.8 mm in diameter 
and 500 mm long. What is the natural frequency of this torsional pendulum? Ans. 0.84 Hz 


k=2N/mm 






Any position 


Equilibrium 
Position 


Fig. 19-33 Fig. 19-34 


19.42. An engine has a flywheel of 1501b at each end of a 2-in-diameter steel shaft. Assuming that the 
equivalent length of shaft between the flywheels is 2 ft, determine the natural frequency of torsional 
oscillation in cps. The radius of gyration for each flywheel is 8.8 in and G = 12 x 10° psi. 

; Ans. 36.3 cps 
mancaa 19.43. The homogeneous cylinder shown in Fig. 19-34 has a mass of 60 kg and a diameter of 1200 mm. The 
system is in equilibrium when the diameter as shown is horizontal. The spring, which is vertical in the 
phase shown, has a spring constant of k = 2 N/mm. Determine the frequency for small oscillations. 
Ans. 1.41 cps 


19.44. In Problem 19.43, attach a vertical dashpot to the center of mass of the homogeneous cylinder. The 
cylinder is initially rotated 5° clockwise and released from rest. The damping coefficient is one-tenth of 
the critical damping coefficient. Find the damping coefficient and the angular displacement of the 
cylinder when ¢ =2s. Ans. c=17N-s/m, 6 =0.013 rad clockwise 


vst 


Mathcad 


vis 


Mathcad 
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19.45. 


19.46. 


19.47. 


19.48. 


19.49. 


MECHANICAL VIBRATIONS [CHAP. 19 


In Problem 19.37, replace the spring of modulus k, with a horizontal dashpot of damping coefficient c. 
Derive the expression for the critical damping coefficient. 


Im? |kh? g 
Ans. foe mE 1 


A 3-kg mass is attached to a spring with constant k=2.5N/mm. Determine the critical damping 
coefficient. Ans. c.=173N-:s/m 


Determine the damped frequency of the system shown in Fig. 19-35. 
kP oe? 
Ans. wa = —j rad/s 


mb? 4m? 


Equilibrium without m 


Equilibrium with m 


Any position 





Fig. 19-35 


A vibrating system consists of a 5-kg mass, a spring with constant k = 3.5 N/mm, and a dashpot with 
damping constant c=100N-s/m. Determine (a) the damping factor, d; (b) the damped natural 
frequency, w,; (c) the logarithmic decrement, 6; (d) the ratio of any two successive amplitudes. 

Ans. (a) d =0.378, (b) wy = 24.5 rad/s, (c) 6 = 2.56, (d) ratio = 13.0 


Derive the differential equation of motion for the spring-mounted weight W shown in Fig. 19-36. The 
weight is subjected to a harmonic disturbing force F = fy sin wt. 

d’x ax fog. 
—rt+(k, + ke) y= yy Sin ot 


Ans. 
dr 


Fig. 19-36 


19.50. A machine weighing 200 Ib is supported on three springs, each with a constant & = 60 Ib/in. A harmonic 


disturbing force of 5Ib acts on the machine. Determine (a) the resonant frequency and (b) the 
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19.51. 


19.52. 


19.53. 


19.54, 


19.55. 


19.56. 


19.57. 


19.58. 


maximum distance the machine moves from equilibrium if the disturbing frequency is 200 cycles per 
minute. Assume negligible damping. Ans. (a) f = 2.97 cps. (b) 0.106 in 


A spring-supported mass is subjected to a harmonic disturbing force of varying frequency. A resonant 
amplitude of 0.82in is observed. At very high disturbing frequencies, an almost fixed amplitude of 
0.07 in is observed. What is the damping ratio d of the system? Ans. d=0.043 


A spring-supported mass is subjected to a harmonic disturbing force of varying frequency. A resonant 
amplitude of 20mm is observed. At high disturbing frequencies, an almost fixed amplitude of 2mm is 
observed. What is the damping ratio of the system? Ans. d=0.05 


In Problem 19.49, let k, =k, = 101b/in, W = 16 lb, F = 12 1b and the forcing frequency f = 1.2 Hz. Find 
the natural frequency, the magnification factor, and the maximum displacement of the mass. 
Ans. f, =3.49 Hz, MF = 1.13, x,,,, = 0.68 in 


In Problem 19.38, a forcing function 8cos wt is applied vertically to the weight W. Determine the 
maximum frequency of the forcing function if the magnification factor is to be no more than 2. 
Ans. f =1.17Hz 


A motor weighing 60 lb is supported by four springs each of modulus & = 301Ib/in. The system is damped 
by a dashpot of damping coefficient c. Determine minimum c such that oscillation does not occur. 
ANS. Cyn = 8.64 Ib-s/in 


A Small ship model of mass M is placed in a towing tank and connected to each end of the tank by 
springs of spring constant k. The model is displaced and allowed to oscillate. It is noted that the period 
of damped oscillation is js and the ratio of the amplitudes of two successive cycles is >. Determine the 
damping coefficient of the fluid in the tank. Ans. c=2.27M 


A spherical mass of } slug is suspended in a fluid at the end of a spring of constant k =41b/ft. The fluid 
has a known damping coefficient of 5 lb-s/ft. Determine the displacement of the sphere from equilibrium 
after 3s if the initial displacement is 3 ft. © Ans. x =0.44in 


In the preceding problem, how long will it take for the displacement lo reach (a) ,, of the initial 
displacements and (b) jw of the initial displacement. Ans. (a) 2.628. (b) 5.268 


SI UNITS 


Appendix A 


The International System of Units (abbreviated SI) has three classes of units—base, supplemen- 
tary, and derived. The seven base units and two supplementary units are listed below. Also listed are 
derived units with and without special names as used in mechanics. 


BASE UNITS 
Quantity 
length 
mass 
time 
electric current 
temperature 


amount of substance 
luminous intensity 


SUPPLEMENTARY UNITS 
Quantity 


plane angle 
solid angle 


DERIVED UNITS WITH SPECIAL NAMES AND SYMBOLS 


(Used in mechanics) 
Quantity 


force 
frequency 
energy, work 
power 

stress, pressure 


DERIVED UNITS WITHOUT SPECIAL NAMES 


(Used in mechanics) 
Quantity 


acceleration 
angular acceleration 
angular velocity 
area 

density, mass 
moment of force 
velocity 

volume 


Unit Symbol 
meter m 
kilogram kg 
second s 
ampere A 
kelvin K 
mole mol 
candela cd 
Unit Symbol 
radian rad 
steradian st 
Unit Symbol Formula 
newton N kg - m/s? 
hertz Hz l/s 
joule J N-m 
watt WwW J/s 
pascal Pa N/m? 
Unit Symbol 


meter per second squared = m/s” 
radian per second squared __ rad/s” 


radian per second rad/s 
square meter m? 
kilogram per cubic meter kg/m°* 
newton meter N-m 
meter per second m/s 
cubic meter m 
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SI UNITS 





SI PREFIXES 
(Commonly used in mechanics) 
Multiplication factor Prefix Symbol 
1 000 000 000 = 10° giga G 
1 000 000 = 10° mega M 
1000 = 10° kilo k 
0.001 = 10-7 milli m 
0.000 001 = 10~° micro Le 
CONVERSION FACTORS 
To convert from to 


degree (angle) 

foot 

ft/min 

ft/s 

ft/s 

ft - lbf 

ft - Ibf/s 
horsepower 

inch 

km/h 

kW -h 

kip (1000 Ib) 

liter 

mile (international) 
mile (U.S. survey) 
mi/h (international) 
ounce-force 

ozf - in 

pound (Ib avoirdupois) 
slug - ft? (moment of inertia) 
Ib/ft? 

pound-force (Ibf) 
Ibf - ft 

Ibf - in 

Ibf/ft 

Ibf/ft? 

Ibf/in 

Ibf/in? (psi) 

slug 

slug/ft® 

ton (2000 Ib) 

W-h 


*E —02 means multiply by 10°? 


radian (rad) 

meter (m) 

meter per second (m/s) 
meter per second (m/s) 
meter per second’ (m/s) 
joule (J) 

watt (W) 

watt (W) 

meter (m) 

meter per second (m/s) 
joule (J) 

newton (N) 

meter® (m’*) 

meter (m) 

meter (m) 

meter per second (m/s) 
newton (N) 

newton meter (N - m) 
kilogram (kg) 

kilogram meter’ (kg - m7) 
kilogram per meter’ (kg/m*) 
newton (N) 

newton meter (N - m) 
newton meter (N - m) 
newton per meter (N/m) 
pascal (Pa) 

newton per meter (N/m) 
pascal (Pa) 

kilogram (kg) 

kilogram per meter’ (kg/m*) 
kilogram (kg) 

joule (J) 


multiply by 


1.745 329 E — 02* 
3.048 000 E —- 01 
5.080 000 E — 03 
3.048 000 E - 01 
3.048 000 E — 01 
1.355 818 E + 00 
1.355 818 E + 00 
7.456 999 E + 02 
2.540 000 E — 02 
2.777 T78 E — 01 
3.600 000 E + 06 
4.448 222 E + 03 
1.000 000 E — 03 
1.609 344 E + 03 
1.609 347 E + 03 
4.470 400 E - 01 
2.780 139 E- 01 
7.061 552 E - 03 
4.535 924 E—- 01 
4.214011 E — 02 
1.601 846 E + 01 
4.448 222 E + 00 
1.335 818 E + 00 
1.129 848 E —- 01 
1.459 390 E+ 01 
4.788 026E +01 
1.751 268 E + 02 
6.894 757 E + 03 
1.459 390 E+ 01 
5.153 788 E + 02 
9.071 847 E + 02 
3.600 000 E + 03 
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First Moments and Centroids 


Lines 


Kind 2, x 





Straight line : Li? cos @ L cos @ 








Quarter circle : ; - or/n 








Half circle 2 : 0 





Are (rsin Se)/(Ge) 


Kind Figure 





Triangle 








Quadrant of circle 7 ' we 4r/3x "Sr [3 








Quadrant of ellipse da fan 4h /3r 








Segment of circle ir (27 sin ba /Gie) 0 





Volumes 


Kind ig Volume 





Hemisphere ar 





Cone ‘arh 








Cylinder rrfh 


Kind Q.- 





Cylinder, 


closed bottom Tr(2h +r) rrh? W/Qh +r) 





Cylinder, closed 


Torr i 7 1 
top and bottom 2ar(h +r) mrh(h +r) aA 





Cone, open base : arl. werk. A 





Cone. closed base mr(L +r) yarhL. wel + r/L) 





Hemisphere, 
open base 2ar 





Hemisphere. 
closed base 3ar 





'' True also for a semicircular area having the x axis as a base. 
"True also for a semiclliptical area having the x axts as a base. 


404 


APPENDIX B] FIRST MOMENTS AND CENTROIDS 495 





5.18 


6.8 


7.12 


Appendix C 





Computer Solutions to Selected Problems 


10 REM PROBLEM 5-18 

20 DIMA‘E6, 6], X{6], B(6] 

30 MAT READ A 

40 MAT READ B 

50 DATA O, 0, 0, 1, 0, 1 

60 DATA O, 0, 1, 0, 1, 0 

70 DATA Q, 0, 0, Q, 3.662, 3.662 

80 DATA Q, 9, —5.77, 0, 0, 0 

90 DATA 5.77, 0, 0, 0, 0, 0 

100 DATA 0, 1, 0, ~1, 0, 0 

110 DATA 0, —223, 315, 1456, 852, 0 
120 MAT A=INV(A) 

130 MAT X=A*B 

140 PRINT 

150 PRINT ‘’B FORCES ARE:'' , X[1], X[2] 
160 PRINT 

170 PRINT ‘‘D FORCES ARE:‘' , X{3], X[4] 
180 PRINT 

190 PRINT ‘’C FORCES ARE: ‘'', X{5], X{6] 
200 END 

B FORCES ARE: 147.66 56.6789 

D FORCES ARE: —252.34 —56.6789 

C FORCES ARE: 29.3397 56.6789 


10 REM PROBLEM 6-8 

20 DIMA[3, 3], B[3], X[3] 

30 All, 1]=-3/SOR (34) 

40 A[1, 21=—-3/SOR (41) 

50 A(l, 3]=—-3/5 

60 A[2, 1]=—4/SOR (34) 

70 A[2, 2]=—4/SOR (41) 

80 A(2, 3] =4/5 

90 A[3, 1]=3/SOR (34) 

100 A{3, 2)=—4/SOQR (41) 

110 A[3, 3]=C 

120 B[1]=-100, Bi2}=0, B[3]=0 

130 MAT A=INV(A) 

140 MAT X=A*B 

150 PRINT ‘’FORCES ARE:'' 

160 MAT PRINT X 

FORCES ARE: 

55.5329 45.7366 83.3333 

10 REM PROBLEM 7-12 

20 REM NEWTON-RAPHSON ITERATION FOR A ROOT OF F(X) 
30 DEF ENF (X)=X+50—-X * CSH(500/ (2 * X)) 
40 DEF FND (X)=i+X* (SNH(5OQ/ (2 *X)) * (500/(2*X *X))) -CSH (5C0/2 *X)) 
50 PRINT 

60 PRINT ‘ENTER APPROX ROOT’’: 

70 INPUT XO 

80 PRINT 

90 PRINT ‘'ENTER ABSOLUTE ERROR’ ': 

190 INPUT E 
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110 N=8 
120 PRINT 
130 FOR T=1 TON 
140 IF FND(X0) < >0 THEN 170 
150 PRINT ‘ ‘DERIVATIVE OF FUNCTION IS ZERO—TRY AGAIN’ ’ 
160 GOTO 60 
170 %=XO—-FNF (X0)/FND (x0) 
180 NEXT I 
190 IF X< >0 THEN 220 
200 PRINT ‘’ POSSIBLE ZERO FOUND FOR ROOT’ ' 
210 GOTO 270 
220 IF ABS((X—X0)/X) <E THEN 270 
230 XO=X, N=2*N 
240 IF N<=1028 THEN 130 
250 PRINT ’’UNABLE TO CONVERGE TO DESIRED ACCURACY' ' 
260 STOP 
270 PRINT LIN(1), ‘‘THE ROOT IS’’; X; ‘’THE FUNCTION 1S’’; FNF (X) 


290 


END 


ENTER APPROX ROOT ?635 
ENTER ABSOLUTE ERROR?.001 
THE ROOT IS 633.163 THE FUNCTION IS 1.22070E—04 


12.22 10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 


This program will yield the following results utilizing the input information shown below. 


CLS 
DIM TABLE (10, 2) 
INPUT ' ‘ENTER LENGTH OF THE CHAIN: ’'; L 
INPUT '’ENTER BASE AMOUNT OF OVERHANG: ''; C 
INPUT ’‘ENTER BASE TIME: ’'; T 
COUNT=1: 
IF COUNT > 10 THEN GOTO 200 
HALF=.5*C 
EX =SOQR((32.2/L) *T) 


EX1=—SQR((32.2/L) *T) 
A =(EXP(EX)) 
B  =(EXP(EX1)) 


X =HALF * (A+B) 
TABLE (COUNT, 1) =X 
TABLE (COUNT, 2) =T 
PRINT TABLE (COUNT, 2}, TABLE(COUNT, 1) 
COUNT =COUNT+1 
T=T+.1 
GOTO 70 
END 


ENTER LENGTH OF THE CHAIN: ? 10 
ENTER BASE AMOUNT OF OVERHANG:? 1 
ENTER BASE TIME:? .1 


l 1.165367 
2 1.339656 
-3 1.523155 
4 1.71616 

25 1.91897 

6 2.131895 
- 7000001 2.35525 

-8000001 2.589356 
9000001 2.834544 
1 3.091151 
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14,9 REM PROBLEM 14-9 
REM L=ROD LENGTH 
REM T=ANGLE 

REM V=% 
REM W=ANGULAR VELOCITY 


Oo 





aan 


WA de Ww NDF 
OOODOS 


90 PRINT ‘‘ANGLE‘’, ‘‘VELOCITY’’ 

160 FOR T=0 TO 45 STEP 5 

* (COS (T * 3.14159/180) +SIN(T * 3.14159/180) )) 
120 PRINT T, w 

230 NEXT T 


24] END 


Se iat Ae Rien Bt I yo 
ach weep UL 





ANGLE ELOCITY 
G 2-6 
5 4°69 
2G a38a15 
15 1.30639 
zo 24833 
25 1 -20398 
3¢ 1.17128 
35 1.24862 
40 e 509 
a3 bs Tae 


Note: The computer programs for problems 7.12, 13.22 and 14.9 will run on IBM-PC or 
equivalent computers with Microsoft BASIC programming. The computer programs for problems 
5.18 and 6.8 will run on a DEC computer or equivalent with VAX BASIC version 3.0 or higher 


programming. 


Appendix D 


SAMPLE Screens From 
The Companion Schaum's Electronic Tutor 


This book has a companion Schaum's Electronic Tutor which uses Mathcad® and is designed to 
help you learn the subject matter more readily. The Electronic Tutor uses the LIVE-MATH 
environment of Mathcad technical calculation software to give you on-screen access to approxim- 
ately 100 representative solved problems from this book, together with summaries of key theoretical 
points and clectronic cross-referencing and hyperlinking. The following pages reproduce a 
representative sample of screens from the Electronic Tutor and will help you understand the 
powerful capabilities of this electronic learning tool. Compare these screens with the associated 
solved problems from this book (the corresponding page numbers are listed at the start of each 
problem) to sce how one complements the other. 


In the companion Schaum's Electronic Tutor, you'll find all related text, diagrams, and equations 
for a particular solved problem together on your computer screen. As you can see on the following 
pages, all the math appears in familiar notation, including units. The format differences you may 
notice between the printed Schaum's Outline and the Electronic Tutor are designed to encourage 
your interaction with the material or show you alternate ways to solve challenging problems. 


As you view the following pages, kcep in mind that every number. formula. and graph shown is 
completely interactive when viewed on the computer screen. You can change the starting parameters 
of a problem and watch as new output graphs are calculated before your eyes: you can change any 
equation and immediately see the effect of the numerical calculations on the solution. Every 
equation, graph, and number you sec is available for experimentation. Each adapted solved problem 
becomes a “live” worksheet you can modify to solve dozens of related problems. The companion 
Electronic Tutor thus will help you to learn and retain the material taught in this book and you can 
also use it as a working problem-solving tool. 


S+ 


The Mathcad icon shown on the right is printed throughout this Schaum's Outline to % 
indicate which problems are found in the Electronic Tutor. Mathcad 

For more information about the companion Electronic Tutor, including system requirements, 
please sec the back cover. 


* Mathcad is a registered trademark of MathSolt, Inc. 
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Engineering Mechanics: Cross Product 
(Schaum's Electronic Tutor Solved Problem 1.17) 





Introduction 


Statement 


System 
Parameters 


Solution 


Pare, Bi 


ks ‘ af 
Fgh 3 


Meee 


Matrices 


In this problem the cross product of two vectors is found. The solution is 
found using the cross product determinant form and by Mathcad matrices 
vector and matrix operators. 


Find the cross product of P and Q. 


bf 


Z 


Vector components: 


Vector P: Py =2.85-fi Py = 4.67-ft Py :=-8.09-ft 


Vector Q: Q, =283-lbf Q,:=44.6-lbf Q, = 53.3-lbf 
x y Zz 


To obtain the solution, the Cartesian unit vectors i, j, and k must be defined. 
Cartesian unit vectors, i,j, and k, are used to designate the x, y, and z 
directions, respectively. 
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Determinate Cross product in determinant form is calculated as shown below. 


Form a ae 


pxQs/Px Py er er ee PyQ,)-k 
Oz OO; 


PxQ =(PyQz- Pz Qy)i+ (Pz Qx- Py Qz) d+ (Px Qy- Py Qx)k 


609.725 \ 
PxQ =|-380.852 |-ft bf 
5.051; 
Mathcad Vector P equals each vector component, P,, P,, P,, times its respective 
Matrices Cartesian unit vector, i, j, kK. 
Math 2.85 
Po=P i+ Pyi+P_k P =| 4.67 |-ft 


8.09 


Vector Q equals each vector component, Q,, Q,, Q, times its respective 
Cartesian unit vector, i, j, k. 
[28.3 
Q=Qyi+ Qyi+Q7k Q=! 44.6 |-lbf 


Reet 


@ x 53.3 
S Na lt The cross product is calculated using the cross product vector and matrix operafor. 


a hae so 


Vector and Matrix 609.725 
Operators P x Q =|-380.852 |-ft-Ibf 
5.051 
Exploration Which method of finding the cross product did you prefer; finding the cross product 
we using the determinant form or using the Mathcad cross product vector and matrix 


operator? 


What is the cross product when P = 2.83 i+ 4. 46j + 5.33 k ft. 





Use this worksheet to solve problems 1.47, 1.50, and 1.55. 
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Engineering Mechanics: Concurrent Force System 
(Schaum's Electronic Tutor Solved Problem 4.1) 








Introduction In this problem the resultant of spatial concurrent forces is found. The resultant 
of a concurrent force system may be (a) a single force through the concurrence 
or (b) Zero. 

Statement Force F,, F2, F,, and F, are concurrent at the origin and are directed through 
points 1, 2, 3, and 4, respectively. Determine the resultant of the system. 

Ay en te ee el ie 

System Number of forces: N =4 

Parameters 
Head and tail coordinates of vectors: 

Point 0: x, —O-ft Y, =O-ft Z, = Of 
a oO 4 Point 1: x, =2-ft y, = lft Zz, =6fi 
! { 
a ae Point 2: x, =4ft y, =-2-ft ac 
Subscripts Point 3: x, =-3-ft y,-=-2ft z, = I-ft 
Point 4: x, = Sf y, ~ Tf Z,°=-2-ft 
Forces: 
Force 1: F, .= 20-Ibf 
Force 2: E = 15-Ibf 
Force 3: F, = 30- lbf 
Force 4: F, 850:Ibf 
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Solution 


: 
* 


\ sedantienbe 


Range Variable 
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Define a range variable, i, for convenience in performing iterative calculations. 
i=1l.N 


Each spatial force, F, has an x component, F,, y component, F,, and z 
component F,. 





The x component of the resultant, R,, equals the sum of the x components of 
the forces, F,. The y component of the resultant, R,, equals the sum of the y 
components of the forces, F,. The z component of the resultant, R,, equals the 
sum of the z components of the forces, F,. 


The x, y, and z components of each force, F,, FY, and F,, are found by multiplying 


the force magnitude, F, by the direction cosines. The direction cosines equal the 
length of the vector, x, y, and z directions divided by the magnitude of the position 
vector, r. 


F 
x direction: cos(0 ye—= and F waF* 
F or Tr 
. me vet VEY y 
y direction cos(@,,)=$—=2 and F =F = 
¥ F or y r 
F Zz 
z direction and F (=F-- 


= IN 


cos(@ 2° 
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The force component calculations are performed iteratively. Because the 
vectors are concurrent the tail of each vector is located at Point 0 (Xp, Yo, 29) 





xcomponents: Fy, 








y components: F 








Zcomponents: F, 








The x, y, and Z components of the resultant, R,, Ry; and R,, are found by 
r O summation of the x, y, and z components, F,, F,, and F, ,of each force. The 
ES y summation is accomplished using the summation operator. 


N 
Summation 


i 
at 


x component: R R , = 36.78 lof 


xo X. 


— 
ll 
rae 


R y =—8.26 «lbf 


i 
Mz 
es} 
2s 


y component: R y 


II 
as 


"| 
Mz 
‘ 
- 


z component: R,. R , = 19.68 -lbf 


It 
—_ 
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The magnitude of the resultant, R, is determined by the Pythagorean theorem. 
x 2 2 2 = . 
R =,/(Ry)'+ (Ry) + (Rz) R =42.53 -lbf 


The direction angles 6,, 0, 8, which the resultant R makes with the x, y, and z 
axis are found by direction cosines. 


wn 














x direction: 6, ‘= acos = 8, = 30.13 -deg 
R Vv 
y direction 0, ‘=acos = 6, = 101.19 -deg 
R Zz 
z direction 0, :=acos = 0, = 62.43 -deg 
Exploration What is the resultant and direction cosines angles when the point of 


concurrence, Point 0, has coordinates (10 ft, 10 ft, 10 ft)? 


This worksheet can be used to find the resultant of any number of concurrent 
forces. Use this worksheet to solve problems 4.6, 4.7, 4.8, 4.9, and 4.10 








SAMPLE SCREENS [APPENDIX D 





Engineering Mechanics: Center of Pressure (Gate) 
(Schaum's Electronic Tutor Solved Problem 10.28) 





Introduction In this problem the concept of center of pressure is applied to an 
hydraulic gate. 


A rectangular gate separates fluids of two different densities. The gate 





Statement 
is hinged at the top and rests against a stop at the bottom. Find d, the 
greatest difference in depth for which the gate will remain closed. 
eee 
System Gate length: L:=12-ft 
Parameters 
lbf 


Liquid 1 specific weight: ¥ 1 -=62.4— 
fe 


Liquid 2 specific weight. -= 105 7 
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Solution 
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Draw a free-body diagram of the gate as shown below. The fluid pressure 
on each side of the gate is zero at the fluid surface and maximum at the 
gate bottom. The pressure distribution is linear (triangular shape), 
therefore, the center of pressure is located 1/3 of the fluid depth from the 
bottom or 2/3 of the fluid depth from the fluid surface. 


Ec 


< 


Fx 


PB. 


There are two solution steps. The first is to write an equation of force 
for each side of the gate, and the second is to write an equation of 
summation of moments of forces about the hinge and solve for d. 


Fluid pressure, p, (at a depth h from the surface) equals fluid specific 
weight, y, times fluid depth, h. 
p=y-h 
Fluid force, F, equals fluid pressure, p, times area, A. 
F=p-A 
A force equation in terms of fluid specific weight, depth, and area is 


obtained by substituting the pressure equation into the force 
equation. 


F=(y-h)-A 


508 





Solve Block 


Exploration 
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Now, a force equation for each side of the gate for a unit width of gate 
(notice unit width of 1) can be written. Notice, on side 1 the fluid depth 
at the surface is 0 and the fluid depth a the bottom is L; so the average 
depth is L/2 ((0+L}/2). Similarly, the average depth on side 1 is [L-dj/2. 


Side 1: Fysr ye) 
; L-d 
Side 2: Fara (SS }ca- d)-1) 
i 


Distance d is found by writing an equilibrium equation of summation of 
moments of forces about the hinge. 


\ 
2M hinge? 1G) _F 2|é+ [Fa- «| 20 


2M hinge" pena) z fro SSea- on}ias Fa | 
J 


Solution of this equation for d is accomplished using a solve block. 


Initial solution estimate: d =2-ft 

Given 

[ L a) \ Lag. 2 ft 
(U1) }-{=-L] - | y5--——-((L~ )-1) |] d+ | CL od) | f= 0-1bt— 

roger] 0) bts aol olfane 

d =find(d) 

d = 3.331 -ft 


if the specific weight of the fluid on side 2 is 200 Ibf/f® what is the 
greatest difference in depth for which the gate will remain closed? 
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Engineering Mechanics: Acceleration (Terminal Velocity) 
(Schaum's Electronic Tutor Solved Problem 13.53) 





Introduction 


Statement 


System 
Parameters 


Solution 


in this problem the fall of an object through a resistant medium and terminal 
velocity is explored. 


A body with mass, M, falls in a medium where the resistance is k. What is 
the terminal velocity? 


ore 





Body mass: M =1.5-kg 


‘ newton: sec 
Resistance: =k .= 0.7--———___— 
m 


Draw a free-body diagram of the body falling as shown. 


a F.B.D. 
Mg 


Write an equation of motion for the body. 
2F yreMe-kv=M.a or DF y=M-e- kvm (Eq. 1) 
t 
The result is equation 1, a differential equation that can be solved by 
separation of variables. 


Divide by mass 


M dv k _dv 
y= -—_ g- —: Y= 
M 


dt Me dt 


M 


ule 
M M 


and let CG a ey 
M 
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Separate the variables dt= 





g-Cv 


and integrate 


1 dt= WV de 
g-Cv 


which yields 





] 
t+ D=-—-In(g— C-v 
= (g ) 
-C-t+ -C-D=In(g- C-v) 
ehe “Psg_ Cv (Eq. 2) 
The constant of integration, D, is found by application of the initial conditions. 
v0 @~ t=0 
gC Oig Pay. C-(0) 
-C-D 


ban) oe (Eq. 3) 


Substitute equation 3 into equation 2, solve for velocity, v, and write the equation 
as a function. 


e Ct 





g=e- Cv 


Function 
C-veg— get 


v(t) = E(1 - ect) (Eq. 4) 


Now we can graph the velocity of the falling body over time. Define time, t, as 
a range variable. 





Range Variable 
t :=0-sec.. 100-sec 
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Velocity versus time is graphed on an x-y plot. 


Velocity Versus Time 








X-Y Plots > Vt) 99 ue 
3 m1 
g &) 
2) 
10 | 
0 
0 20 40 60 80 100 


t 


sec 
Tinte 


The graph shows that terminal velocity is reached after a “long” time. 
Mathematically, the exponential in the equation approaches Zero after a "long" 


time. In this problem 100 seconds is a long time. 


e C-(100-sec) _ 0 
and terminal velocity is given by 


_& 
V terminal =O - 0) 


ae 
V terminal “¢ 


m 
V terminal = 2! *— 
sec 





What is the terminal velocity if the body has a mass of 4 kg and the 


Exploration 
3 resistance is 0.3 N s/m? 
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Engineering Mechanics: Harmonic Motion 
(Schaum's Electronic Tutor Solved Problem 19.29) 





Introduction 


Statement 


System 
Parameters 





Function 


Solution 


in this problem displacement, velocity, and acceleration of harmonic motion 
is explored. 


A mass, M, vibrates with harmonic motion given by the function x(t). if the 
amplitude is X and the mass vibrates at a natural frequency a, find the 
maximum acceleration, a, of the mass. 


Mass: M :=5-kg 
Amplitude: X .=100-mm 
Dey 2-0 
Natural frequency: = ‘= 1750-—— 
min 
Motion function: x(t) =X-sin(a-t) 


The velocity of the mass, v(t), equals the first derivative of displacement and 
acceleration, a(t), of the mass equals the second derivative of displacement. 


Velocity: v(t) ‘= X-cos(a t)-@ 
Acceleration: a(t) -=-X-sin(@t)-0” 
Maximum acceleration will occur when the quantity sin(wt) equals 1 (or -1). 


@ max 2° X 1-0" 





= _m 
4 max *~3358.41 -— 


sec 
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Exploration Let's explore the displacement, velocity, and acceleration of the mass 
through a complete period. 


A period, t, equals 2x divided by the natural frequency, o. 








t aan t=0.03+sec 
Q 
Define time, trange: as a range variable. 
ae tT 
t range = Oa t 


Graph displacement, velocity, and acceleration on an X-Y plot. 


Displacement Versus Time 
0.1 





X-Y Plots 


0.05 


x (t range) 


Displacement 
3 
oS 


0.05 


t range 
sec 
Time 
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Velocity Versus Time 





0 0.01 0.02 0.03 0.04 


t range 


sec 
Time 


Acceleration Versus Time 
4000 


2000 
a(t 1 
5 Xv range, 
s =a 
& 2 0 
S$ sec 
OF oe 
< 





0 0.01 0.02 0.03 0.04 
t range 


sec 
Time 


When displacement and acceleration are maximum, velocity equals 





A-frame, 68 
Acceleration, 195, 261 
angular, 199,215 
average rectilinear, 195, 200, 201 
circular path, 199 
components, radial and transverse, 199 
components, rectangular, 196, 200, 218-19 
components, tangential and normal, 197, 208-9 
constant rectilinear, 195, 204, 231 
constant rotational, 215-16 
Coriolis’ acceleration, 263-4, 286-7, 270-271 
determination of, 230 
instantaneous rectilinear, |95 
relative, 261, 263 
Accelerometer, 387 
Addition of vectors, ! 
Air speed of airplane, 268 
Amplitude of vibration, 195-6, 465 
Angle of friction, 127 
Angle of repose, 127 
Angular impulse, 425 
Angular momentum (see Moment of momentum) 
Angular vibrations, 469 
Annular torus, 169 
Aperiodic motion, 476-7 
Aphelion, 255-256 
Atwood’s machine, 391 
Axis of rotation, 332 


Banking of curves, 368 
Base point, 261 
Beams, 115 
cantilever, 115 
moment, 115-117 
overhanging, 115 
shear, 115-117 
simple, 115 
Belt friction, 129 
Billiard ball, 348, 447 
Brake band, 129 
Brake horsepower, 403 
Braking mechanism, 374, 403 


Cables: 

catenary, 98, 107 

parabolic, 97, 104 
Cantilever beam, 65, 115 
Cantilever truss, 110 
Center of curvature, 198 
Center of mass, 155—156, 168, 189, 429 
Center of percussion, 332, 425 
Center of pressure, 157, 170, 173 
Centroid, 155 

arc, 159, 495 

area, 175, 495 

assemblage, 155 

built-up line figure, 160 

cone, 164, 167, 495 

lines, 155, 495 

mass, 155, 168-169 

sphere, 165 


Index 
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Centroid (Conr.) 
surface, 155, 167 
table of values, 175 
triangle, 16! 
volumes, 155-156, 158, 165, 495 
Centrifugal force, 392 
Chain sliding off table, 247, 409 
Circle: 
axial moment of inertia, 304 
centroid of arc, 159 
centroid of sector, 162 
eccentricity, 252 
Mohr’s, 300, 313-16 
polar moment of inertia, 305 
Circular frequency, 196 
Circular motion, 200 
Coefficient: 
of damping, 474 
of friction, 127, 129 
of restitution, 428, 446-449 
of rolling resistance 129, 143 
Components: 
of forces, 4. 10, 12 
radial and transverse, 199 
rectangular, 196 
tangential and normal, 197 
vector, 1, 5 
Composition of vectors, 2 
Computer solutions, 497-499 
Concentrated load, 115 
Concurrent forces, 31, 46, 56, 80 
Cone: 
centroid of surface, 167, 495 
centroid of volume, 164, 495 
Cone clutch, 146 
Conic section, 252 
Conservation of angular momentum, 428, 445-446 
Conservation of energy, 398, 407 
Conservation of linear momentum, 419-420, 428, 
444-445 
Coplanar force systems, 26, 31, 56 
Coriolis’ acceleration, 263-264, 286-287 
Coulomb damping, 463 
Couples, 20 
forces combined with, 21, 25 
magnitude of, 20 
manipulations of, 21, 24-26 
moment of, 20-21 
Critical damping, 476-479 
Cross product, 5, 13-14 
Curvature, 196-197, 207 
Curves, banking of, 368 
Curvilinear motion, 196-197 
Cycle, 462 
Cylinder: 
dynamics, 360, 335-336 
floating, 467 
impulse-momentum relations, 439-441 
kinematics, 278-282 
work-energy relations, 406—408 


Damped vibrations. 476-478 
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Damping: 
coefficient, 476 
Coulomb, 463 
critical, 478 
factor, 477 
solid, 463 
viscous, 476, 484 
Decay of oscillations, 478-9 
Decrement, logarithmic, 479 
Degrees of freedom, 462 
Differential chain hoist, 75 
Differentiation of vector, 6, 14 
Displacement, 195, 219 
absolute, 266, 282 
rectilinear, 195, 200-202 
relative, 266 
Distributed forces, 32, 63 
Distributed load, 63, 98, 115, 119, 122 
Dot product, 4, 13 
Dynamics: 
particle, 229 
rigid body, plane motion, 348 
rigid body, rotation, 332 
rigid body, translation, 331! 


Earth, 255-6 
Eccentricity, 252 
Effective force, 333, 364-6 
Efficiency, 395 
Elevator, 356 
Ellipse: 
axial moment of inertia, 305 
eccentricity, 252 
polar moment of inertia, 305 
Energy: 
conservation, 398 
Kinetic, 396 
potential, 392-395 
Epicyclic gear train, 284—5 
Equations of motion: 
for particle, 229 
for plane motion, 330 
for rotation, 332 
for translation, 331 
Equilibrium: 
neutral, 185 
particle, 184 
rigid bady, 184 
stable, 184 
system, 184, 188-189 
unstable, 185 
Equilibrium of force systems: 
coplanar, concurrent, 56, 58-62 
coplanar, nonconcurrent, nonparallel, 57, 66-70 
coplanar, parallel, 56, 62-65 
noncoplanar, concurrent, 80, 81-85 
noncoplanar, nonconcurrent, nonparallel, 80, 
87-92 
noncoplanar, parallel, 80, 86-87 


Fink truss, 102 
First moments, 155 
arc, 135, 495 


First moments (Cont.) 
area, 156, 495 
assemblage, 155 
dimensions, 156 
lines, 156, 495 
volume, 156, 495 
Flywheel: 
dynamics of, 367, 368, 391 
kinematics of, 215-16, 265 
moment of inertia, 323-324 
stress in rim, 367 
Force system (see Equilibrium of a force system 
and Resultant of a force system) 
Forced vibrations, 462, 431, 483 
Four-link mechanism, 275-278 
Free-body diagram, 57 
Free vibrations, 462 
angular, 469, 471 
linear, 464 
torsional, 470 
viscous damping, 476 
Frequency, 242, 462 
Friction: 
angle of, 127 
belt, 129, 141 
coefficient of kinetic, 127 
coefficient of rolling, 129, 143 
coefficient of static, 127 
laws of, 127 
limiting, 113, 127 
moment of, 143 


Graphical analysis, 400 
Gravitational constant, 250, 253 
Gyroscope, 452-3 


Heading of an airplane, 268 
Hemisphere: 
centroid of surface, 167, 495 
centroid of mass, 168, 495 
moment of volume, !74, 495 
Horsepower, 395, 408 
Howe truss, 108 
Hyperbola, 252 


Impact: 
direct, 428 
direct central, 428 
direct eccentric, 428 
elastic, 447 
inelastic, 447 
oblique, 428 
Impact force, 449 
Impulse: 
angular, 425, 437 
linear, 424, 434 
units, 427 
variable, 435 
Impulse-momentum relations for: 
assemblage of particles, 424 
cylinder, 438 


Impulse-momentum (Cont.) 
particle, 424 
plane motion, 426, 438-39 
rotation, 426, 437 
sphere, 446 
translation, 426, 434 
Inclined plane: 
rolling on, 283, 335, 338, 341-2, 401, 406, 439 
sliding on, 230-31, 234, 232-241, 400, 434-35 
Indicated horsepower, 403 
Indicator card, 402 
Inertia-force method: 
rotation, 360 
translation, 333, 365 
Instantaneous axis (center), 362, 273-4, 276, 450 
Integration of vector, 7, 14, 394 
International system, 7, 493-494 


Jack-screw, 128, 141 
Jets, dynamic action of, 442-443 


Kinematics: 
particle, 195 
rigid body, 261 

Kinetic energy: 
particle, 396 
plane motion, 397 
rotation, 396 
translation, 396 
units, 396 


Laws of friction, 127 

Lift truck, 360 

Linear impulse, 424 

Linear momentum, 299, 424 
Linear vibrations, 463-469 
Logarithmic decrement, 478 
Loop-the-loop, 245-6 


Magnification factor, 482 
Manometer, 437, 467 
Mass, 7, 229, 330, 396, 424, 427 
Mechanism: 
four-link, 275-279 
quick-return, 211! 
Scotch yoke, 210 
slider crank, 212, 272-275 
Metric units (see SI) 
Mohr’s circle, 300, 313-316 
Moment in beam: 
change, 117 
definition, 115-116 
diagram, 116, 118-122 
sign, 116 
slope, 117 
Moment of couple, 20 
Moment of force, 19, 21-23 
Moment of inertia of area, 298 
axial, 296, 300-304 
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Moment of inertia (Cont.) 
built-up section (composite). 305~—308 
channel section, 307 
circle, 304 
ellipse, 305 
polar, 299, 305 
principal (maximum), 300, 312-316 
rectangle, 300-301 
rotated set of axes, 300, 312-316 
triangle, 303-304 
units, 300 
Z-section, 308 
Moment of inertia of mass: 
axial, 300, 302 
bar (slender rod), 316-318 
centroidal, 317, 318-319 
cone, 317, 322-323 
cylinder, 317, 321-322 
flywheel, 323-324 
hollow cylinder, 322 
parallelepiped, 315-319 
polar, 301, 320 
sphere, 317, 321~322 
thin disk (lamina), 317, 319 
units, 427 
Moment of momentum: 
assemblage of particles, 428-429 
definition, 425 
plane motion, 432 
rim, 432 
Moment of relative momentum: 
assemblage of particles, 430 
definition, 425 
plane motion, 432 
rim, 432 
Moments, first (see First moments) 
Momentum: 
angular, 425, 438 
linear, 424, 435 
units, 427 


Natural frequency, 242-243, 462 

Newton’s laws of motion, 6, 229, 231 

Nodal section, 471-472 

Nonconcurrent, nonparallel forces, 31, 47, 57. 81 
Noncoplanar, force systems, 46, 80 

Null vector, 2 


Operation with forces, 19 
Orbit, 254-256, 260 
Orthogonal triad, 3 
Oscillations, decay of, 477-478 


Pappus and Guldinus, !56, 169-170 
Parabola, 252 

centroid, 162 

eccentricity, 252 

first moment, 157~158 
Parallel axis theorem for: 

areas, 299, 303, 305-306 

masses, 306, 318, 321 
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Parailel forces, 28, 43, 52. 94 
Parallelogram law, 1, 8 
Particle: 
angular momentum, 425 
dynamics, 229 
kinematics, 195 
kinetic energy, 396 
linear momentum, 229, 424 
Pendulum: 
compound, 367 
simple, 212, 437-438 
torsional, 471 
Percussion, center of, 332, 450 
Perihelion, 255-256 
Period for planet, 253 
Period of vibration, 242-243, 462-463 
Phase angle, 477, 485, 487 
Pictorial representation of plane motion equations, 
331 
Plane motion: 
acceleration, 261 
bar (slender rod), 268-270, 343 
cylinder, 335-337, 341, 349 
definition, 261 
displacement, 266 
dynamics, 330 
impulse-momentum relations, 476 
kinematics of, 261 
kinetic energy, 396 
scalar equations, 330 
sphere, 333-334, 338, 346-347 
velocity, 261 
Planetary motion, 253 
Polygon law, 2, 10 
Position vector, 4, 196-197, 261 
Potential energy, 387-389 
Power, 395, 402-403 
Precession, 452-453 
Pressure, center of, 157, 170, 173 
Product of inertia, 298-299 
quadrant of circle, 310 
rectangle, 304 
triangle, 310 
Projectiles, 249-250 
Prony brake, 403 
Pulleys, 64, 73-75, 206, 220-22, 240, 258, 373, 380, 
391 


Quadric crank mechanism, 275-279 
Quick-return mechanism, 2! 1 


Radius of gyration, 299, 302, 350, 437 
Railroad curves, 368 
Rectilinear motion, 195 
Relative motion, 219-220, 261-262, 266 
Repose, angle of, 127 
Resistance: 
proportional to velocity, 248 
proportional to velocity squared, 249 
rolling, 129, 143 
Resonance, 462, 487 
Results of force systems: 
coplanar, concurrent, 31, 32-33 


Results of force systems (Cont.) 
coplanar, nonconcurrent, nonparallel, 31, 36-39 
coplanar, parallel, 31, 34 
distributed, 32, 39-40 
noncoplanar, concurrent, 46, 48 
noncoplanar, nonconcurrent, nonparallel, 47, 
50-52 
noncoplanar, parallel, 46, 49 
Resultant of system of vectors, 1, 9-10 
Reversed effective force (see Inertia force) 
Right-hand rule, 5 
Rockets, 452 
Rolling resistance, 129, 143 
Rotation: 
angular momentum, 425, 430-432 
banking of curves, 368 
bar (slender rod), 361-366 
cylinder, 367 
definition, 262 
dynamics of, 332 
flywheel, 265, 367 
impulse-momentum relations, 426, 437 
inertia force, 333, 365 
kinetic energy, 396, 397 
pendulum, 367 


Satellites, 253~254 
Scalar, |! 
Scalar product, 4, 14 
Scotch yoke, 210 
Second moments (see Moments of inertia) 
Shear: 
change, 117 
definition, 115 
diagram, | 16-126 
sign, 116 
slope, 116 
SI: 
conversion factors, 494 
units, 7, 21, 32, 58, 200, 229, 300, 466, 395-396, 
427, 463, 493 
Simple harmonic motion, 195, 213-214, 463 
Simple pendulum, 242, 437 
Slider crank mechanism, 212, 272~275 
Sliding block, 127, 131-135 
Slug, 7, 229 
Solid damping, 443 
Sphere: 
dynamics of, 337-338, 341 
impulse-momentum relations, 455-456 
moment of inertia, 316, 324 
work-energy relations, 405 
Spin axis, 453 
Spring: 
conservation of momentum, 449-450 
force, 58 
potential energy, 399 
stretch, 409-410 
work, 399-400 
(See also Vibrations) 
Spring gun, 410 
Steady-state vibrations, 462, 481 
Subtraction of vectors, 2, 9 


Sun, 253-254 
Superelevation, 368 


Tachometer, 474 
Theorems of Pappus and Guldinus, 156, 169-170 
Tipping, 131 
Transient vibrations, 462 
Translation: 
composite bodies, 236-240 
definition, 262 
dynamics, 330 
impulse-momentum relations, 426 
inertia-force method, 330, 393 
kinetic energy, 396 
Transmissibility, principle of, | 
Triangle law, 1, 9 
Triangle truss, 99 
True heading of airplane, 267 
Truss analysis: 
method of joints, 97, 99, 103 
method of sections, 97, 101-102 
Turntable, 233 
Two-force members, 56, 59, 61 


Uniform motion (see Acceleration, constant) 
Units: 
area moments, 300 
dynamics, 229 
energy, 396 
engineering, 200 
force, 6-7 
impulse, 427 
kinematics, 200 
mass, 7—8, 229, 427 
mass moments, 301-302 
moments, 2] 
momentum, 427 
power, 395 
SI, 189, 493 
vibrations, 465 
work, 395 


Variable mass, 426, 428, 452 
Varignon’s Theorem, 21 
Vector: 
bound, I 
calculus, 6 
component, 4, 11-12 
definition, 1 
differentiation, 6, 14 
fixed, | 
free, 1 
integration, 7, 14 
magnitude, 1, 13 
negative, 1, 8 
position, 4 
product, 5 
sliding, | 
unit, 1, 3-4, 14 
zero, 2 
Vectors: 
addition, ! 
calculus of, 6 
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Vectors (Cont.) 
component, 4, 11-12 
composition, 2 
cross product, 5, 13-14 
dot product, 4, 13 
laws, 4, 6 
multiplication, 2 
orthogonal triad, 3 
parallelogram law, I, 7 
projection, 13 
resultant, | 8-9 
scalar product, 4, 13-14 
subtraction, 2, 8 
triangle law, 2, 9 
vector product, 5, 13-14 
Velocity: 
absolute, 210, 218-219, 284-285 
angular, 200, 219-220 
average rectilinear, 195 
circular path, 200 
components, radial and transverse, 198-199, 
206-207, 210 
components, rectangular, 196, 207 
components, tangential, 197, 217 
escape, 412 
Velocity (Cont): 
graphical, 202, 215, 276 
instantaneous rectilinear, 195, 216-217 
relative, 219, 266 
Vibrations: 
definitions, 462 
forced with damping, 484 
forced without damping, 480 
free angular, 469-470 
free linear, 463-465 
steady-state, 462 
torsional, 470-472 
transient, 462 
viscous damped, 463, 474 
Virtual: 
displacement, 184 
work, | 73-177, 184, 188-189 
Viscous damping, 468, 476-478, 483-487 


Wedges, 132 
Weight, 7 
Wheel (see Cylinder) 
Windlass, 89 
Work: 
couple, 395 
definition, 394 
frictional, 400-401, 403, 407-408 
plane motion, 40! 
rotation, 395 
spring, 399, 412 
translation, 395 
units, 395 
virtual, 184 
Work and energy, principle of, 396-397 
Wrench, 46 


Yo-Yo, 347 


Zero vector, 2 


